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Transverse  and  Quantum  Effects  in 


Light  Control  by  Light 
(a)  Parallel  Beams: 

Three-Level  Superfluoresence  Calculations; 

and 

(b)  Counterflow  Beams:  An  Algorithm  for  Optical  Bistability 

F.P.  Mattar 

Abstract 

1.  Methodology 

Computational  methodologies  were  developed  to  treat  rigorously 
(i)  transverse  boundary  in  an  inverted  (amplifying)  media;  (ii)  to 
treat  quantum  fluctuations  in  an  initial  boundary  condition  in  the 
light-matter  interactions  problem;  (iii)  construct  a  two-laser  three- 
level  code  to  study  light  control  by  light  effect;  (iv)  construction  of 
a  data  base  that  (a)  would  manage  the  production  of  different  types 
of  laser  calculations:  cylindrical,  cylindrical  with  atomic  frequency 
broadening,  cartesian  geometry;  (all  of  the  above  with  quantum  me¬ 
chanical  initiation),  (b)  allow  parametric  comparison  within  the  same 
type  of  calculations,  by  establishing  a  unifying  protocol  of  software 
storage,  of  the  various  refinements  of  the  model  could  be  contrasted 
among  themselves  and  with  experiment;  (v)  construct  an  algorithm  for 
counterbeam  transient  studies  for  optical  bistability  and  optical  oscil¬ 
lator  studies. 

A.  Transverse  propagation  effects  in  an  inverted  medium  were 
studied.  Special  care  had  to  be  taken  to  treat  the  boundary  reflec¬ 
tion  conditions.  If  ill-posed,  they  can  obscure  the  emergence  of  any 
new  physical  results.  The  two  transverse  effects  considered  are  (1)  the 


t? 

'spatial  averaging'  associated  with  the  in^l  atomic  inversion  density  being 
radially  dependent  (since  the  pump  which  inverts  the  sample  has  typically 
a  Gaussian-like  profile);  and  (2)  the  "diffraction  coupling"  (which  permits 
the  various  parts  of  the  cylindrical  cross-section  to  communicate,  interact 
and  emit  at  the  same  time).  The  first  effect  is  important  for  large  Fresnel 
numbers,  whereas  the  second  predominant  for  small  Fresnel  numbers. 

The  study  of  ouput  energy  stabilization  between  diffraction  spreading 
and  nonlinear  self-action  due  to  the  non-uniform  gain  of  the  active  media 
was  also  carried  out  to  reach  an  understanding  of  the  various  physical  pro¬ 
cesses  that  take  place  in  coherent  resonant  amplifiers. 

B.  Physical  Results 

i.  The  Study  of  three-level  systems  exhibited  that  injected 
coherent-pump  initial  characteristic  (such  as  on-axis  area,  temporal  and 
radial  width  and  shape)  injected  at  one  frequency  can  have  significant 
deterministic  effects  on  the  evolution  of  the  superfluorescence  at  another 
frequency  and  its  pulse  delay  time,  peak  intensity,  temporal  width  and 
shape.  The  importance  of  Resonant  Coherent  Raman  processes  was  clearly 
demonstrated  in  an  example  where  the  evolving  superfluorescence  pulse  tem¬ 
poral  width  tg  is  much  less  than  the  reshaped  coherent  pump  width  t 
even  though  the  two  pulses  temporarily  overlap  (i.e.,  the  superfluores¬ 
cence  process  gets  started  late  and  terminates  early  with  respect  to  the 
pump  time  duration).  The  results  of  the  three-level  calculations  are  in 
quantitative  agreement  with  observation  in  C00  pumped  CH3F  by  A.T. 
Rosenberg  and  T.A.  DeTemple  (Phys.  Rev.,  A24,  868  (1981)). 


ii.  Additional  calculations  incorporating  fluctuations  in  both 
pump  and  superfluorescence  transitions  were  carried  out  to  study  the  out¬ 
put  pulse  delay  statistics.  The  fluctuations  operators  were  introduced  as 
langevin  operators  in  the  matter  (density  matrix)  operators.  In  the  av¬ 
erage  c-number  semi-classical  regime  the  fluctuations  appear  as  additional 
driving  forces  in  the  Bloch  equations  acting  for  all  p,  z  and  t. 

Ui.  Two  color  superfluorescence  was  subsequently  studied  in 
collaboration  with  Professor  F.  Haake.  The  propagation  theory  of  M.  Feld 
was  shown  to  prevail  over  the  Mean-Field  theory  of  Bonifacio  et  al.  The 
main  result  of  the  calculation  displayed  for  the  plane  wave  regime  is  a 
pulse  synchronisation  which  ascertains  Eberly  et  al's  theory  of  'simultons.' 
However  for  quantum  fluctuations  during  the  initiation  and  strong  phase 
evolution  in  the  beam  (i.e.,  large  Fresnel  number)  the  synchronisation  de¬ 
creases  and  the  standard  deviation  of  the  delay  difference  between  the  two 
peaks  normalized  to  the  average  delay  becomes  larger. 

iv.  Elucidating  the  physical  processes  [namely,  (a)  the  dyna¬ 
mic  diffraction,  (b)  the  non-uniform  absorption  (i.e.,  refraction)  and 
(c)  beam  stripping]  that  lead  to  the  on-axis  manification  predicted  by 
Boshier  and  Sandle  calculation  [see  Optic  Commu.,  42,  371  (1982)].  This 
effort  was  carried  out  in  collaboration  with  Professor  J .  Teichmann . 

V.  The  development  of  an  implicit  algorithm  which  self-adaptive 
non-uniform  computational  grids.  This  effort  was  carried  out  in  collabora¬ 
tion  with  Dr.  B.R.  Suydam.  These  new  codes  represent  a  combination  of 
Snydam  code  in  Los  Alamos  and  Mattar  stretching  and  rezoning  techniques 
to  treat  self-lensing  effects. 


Collaborations : 


(i)  Physics 

A.  Dr.  Charles  M.  Bowden  (MICOM) 

Two-level  amplifier  output  stabilisation  and  three-ievel  pump 
dynamics 

B.  Professor  Michael  S.  Feld  (MIT)  -  The  'gaussian  radial 
average'  or  'shell  model'  as  an  important  transverse  varia¬ 
tion  included  in  the  modeling  (private  communication) 

The  'tipping  angle'  (average  uniform)  initiation  of  the  super¬ 
fluorescence  process  [J.R.R.  Lerte,  R.S.  Sheffield,  M. 
Incloy,  R.D.  Sharma  and  M.S.  Fled,  Phys.  Rev.  A,  14, 
1151  (1976)] 

C.  Professor  Fritz  Haake  (Essen,  F.  R.  Germnay)  -  two 
colour  superflourescence 

D.  Professor  Jiri  Teichmann  and  Mr.  Yve  Claude  (University 
of  Montreal) 

Development  of  analytical  perturbative  treatment  which  eluci¬ 
dates  the  onset  of  on-resonant  CW  self-focusing  of  very  in¬ 
tense  laser  beams  in  a  two-level  atoms 

(ii)  Numerics 

Prof.  Gino  Moretti  (Polytechnic  Institute  of  New  York) 
for  the  Counter  beam  propagation 

Dr.  B.R.  Suydam  (T7  -  Los  Alamos  National  Lab)  for 
the  Implicit  code 

(iii)  Structure  software  and  system  programming 

Richard  E.  Francoeur  (Mobil  International  Division) 

Pierre  Cadieux  (system  routine  for  data  bases) 

Michel  Cormier  (user  interface  for  data  base) 

Yve  Claude  (pagination  of  the  program  to  simulate  on  CDC 
the  virtual  memory  facility  existing  on  IBM) 
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The  coherent  interaction  of  short  optical  pulses  with  a  nonlinear  active  resonant  med¬ 
ium  is  calculated.  The  rigorous  and  self-consistent  solution  of  the  coupled  nonlinear 
Maxwell -Bloch  equations  including  transverse  and  time-dependent  phase  variations 
predicts  in  absorbers  the  onset  of  an  on-resonance  self-focusing  and  predicts  in 
amplifiers  beam  degradation.  The  self-focusing  result  agrees  very  well  with  a  pre¬ 
vious  perturbation  treatment  and  with  recent  experiments  in  sodium  and  neon,  where¬ 
as  the  severe  beam  distortion  was  observed  in  high  power  lasers  utilized  in  inertial 
fusion  experiments.  The  formation  of  dynamic  self-action  effects  is  elucidated  as 
being  due  to  the  combined  effects  of  diffraction  and  the  inertial  response  of  the 
active  media. 

Accuracy  and  computational  economy  are  achieved  simultaneously  by  redistributing 
the  computational  grid  points  according  to  the  physical  requirements  of  the  problem. 
Evenly  spaced  computational  grids  are  related  to  variable  grids  in  physical  space  by 
a  range  of  stretching  and  rezoning  techniques  including  adaptive  rezoning  where  the 
coordinate  transformation  is  determined  by  the  actual  physical  solution. 


SUMMARY:  The  mathematical  modeling  of  the 
coherent  transmission  of  ultra-short  optical 
pulses  in  a  two-level  atomic  gaseous  media, 
which  can  sustain  amplification  and/or  absorp¬ 
tion,  is  presented.  The  main  motivation  was 
to  achieve  an  understanding  of  the  inertial 
(cumulative  temporal  history)  nonlinearlity  on 
the  propagation  of  intense  ultra-short  light 
beams.  Previously,  this  effect  had  been 
untractable  and  unapproachable. 

The  results  of  this  analysis  served  as  a  guid¬ 
ance  to  real-life  coherent  light-matter  interac¬ 
tion  experiments.  The  equations  with  both 
radial  and  phase  variations  included,  are 
implemented  using  a  two-dimensional  time- 
dependent  finite  difference  computer  code  with 
two  population  densities,  an  inertial  medium 
polarization  density  and  adaptive  propagation 
capabilities.  The  importance  of  dynamic  trans¬ 
verse  effects  in  the  evolution  of  both  initial 
ground-state  and  inverted  media  with  different 
Fresnel  numbers  has  also  been  assessed. 

The  memory  requirements  for  a  two-dimensional 
calculation  are  greater  than  those  in  a  one¬ 
dimensional  case,  consequently,  the  computa¬ 
tional  mesh  is  predictably  coarser.  Unfortun¬ 
ately,  this  may  cause  a  lack  of  fine  resolution. 
But  through  the  innovative  implementation  of 
stretching  and  rezoning  techniques  as  outlined 
below,  the  coarse  nature  of  the  Eulerian  code 
is  adapted  to  a  most  sensitive  and  economical 
grid. 

Calculations  using  this  code  have  predicted 
and  elucidated  an  on-resonance  transient 
whole-beam  seif-lensing  phenomenon  in  absorb¬ 
ers.  This  effect  was  subsequently  ascertained 
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by  experimental  observations  in  sodium  and 
neon.  On  the  other  hand,  calculations  con¬ 
cerning  amplifiers  depicted  longitudinal  pulse 
break-up,  which  degraded  the  beam  quality, 
as  substantiated  in  high  power  laser  experi¬ 
ments.  The  significant  phase  modulation  and 
transverse  spreading  may  explain  the  mechan¬ 
ism  that  limits  the  useful  output  of  long  ampli¬ 
fiers.  Parametric  computations  illustrated  that 
these  self-action  phenomena  can  be  controlled 
by  tuning  the  various  system  parameters. 

Accuracy  and  computational  economy  are  ach¬ 
ieved  simulaneously  by  redistributing  the 
computational  Eulerian  grid  points  according  to 
the  physical  requirements  of  the  nonlinear 
interaction.  Evenly  spaced  computational  grids 
are  related  to  variable  grids  in  a  physical 
space  by  a  range  of  stretching  and  rezoning 
techniques.  This  mapping  consists  of  either 
an  a  priori  coordinate  transformation  or  an 
adaptive  transformation  based  on  the  actual 
physical  solution.  Both  stretching  transfor¬ 
mation  in  time  and  rezoning  techniques  in 
space  are  used  to  alleviate  the  computational 
effort.  The  propagation  problem  is  then 
reformulated  in  terms  of  appropriate  coordi¬ 
nates  that  will  automatically  accommodate  any 
change  in  the  beam  profile. 

The  dynamic  grid  obtained  through  the  self- 
adjusted  mapping  techniques  removes  the  main 
disadvantage  of  insufficient  resolution  from 
which  Eulerian  codes  generally  suffer.  Fur¬ 
thermore,  the  advantages  of  grid  sensitivity 
are  obtained  while  circumventing  the  traditional 
impediments  associated  with  the  Lagrangian 
methods.  Thus,  the  convenience  of  an  Euler¬ 
ian  formulation  has  been  combined  with  the 
desirable  zoning  features  of  a  Lagrangian  code 
in  a  systematic  and  simple  way. 


I.  INTRODUCTION 

When  an  intense  laser  beam  propagates  through 
a  resonant  active  medium,  the  absorptive  and 
dispersive  properties  of  the  medium  will  affect 
the  shape  of  the  laser  beam  profile,  which, 
consequently,  alters  the  characteristic  struc¬ 
ture  of  the  medium  [1*6] .  This  modified 
matter  will  reaffect,  in  turn,  the  field  profile. 
The  resulting  cross-modulation  of  light  by 
matter  and  matter  by  light  is  a  continuous 
self-  sustained  phenomenon. 

The  subject  of  optical  transmission  is  an  inter¬ 
disciplinary  one.  It  draws  on  certain  aspects 
of  wave  propagation,  fluid  flow,  atomic  physics 
and  on  both  geometrical  and  physical  optics. 
In  addition,  because  many  aspects  of  the 
problems  of  interest  are  analytically  intract¬ 
able,  one  finds  that  a  complete  study  often 
requires  extensive  computer  analyses  of  coup¬ 
led  optical  field-matter  equations;  more  specifi¬ 
cally,  the  coupled  optical  propagation  and 
atomic  dynamics  equations.  The  coherent 
behavior  predicted  on  this  model  is  in  several 
important  respects,  quite  different  from  that 
given  by  earlier  treatments. 

The  current  research  was  undertaken  in  an 
effort  to  answer  more  detailed  questions  relat¬ 
ing  to  the  coherent  exchange  of  energy, 
nonlinear  phase  distortion  and  beam  quality  in 
high  power  laser  transmission;  the  method  was 
chosen  to  develop  a  suitable  theory  and  realis¬ 
tic  numerical  computer  code  based  on  close 
collaboration  with  experimentalists  [8-38].  The 
motivation  of  this  work  arises  from  the  belief 
that  real  life  experiments  would  depart  from 
the  predictions  of  previous  plane  wave  analysis 
as  it  is  sketched  in  Figures  (la)  and  (lb). 
The  interplay  of  diffraction  coupling  and  the 
medium  coherent  response  will  inevitably  redis¬ 
tribute  the  baam  energy  both  spatially  and 
temporally  [39-43].  This  transient  beam 
reshaping  can  profoundly  affect  a  device  that 
relies  on  this  nonlinear  interaction  effect. 

Essentially,  this  study  seeks  to  minimize  the 
number  of  simplifying  assumptions  associated 
with  previous  analyses.  Specifically,  this 
modeling  encompasses  self-phase  modulation, 
dynamic  longitudinal  and  transverse  reshaping 
and  coherent  energy  exchange  in  an  inertial 
medium.  Effective  mathematical  transformations 
which  are  consistent  with  the  physics  make 
attainable  a  heretofore  unachievable  solution 
[44-74]. 

When  light  propagates  in  free  space,  it  exper¬ 
iences  diffraction  spreading  which  alters  the 
beam  shape  [75  ,  77],  In  the  more  complicated 
nonlinear  problem,  the  interaction  intertwines 
the  various  parts  of  the  beam;  the  transverse 
dimensions  of  the  beam  change  drastically.  As 
the  transmission  distance  increases  from  the 
launching  aperture;  one  is  faced  Inevitably 
with  substantial  numerical  difficulties.  For 
example,  a  numerical  paraxial  code  using  a 
uniform  radial  grid  can  suffer  a  serious  draw¬ 
back  which  would  make  the  cost  of  the  calcu¬ 
lation  prohibitive.  Namely,  the  number  of 


points  required  would  need  to  be  increased 
tremendously  if  the  transient  beam  undergoes 
severe  self-divergence  (seif-expansion)  or 
self-convergence  (self-narrowing).  It  is 
therefore  imperative  that  the  transverse  mesh 
be  sufficiently  small  to  correctly  sample  the 
oscillations  of  the  field  amplitude  and  phase. 

If,  for  self-focused  beams,  a  fixed  transverse 
mesh  Is  used,  there  may  be  in  the  vicinity  of 
the  focal  region  a  lack  of  resolution  as  dis¬ 
played  in  Figure  (2a)  and  Figure  (2b).  A 
non- negligible  loss  of  computational  effort  in 
the  wings  of  the  beam  will  also  occur.  The 
total  required  computer  storage  could  become 
quite  large.  In  an  effort  to  maintain  accuracy 
and  efficiency,  it  has  been  decided  to  inte¬ 
grate  the  governing  equations  using  a  simple 
coordinate  transformation  which  was  revised  at 
suitable  intervals  to  allow  the  numerical  grid  to 
follow  the  pulsed-beam  behavior.  The  mesh 
network  will  expand  or  contracts  accordingly. 
The  successive  implementations  of  coordinate 
mappings,  which  redistribute  the  points  in  the 
most  appropriate  manner,  correspond  to  a 
series  of  renormalization  procedures. 

The  interdependent  nature  of  each  aspect  of 
the  problem  requires  a  thorough  comprehension 
of  the  total  relevant  physics.  In  setting  up 
variable  grids  there  is  an  important  factor  to 
be  considered:  one  must  address  simultaneous¬ 
ly  any  transverse  energy  distribution  while 
analyzing  the  longitudinal  alterations  as  shown 
in  Figure  (3)  and  Figure  (4).  If  a  variable 
longitudinal  mesh,  an,  is  introduced  without 
carrying  a  variable  radial  mesh,  a,  to  handle 
large  increments  along  the  direction  of  propa¬ 
gation,  one  Inevitably  faces  a  steadily  decreas¬ 
ing  an  step  as  the  beam  becomes  more  per¬ 
turbed  and  starts  to  break  up.  This  effect 
will  intensify  to  such  an  extent  that  an 
crashes  [162]  to  an  increasingly  smaller  value 
and  the  calculation  must  be  discontinued. 

In  addition  to  the  coordinate  modification,  a 
change  in  the  dependent  variables  is  intro¬ 
duced  in  terms  of  the  renormalizing  factors 
(such  as  the  reference  beam  waist,  wave-front 
curvature  and  field  amplitude)  to  extract  the 
radial  dependence  of  the  phase  front  and  any 
important  source  of  amplitude  variation.  As  a 
result  of  the  factorization  of  the  radial  phase, 
the  new  dependent  functions  vary  more  gradu¬ 
ally  in  the  new  coordinate  system:  what  one 
calculates,  therefore,  is  a  deviation  from  a 
reference  Gaussian  beam;  any  troublesome 
radial  phase  oscillation  is  hence  removed.  As 
soon  as  the  localized  computational  mesh  de¬ 
parts  significantly  from  the  physical  beam 
waist,  the  renormalizaton  procedure  is  re¬ 
freshed  and  redefined  using  pertinent  moment 
properties  of  the  physical  quantities.  The  new 
grid  coincides  with  the  actual  expansion  and 
contraction  of  the  beam.  Thus,  the  grid  can 
be  coarser,  less  extensive  and  more  efficient. 

Another  major  obstacle  to  circumvent  is  the 
cumulative  memory  effect  in  the  response  of 
the  medium  to  the  laser  beam.  For  computa- 
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tional  efficiency ,  the  temporal  grid  will  be 
non-uniforaly  stretched  as  Indicated  In  Figure 
(S).  To  conduct  such  a  study  one  must  resort 
to  machine  calculation  as  the  equations  are  far 
too  complicated  for  any  known  analytic  method¬ 
ologies.  In  such  a  large  and  involved  comput¬ 
ational  problem  the  calculational  efficiency  of 
the  algorithm  chosen  is  of  crucial  importance; 
it  can  well  make  the  difference  whether  the 
physical  problem  is  actually  solvable  or  not. 
A  brute  force  finite  difference  treatment  of  the 
governing  equations  is  not  feasible.  Instead, 
by  judiciously  making  the  salient  details  of  the 
physical  processes  the  determinant  factors  of 
where  to  concentrate  the  computational  effort, 
one  can  achieve  both  accuracy  and  economy. 

The  adoption  of  non-uniform  meshing  techni¬ 
ques  denned  in  connection  with  aerodynamics 
problems  has  proved  to  be  a  very  foresighted 
decision.  In  particular,  these  numerical  me¬ 
thods.  designed  by  Moretti  [50,  59],  discrimi¬ 
nate  between  different  domains  of  dependence 
of  different  physical  parameters;  as  a  result  a 
higher  degree  of  accuracy  in  the  actual  physi¬ 
cal  problem  became  feasible. 

II.  PHYSICAL  BACKGROUND 

The  great  interest  in  understanding  the  trans¬ 
mission  of  intense  ultra-short  pulses  through  a 
nonlinear  medium  is  due  to  their  application  in 
laser-induced  energy  release  via  fusion  of 
hydrogen  isotopes.  The  pulses  of  interest  are 
assumed  to  be  so  short  that  no  appreciable 
pumping  (or  other  energy-exchange  process¬ 
ors)  can  occur  during  the  pulse.  -The  reson¬ 
ant  medium  is  thus  left  in  a  non -equilibrium 
state  after  the  pulse  passes.  The  behavior  of 
the  pulse  is  therefore  different  and  more 
complex.  When  designing  a  high  power  laser 
system,  one  must  verify  that  no  beam  distor¬ 
tion  could  evolve.  Any  departure  from  the 
desired  uniform  illumination  of  the  target  could 
prevent  the  fusion  mechanism  from  taking 
place.  One  should  control  the  cumulative 
Interplay  of  beam  diffraction  with  the  medium 
inertia  to  avoid  triggering  the  onset  of  any 
substantial  self-action  phenomena,  such  as 
temporal  and  radially  dependent  phase  modula¬ 
tion  and  associated  transverse  energy  current 
and  self- tensing  phenomena.  This  chain  reac¬ 
tion  can  contribute  to  undesired  self-induced 
aberrations  of  the  beam.  The  focal  properties 
of  the  laser  pulse  on  target  will  inevitably  be 
degraded . 

This  model  is  readily  deduced  from  the  Max- 
well-Bloch  equations  while  taking  into  account 
the  mutual  influence  of  the  transient  beam  and 
the  resonant  two-level  atoms.  The  intense 
traveling  electric  field  is  treated  classically, 
whereas,  the  two-level  system  is  analyzed 
quantum  mechanically.  In  particular,  the 
medium  response  is  described  using  the  den¬ 
sity  matrix  formalism  [76].  Furthermore,  only 
a  forward  wave  (i.e. ,  moving  in  the  direction 
of  the  incident  wave),  is  present  is  this  analy¬ 
sis;  backward  waves  are  neglected.  Conse¬ 
quently,  we  shall  not  be  concerned  with  stand¬ 


ing-wave  effects.  The  effect  of  the  dynamic 
transverse  variation,  the  time-dependent 
phase,  the  boundary  conditions  for  the  propa¬ 
gating  field  are  also  Included.  None  of  the 
simplifying  approximations  (such  as  adiabatic 
following,  rate  equation  or  mean-field  limit).  Is 
introduced;  instead  an  exact  numerical  ap¬ 
proach  is  developed.  This  investigation  is 
accomplished  by  using  a  novel  algorithm  in¬ 
spired  by  a  similar  line  of  attack  in  complica¬ 
ted  studies  in  Fluid  Dynamics  which  has  achiev¬ 
ed  substantial  success.  Such  self-consistent 
methodologies  have  permitted  the  construction 
of  a  computer  code  capable  of  being  physically 
meaningful'  at  every  node  point. 

This  first  non -planar  study  simulates  more 
accurately  the  experimental  configurations  than 
the  previous  restrictive  one-dimensional  theore¬ 
tical  attempts.  This  complete  model  takes  into 
account  rigorously  the  interplay  of  diffraction, 
nonlinear  atomic  inertia  and  both  initial  matter 
and  field  boundary  conditions. 

This  modeling,  which  evolved  from  a  close 
collaboration  with  different  experimentalists, 
can  lead  to  a  better  understanding  of  the  basic 
and  fundamental  cooperative  effects  in  light- 
matter  interactions.  A  quantitative  evaluation 
and  clarification  of  some  of  the  recent  experi¬ 
mental  advances  has  been  reached.  This 
study  helped  define  novel  laboratory  experi¬ 
ments  which  yield  additional  subtleties  in  the 
physical  processes.  Also,  extensions  of  this 
study  may  help  select  optimum  design  configu¬ 
ration  for  superfluorescence  [79-82],  X-ray 
lasers  [86-91],  optical  bi-stability  [92-100], 
double  coherent  transients  [101-109]  and 
real-time  holography  [110-117],  Further 
benefits  may  include  the  development  of  new 
methods  to  generate  ultra-short  pulses  as 
required  for  optical  information  transmission 
and  optical  communication  [118). 

III.  EQUATIONS  OF  MOTION 

In  the  slowly  varying  envelope  approximation 
the  dimensionless  field-matter  equations  (8,  39, 
42]  which  describe  our  system,  in  a  cylindrical 
geometry  with  azimuthal  symmetry,  are: 

.iF  e  *  *  *  (1) 

3  /3t=  eW  -  (ihQ  +  1/t,)  (2) 

and 

3W/3i  =  -l/2(e*  ♦  e  *)  -  (W-Wq)/i1.(3) 

where 

e  =  (2p/h)T  e'.  and  =  (2/u)  ', 

E  =  Re  [e'  exp  (i(«/c)z-iut)}  ]  ; 

with  k/c  =  w  and  tde  =[i  (p  §£)];  after  ap- 

i.  P  O  p  <>P 

plying  L’Hopitai's  rule,  the  on-axis  Laplacian 
reads : 


■  2  ^»r  ;  and 

®P 

P  »  i  Ra{  '  exp  {(ic/c)z-Kt}]. 

The  complex  field  amplitude  a,  the  complex 
polarization  density,  and  the  energy  stored 
par  atom  W,  are  normalized  functions  of  the 
transverse  coordinate  p  *  r/rp,  the  longitu¬ 
dinal  coordinate  n  m  *  and  the  retarded 

time  x  ■  (t-zn/c)/Tp.  The  time  scale  is  nor¬ 
malized  to  a  characteristic  time  of  the  input 
pulse,  ip  and  the  transverse  dimension  scales 

to  a  characteristic  spatial  width  of  the  input 
pulse  rp.  The  longitudinal  distance  is  normal¬ 
ized  to  the  affective  absorption  length, 
where 

•eff  *  t  *£&  1  tp  M-  -*tp]  (4) 

In  this  expression,  a  is  the  angular  carrier 
frequency  of  the  optical  pulse,  p  is  the  dipole 
moment  of  the  resonant  transition,  N  is  the 
number  density  of  resonant  molecules,  and  n  is 
the  index  of  refraction  of  the  background 
material.  The  dimensionless  quantities  tm  • 

("*"o)Tp'  X1  "  W  aBd  *2  "  V*p  nMMUra 

the  offset  at  the  optical  carrimr  frequency  m 
from  the  central  frequency  of  the  molecular 
resonance  »0<  the  thermal  relaxation  time  Tj, 

and  the  polarization  daphasing  time  T -,  res¬ 
pectively. 


tain  assumptions  and  approximations.  Equation 
(3)  shows  clearly  that  the  product  ’e  ’  of  the 
electric  field,  e,  and  the  polarization, 
causes  a  time  rate  of  change  of  the  population 
difference  (or  equivalently,  of  medium  energy) 
leading  to  saturation  effects:  Inertial  effects 
are  considered. 


IV.  ENERGY  CONSIDERATION 

From  the  field-matter  relations  (l)-(3)  one 
obtains  the  energy  current  equation: 

♦IF  VT  (e?T  e*  -  e*vTe)  ♦  e  2 
*  (e*  ♦  e  •) 


V  •  2  *  -  2[3tW  ♦  (W-Wo)/tl)  (S) 

where,  using  the  polar  representation  of  the 
complex  envelope,  we  have 


e  *  A  exp[+i  ♦] 

(6) 

J2  «  A2;  and 

(7) 

JT  «  2F  1  A2  fp 

(8) 

The  components  Jz  and  JT  represent  the 

longitudinal  and  transverse  energy  current 
flow.  Thus,  the  existence  of  transverse 
energy  flow  is  clearly  associated  with  the 
radial  variation  of  the  phase  of  the  complex 
field  amplitude  e.  When  JT  is  negative  [l.e.. 


It  is  perhaps  worthwhile  pointing  out  that, 
even  in  their  dimensionless  forms,  the  various 
quantities  have  a  direct  physical  significance. 
Thus  is  a  measure  at  the  component  of  the 
transverse  oscillating  dipole  moment  (  has  the 
proper  phase  for  energy  exchange  with  the 
radiation  field).  In  a  two-state  system,  in  the 
absence  of  relaxation  phenomena,  a  resonant 
field  will  cause  each  atom  to  oscillate  between 
the  two  states,  w  «  -1  and  W  *  vl,  at  a  Rabl 
circular  frequency  fR  »  e/xp  »  (p/hje1 .  Thus  e 

measures  how  far  tills  state-exchanging  pro¬ 
cess  proceeds  in  a  FWHM  pulse  length  x  . 


The  dimensionless  perimeter,  F,  is  given  by 
F  *  M«#|f)"V(4xrp).  The  reciprocal  of  F  is 

the  Fresnel  number  associated  with  an  aperture 
radius  rp  and  a  propagation  distance  (o^)  . 

The  magnitude  cf  F  determines  whether  or  not 
it  is  possible  to  divide  the  transverse  depen¬ 
dence  of  the  field  into  "pencils",  (one  pencil 
for  each  radius  p),  which  may  be  treated  in  the 
plane-wave  approximation.  The  diffraction 
coupling  term  and  the  nonlinear  Interaction 
terms  alternately  dominate  depending  on  whe¬ 
ther  F  >  1  or  F  <  1. 


As  outlined  by  He  us  et  al  [38],  the  acceptance 
of  equation  (3),  as  describing  the  coupling  of 
the  material  to  the  electric  field,  implies  csr- 


ae/ap  >  0] ,  self-induced  focusing  dominates 
diffraction  spreading.  Since  ae/3p  determines 
the  direction  and  speed  of  energy  flow,  it  is 
reasonable  to  monitor  either  a  phase  gradient 
or  the  transverse  energy  current  for  a  central 
diagnostic  as  the  calculation  proceeds. 


One  may  rewrite  the  continuity  equation  (S)  in 
the  laboratory  frame  to  recover  its  familiar 
form: 


2  *  -  —  [2W  ♦ 
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ctp°eff 
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(9) 


SMALL  TRENDS  CALCULATION  AND  SIMPLE 
PHYSICAL  PICTURE 


There  are  at  least  two  ways  of  visualizing  the 
coherent  transient  on-resonance  self-lensing 
phenomena.  The  first  is  to  see  that  phase 
variations  can  lead  to  a  frequency  offset,  so 
that  index  arguments  used  for  off-resonance 
seif-focusing  apply.  By  Eq.  (1)  the  in-phase 
component  of  the  polarization  leads  to  phase 
changes  with  propagation.  If  the  input  is 
transversely  uniform  and  on  resonance  (hence 
also  unchirped),  the  in-phase  component  of 
always  vanishes,  even  when  integrated  over  a 
symmetrical  Inhomogeneous  line  width,  so  no 
Intensity-dependent  phase  changes  or  focusing 
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occur.  If  the  input  is  transversely  nonuni¬ 
form,  the  in-phase  is  initially  zero.  Through 
the  ordinary  diffraction  term,  however,  phase 
variations  begin  immediately.  These  phase 
changes  lead  to  defocusing.  They  also  lead  to 
chirps  which  appear  as  a  frequency  offset. 
This  allows  for  an  intensity-dependent  in- 
phase  to  arise  which  can  result  in  focusing 
or  defocusing. 

To  establish  a  second  argument  based  on  more 
physical  intuition  let  us  derive  the  relative  de¬ 
pendence  of  pulse  velocity  on  the  input  field 
area  for  a  given  pulse  length  in  the  uniform 
plane  wave  limit.  The  diffractionless  field 
equation  reads  as  follows: 


8  e _ * 

n  id 

(10) 

while  the  energy  equation 

3n  *id  2  *  2eiD 

(11) 

using  the  Bloch  equations,  obtained 
density  matrix,  one  obtains 

from  the 

9n  eID  2  5  *  2  eID  sin  “id 

(12) 

t 

with  elD  *  /  eID  dt- 
— * 

(13) 

The  minus/plus  sign  refers  to  absorber/ampli- 
tier.  If  one  assumes  that  for  smalt  propaga¬ 
tion  distances  the  Induced  polarization,  ,  is 
driven  by  the  field  at  the  input  plana,  e^,  an 

analytic  expression  for  the  field  energy  can  be 
obtained  as  follows: 

eID  2  S  ea  2  i  2n  aa  stn  "a  <14) 

with  ea  and  0a  the  field  and  its  time-integrated 

area  at  the  input,  (or  aperture  plane),  respec¬ 
tively.  For  large  values  of  i,  ea  tends  to 

zero  causing  «ID  to  be  bound  and  finite. 

The  electric  field  is  now  given  by: 

*ID  *  <«a  1  2,1  *a  sIn  ®a)!j  (15) 

By  direct  integration,  one  finds  that  in  the 
case  of  the  absorber  the  peak  is  delayed  rela¬ 
tive  to  the  speed  of  light,  whereas  in  the  am¬ 
plifier  it  is  advanced.  This  follows  because  in 
the  first  case,  the  leading  edge  is  absorbed 
and  in  the  second  situation  it  is  amplified.  In 
the  case  of  the  '2 ft'  pulse  the  behavior  in  the 
trailing  edge  for  either  media  is  the  reverse  of 
the  leading  edge.  This  leads  to  the  possibility 
of  distortionless  '2n'  pulses  traveling  with  a 
velocity  greater  or  less  than  c/n,  the  speed  of 
light  In  amplifiers  and  absorbers  respectively. 
The  speed  of  the  peak  of  a  smaller  area,  in 
both  types  of  media,  is  less  than  the  speed  of 
the  peak  of  the  larger  '2«'  pulse.  A  way  to 
express  it  mathematically  is  to  determine  the 
change  in  the  field  from  one  plane  to  the  next 
as  determined  by  the  polarization.  The  contri¬ 
bution  of  the  field  radiated  by  the  polarization 


is  given  by  the  second  term  on  the  right  hand 
side  of  the  equation  (14).  The  behavior  in  an 
amplifier  is  illustrated  in  Figure  (6a)  where 
the  '2jt',  e  ,  field  and  total  field  e^  after  a 

small  distance  n)  ere  compared  with  the  cor¬ 
responding  pair,  ^  *  l.ta  and  ^'p.  The 

advance  of  the  peak  is  less  in  the  smaller 
area,  the  corresponding  curves  for  an  absor- 
ber  are  shown  in  Figure  (6b).  In  contrast,  the 
delay  for  the  peak  is  greater  for  the  smaller 
area. 

Thus,  in  each  case,  absorber  or  amplifier,  the 
smaller  area  pulse  moves  more  slowly  than  that 
of  the  larger  area  pulse. 

It  is  noteworthy  that  the  relative  delay  for  ad¬ 
jacent  pulses  in  resonant  absorbers  is  larger 
than  the  relative  advance  for  adjacent  pulses 
in  amplifying  media  as  illustrated  in  Figure 
(7a)  and  Fig.  (7b). 


V.  PERTURBATION  APPROACH  TO  THE 
INITIAL  BEHAVIOR 


The  three-dimensional  beam  can  be  thought  of 
as  a  composite  set  of  one-dimensional  plane- 
wave  pencils  (a  pencil  for  each  radius).  This 
idea  may  be  used  to  construct  a  picture  of  the 
physical  processes  that  produce  the  phenome¬ 
non  of  transverse  reshaping,  as  in  the  follow¬ 
ing  example.  A  comparison  of  the  distinct 
temporal  evolution  of  two  separate  pencils  will 
be  made  for  short  propagation  distances.  One 
pencil  is  on-axis,  where  the  intensity  is  at 
maximum,  while  the  second,  which  is  just 
off-axis  has  a  smaller  intensity.  The  induced 
nonlinear  polarization  that  results  will  make  the 
group  velocity  of  the  pulse  peak  at  the  center 
pencil  exceed  the  corresponding  off-axis  group 
velocity.  This  is  sketched  in  Figure  (7a)  for 
a  pre-excited  medium  and  in  Figure  (7b)  for 
an  absorber.  For  the  particular  instant  of 
time  Tq,  the  off-axis  field  is  larger  than  the 

on-axis  field. 


Associated  with  this  relative  motion  between 
adjacent  pencils,  there  is  a  variation  in  the 
sign  of  the  on-axis  transverse  coupling  (Lap- 
lacian)  term.  At  the  input  plane  its  contri¬ 
bution  is  negative.  As  the  pulse  propagates 
along  n.  at  a  later  instant  of  time  iQ  the 

transverse  coupling  term  eventually  vanishes. 
Still  further  away,  its  contribution  for  time  tq 

becomes  positive.  Thus  the  sign  of  the  Lapla- 
cian  is  a  function  of  time,  its  value  at  the 
front  of  the  pulse  is  different  from  that  at  the 
tail  of  the  pulse.  Along  with  these  changes  in 
amplitude,  the  phase  also  varies.  These  ampli¬ 
tude,  A,  variations  and  phase,  e,  delays  lead 
to  larger  phase  accumulation  on-axis.  Radial 
variations  of  the  phase  will  induce  a  dynamic 
transverse  energy  current,  (defined  by  JT  *  2 

F  i  A4’  3*/3p),  flowing  inwardly  at  some  times 
and  outwardly  at  others. 


The  parameter  F,  which  is  the  coefficient, of 
the  Lapladan  term,  is  a  small  number  0(10*'*). 
Its  reciprocal  is  the  Fresnel  number  per  active 
characteristic  length.  F  corresponds  also  to 
the  reciprocal  of  the  on-resonance  small  signal 
gain  given  in  a  diffraction  length  as  defined 
by  Lax  et  al  in  their  paper  on  the  analysis  of 
the  paraxial  approximation  (118].  Further¬ 
more,  the  small  longitudinal  field  that  Lax  has 
found  as  a  first  order  correction  to  the  purely 
transverse  field  is  negligible  for  our  case. 

It  is  therefore  suitable  to  use  F  as  an  expan¬ 
sion  parameter  for  the  relevant  variables. 
When  keeping  only  the  first  order  term,  one 
obtains: 

e  a  «0  ♦  F<«ip  +  ieli): 

*  0  *  F<  ir  +  ‘  iP 

W  *  WQ  ♦  FWlr  (16a) 

where  eQ  and  Q  are  the  numerical  real  (phase¬ 
less)  solutions  of  the  uniform  plane-wave 
propagation  problem. 

Thus,  when  substituting  in  the  coupled  wave- 
material  equations  and  separating  the  zeroth 
and  first  order,  one  gets: 

Vo“  0* 

8t  0  *  *0  wo-  mA 

atw0*-«0  0  <16b> 


V  ”  lr 

ax 

lr  *  W0  elr  * 

“0  wlr 

9x 

Wlr-<elr  0 

+  *0  lr) 

e0  *  an  elr  3 

li 

at 

11  *  W0  eli 

It  is  easy  to  see  that  if  initially,  (for  all  n  and 
for  i  <  0),  and  at  the  input  plane  (for  n  *  0 
and  alT  t)  the  perturbations  terms  are  zero, 
the  real  parts  will  remain  zero  ail  the  time. 
As  the  pulse  propagates,  the  imaginary  parts 
of  both  the  three-dimensional  field  and  the  in¬ 
duced  polarization  grow. 

Thus,  we  have  from  (16c) 


li«/dVW0eii  (17) 

Equations  (16c)  can  be  integrated  to  obtain  the 
perturbed  field  e^.  in  terms  of  the  known 

solutions  of  the  one-dimensional  problem:  eQ 
and  WQ.  By  making  a  further  approximation 


n  « «o  (18> 

which  Is  certainly  true  lor  small  enough  n.  we 
get  our  working  equations: 


an  »  /  dn’  [VT  aQ]  (19a) 

The  rate  of  growth  of  e^  and  its  sign  depend 
on  the  radial  variation  of  tQ. 

a  3  tan*1  [Fen/eg]  (19b) 

Numerical  computation  showed  that  the  latest 
approximation  (18)  is  a  valid  one.  The  new 
value  of  the  perturbation  field  and  of  the 
related  phase  are  in  very  good  agreement  with 
those  evaluated  previously.  By  taking  iter¬ 
atively  into  account  the  effect  of  on® 

obtains: 

n  x 

ec  =  /  dn(^e0  +  J  dt'(W  et,)]  (20a) 

li  0  T  0  0  0  11 


0C  =  tan*1(F  e?./en) 


The  second  term  in  the  right-hand  side  of 
(20a)  being  a  functional  of  WQ,  will  change 

sign  according  to  the  initial  stage  of  the  med¬ 
ium.  Should  the  medium  be  initially  at  ground 
state,  Wg  is  negative;  on  the  other  hand,  if 

the  medium  is  pre-excited,  the  population  is 
inverted,  and  WQ  is  positive.  Accordingly, 

the  sign  and  the  value  of  the  phases  will 
vary.  This  contribution  will  be  reflected  in 
the  transverse  energy  current,  JT. 

Thus,  the  wavefront  curvature  is  directly 
attributable  to  the  on-axis  pencil  moving  faster 
than  the  off-axis  rays,  as  sketched  in  Figure 
(8),  inducing  the  Laplacian  to  alternate  sign 
as  a  function  of  ail  the  independent  variables. 

The  validity  of  this  procedure  is  limited  to  the 
range  of  propagation  distances  where  one-di¬ 
mensional  pulses  do  not  differ  significantly 
from  their  three-dimensional  counterparts. 

A  significant  prediction  of  the  perturbation 
theory  is  the  development  of  a  substantial 
focusing  curvature  of  the  wavefront  in  the  tail 
of  the  pulse.  This  occurs  well  within  the 
reshaping  region  before  any  substantial  focus¬ 
ing  (or  defocusing)  begins  to  occur.  The 
results  of  the  perturbation  theory  are  in  good 
agreement  with  the  corresponding  rigorous 
three-dimensional  results  (39,  41].  This  is 
illustrated  for  absorber  in  Figure  (9a)  and  for 
amplifier  in  Figure  (9b).  These  graphs  refer 
to  a  situation  well  within  the  reshaping  region 
where  no  substantial  seif-lensing  has  yet 


occurred.  Nevertheless,  there  is  already 
substantial  phase  variation  on  the  tail  of  the 
pulse.  This  is  indicated  by  the  curves  labeled 
#(30;  p*0)  and  #(3D;  p»ap).  These  give  the 
phase  variation  for  the  three  dimensional  case 
(3D)  as  determined  by  the  full  numerical  calcu¬ 
lation  for  two  values  of  p.  In  the  input  plane, 
the  pulse  area  is  2n  at  p  *  0  and  is  1.8k  at 

p  «  ip. 


The  fact  that  in  absorbers  the  phase  is  smaller 
at  p  *  ap  than  at  p  *  0  shows  that  energy  is 
flowing  radially  toward  p  »  0  in  the  tail  of  the 
pulse,  whereas.  In  amplifiers,  the  phase  de¬ 
creases  as  a  function  of  t,  and  this  decrease 
is  stronger  at  p  »  0  then  at  p  *  dp  The  absorb¬ 
er  and  the  amplifier  appear  to  behave  in 
inverse  ways  In  the  reshaping  region:  the  tall 
of  the  absorber  focuses  and  the  tail  of  the 
amplifier  defocuses.  The  reciprocity  Is  lost  as 
tite  light  pulse  continues  to  propagate.  This 
is  because  the  pulse  in  absorbers  moves  with  a 
speed  less  than  the  velocity  of  light  in  the 
medium,  c/n,  while  the  pulse  in  the  amplifier 
moves  with  a  speed  greater  than  c/n  (this  fact 
does  not  contradict  special  relativity  since  the 
energy  flow  rate  never  exceeds  c/n).  Thus, 
when  focusing  does  occur  in  the  absorber,  the 
peak  pulse  intensity  corresponds  to  a  value  t, 
where  the  phase  curvature  was  significant  in  a 
previous  plane.  In  the  case  of  the  amplifier, 
the  peek  field  moves  away  from  the  tail  of  the 
pulse.  Therefore,  even  though  the  on-axis 
phase  Indicates  defocusing  in  the  tail,  there  is 
ng  time- flow  of  energy  into  this  region.  The 
energy  in  the  tail  of  the  beam  wings  remain  at 
the  saaw  place  for  a  considerable  propagation 
distance.  Furthermore,  in  an  amplifier  the 
medium  represents  a  continuous  source  of 
energy;  this  .a  in  ~on crest  to  the  absorber 
situation  where  only  the  initial  electric  field 
represents  the  total  available  energy.  Thus,  a 
defocusing  effect  in  an  amplifier  will  always  be 
competing  against  this  amplifying  action,  and 
therefore  no  significant  seif -defocusing  could 
reasonably  be  observed. 


Instead,  focusing  doss  occur  in  the  time 
tail  of  a  coherent  pulse  propagating  in 
the  same  amplifying  medium.  As  it  will 
be  shown  subsequently  in  this  paper,  a 
pulse  break-up  occurs  or-axis;  only  the 
second  pulse  of  the  double  peak  seems  to 
be  associated  with  focusing.  The  three- 
dimensional  numerical  calculation  for  the 
amplifier  indicate  that  longitudinal  pulse 
break-up  occurs,  but  ths  first  pulse  is 
in  distinguishable  foam  the  corresponding 
one-dimensional  pulse.  This  Is  consistent 
with  our  theory  since  phase  modulation 
does  not  become  significant  during  the 
passage  of  the  first  pulse. 

One  sees  that  the  phase  variations  due  to 
transverse  coupling  are  not  only  a  function  of 
the  space  coordinates  but  also  evolve  in  time. 
As  a  result,  if  the  propagation  beyond  the 
reshaping  regime  (where  field  phase  builds 
up),  occurred  in  free  space,  the  beam  at  the 


temporal  peak  cut  would  only  focus  after  <>eff£ 

*  38.75,  which  is  in  the  far  field  of  the  input 
aperture.  On  the  other  hand,  if  the  propaga¬ 
tion  continues  in  the  nonlinear  medium,  the 
focus  occurs  much  sooner,  at  oref{£  *  8.875, 

which  Is  the  near  field.  Thus,  the  presence 
of  the  active  medium  triggers  the  self-lensing 
mechanism  sooner.  The  reciprocity  between 
the  physical  processes  in  absorbers  and  in 
amplifiers,  is  further  lost,  as  the  transverse 
boundary  begins  playing  an  important  role  for 
amplifiers . 

As  a  summary  note,  one  finds  that  the  move¬ 
ment  in  time  of  the  pulse’s  energy  (i.e. ,  peak 
amplitude)  relative  to  the  focusing  (or  defocus¬ 
ing)  phase  is  the  most  critical  mechanism  for 
the  development  of  any  self-action  phenome¬ 
non. 

It  is  particularly  appropriate  to  study  the 
origin  and  evolution  of  the  energy  current 
since  it  determines  the  appropriate  conditions 
responsible  for  the  onset  and  development  of 
the  coherent  self-lensing  phenomena. 

VI.  FURTHER  ANALYTICAL  WORK 

By  combining  the  previous  small  trends  calcu¬ 
lation  and  pencils  approach,  one  obtains  a 
completely  analytic  expression  for  the  phase  $ 
as  well  as  for  J_,  the  transverse  energy 
current  {41,43).  1 

From  equation  (19)  to  equation  (30)  namely 
♦  Z  Ftu^iD  (21) 

(V>“F'elD(3peU>  *  (22) 

The  various  self-action  processes  arise  through 
the  combined  effects  of  diffraction  and  the 
nonlinear  inertial  response  of  the  medium. 

For  illustration,  an  absorber  example  is 
considered.  The  specific  dependence  of 
the  pulse  delay  on  the  input  area  is 
shown  in  Figure  (10a)  and  Figure  (10b). 
Consequently,  one  expects  that  little 
focusing  occurs  in  the  reshaping  region 
while  each  annular  ring  of  the  input 
Gaussian  profile  evolves  (see  Figure  (10c) 
and  Figure  (10d))  according  to  the  uni¬ 
form  plane  wave  theory;  the  conventional 
outward  energy  flow  takes  place  (as 
shown  in  Figure  (Ua)).  However,  as  the 
three-dimensional  calculation  will  show, 
since  the  more  intense  rings  propagate 
more  rapidly,  the  tail  of  the  pulse  has 
more  intensity  in  the  outer  rings  (causing 
the  appearance  of  an  indentation  near  the 
axis).  However,  linear  diffraction  will  fill 
the  profile  as  displayed  in  Figure  (lib). 
Light  diffracting  towards  the  axis  from 
the  trailing  edge  of  the  pulse  in  the  rim 
of  the  beam  (at  larger  radius)  interacts 
with  those  atoms  which  were  excited  by 
the  preceding  pulse  (which  was  closer  to 
the  axis)  and  can  experience  net  amplifi- 


cation  as  illustrated  In  Figure  (12a)  and 
(12b).  Because  of  this  always-present 
interaction  with  population-inverted 
atoms,  the  amount  of  energy  arriving  in 
the  absorber  at  the  axis  Is  significantly 
higher  than  what  it  would  be  if  the 
remaining  medium  were  linear.  This 
boosting  mechanism  continues  as  energy 
flows  towards  the  axis,  making  a  positive 
contribution  to  the  center  of  the  beam. 
The  leading  portion  of  the  pulse  in  the 
rim  of  the  beam  continually  sees  an  ab¬ 
sorber  and  thus  experiences  net  absorp¬ 
tion. 

Consequently,  the  resulting  expression  for  JT 

is  a  power  series  in  n  with  coefficients  of 
alternate  sign.  For  small  enough  n  (where 
higher  order  terms  of  q  can  be  neglected),  the 
energy  current  is  positive  indicating  an  out¬ 
ward  transverse  energy  flow  in  agreement  with 
the  spreading  due  to  a  near-field  diffraction 
effect.  As  n  increases,  the  second  term  must 
be  considered  also.  Since  its  contribution  is, 
in  absorbers,  a  negative  quantity,  JT  event¬ 
ually  changes  sign  and  begins  flawing  inward 
towards  the  axis  forming  a  converging  lens. 
The  tatter  may  counteract  and  overcome  the 
diffraction,  giving  rise  eventually  to  the 
coherent  self -focusing.  If  q  increases  further, 
the  third  term  contribution  becomes  important; 
its  effect  will  tend  to  reduce  the  inward  trans¬ 
verse  energy  flow  associated  with  the  second 
term.  The  third  term  can  be  interpreted  as 
the  manifestation  of  additional  diffraction  due 
to  the  narrowing  of  the  optical  beam.  In  ampli¬ 
fier,  however,  the  second  term  is  flowing 
outwardly  enhancing  the  diffraction  spreading. 

In  Figure  (13a)  and  Figure  (13b)  J ^  is  dis¬ 
played  for  absorber  and  amplifying  media 
respectively. 

Due  to  the  approximations  used,  the  expres¬ 
sions  obtained  can  at  best  suggest  trends  of 
what  really  occurs,  which  can  only  be  studied 
by  rigorous  three-dimensional  numerical  compu¬ 
tations.  However,  the  present  results  were 
found  to  be  qualitatively  consistent  with  the 
full  three-dimensional  calculation  results. 


VII.  SUMMARY  OF  THE  PHYSICS 

We  have  verified  that  in  an  amplifier,  energy 
is  transferred  from  the  medium  to  the  electric 
field  in  the  front  of  the  pulse,  and  back  to 
the  medium  in  the  tail  of  the  pulse;  and  that 
the  converse  applies  for  absorbers.  Only  for 
the  case  of  a  '2n'  pulse  is  all  the  energy 
returned  to  its  sources. 

The  propagation  speed  of  the  peak  of  the 
pulse  exceeds  the  speed  of  light  in  amplifying 
media;  whereas,  it  is  less  than  the  speed  of 
light  in  absorbers.  In  both  cases,  the  propa¬ 
gation  speed  la  greater  for  the  more  intense 
pulse  than  for  the  weaker  pulse.  The  differ¬ 
ence  in  speed  among  adjacent  radii  is  less  in 


amplifiers  than  in  absorbers.  As  the  beam 
propagates  into  the  medium,  its  characteristics 
may  significantly  change  temporarily  causing  a 
larger  field  off-axis  than  on-axis. 

In  the  reshaping  region,  the  radial  field  distri¬ 
bution  in  the  tail  of  the  amplifier  differs  from 
that  in  the  absorbers.  In  the  amplifier  pulse 
tail,  the  field  remains  peaked  on-axis  whereas 
in  the  absorber  pulse  tail,  a  depression  devel¬ 
ops  on-axis.  Thus  outward  diffraction  contin¬ 
ues  to  dominate  in  the  amplifier  pulse  tail, 
whereas  inward  energy  flow  starts  to  occur  in 
the  tall  of  the  absorbing  pulse. 

This  trend  to  focusing  in  nonlinear  absorbers 
Is  significant  in  that  it  is  opposite  to  the 
effect  shown  by  a  conventional  diffracting 
free-space  signal.  In  amplifiers,  a  stronger 
diffraction  is  set  up  at  the  front  of  the  beam. 
Light  that  thereby  diffracts  outwardly,  exper¬ 
iences  nonlinear  amplification  by  the  pre¬ 
excited  resonant  medium  which  has  not  yet 
interacted  with  the  slower  moving  pulse  off- 
axis  as  shown  in  Figure  (14).  The  subsequent 
behavior  of  this  diffracted  light  will  be  strong¬ 
ly  influenced  by  the  boundary  conditions  at 
the  edge  of  the  medium. 

VIII.  OUTLINE  OF  NUMERICS 

The  retarded  time  t  refers  to  the  actual  time 
in  a  stationary  frame  of  the  time  of  arrival  of 
the  front  of  the  pulse  at  the  position  z.  The 
advantage  of  this  coordinate  transformation, 
from  t  to  x,  illustrated  in  Figure  (15a)  is  that 
it  allows  an  accurate  numerical  scheme  to  be 
developed  for  which  the  increment  in  n  and  x 
need  not  be  related  in  any  special  way. 

Herein,  the  equations  of  motion  are  solved  in 
the  near-field  region  of  an  optical  pulse, 
initially  Gaussian  in  both  p  and  x.  This 
amounts  to  a  mixed  initial  boundary-value 

Sroblem.  The  initial  configurations  of  the 
iser  beam  and  the  resonant  medium  are  speci¬ 
fied  subject  to  certain  conditions  for  x  >  0 
which  must  be  satisfied  at  all  space  points. 
Furthermore,  the  field  boundary  condition  at 
q  *  0  is  time-dependent.  This  is  sketched  in 
Figures  (15b)  and  (15c).  For  the  numerical 
solution,  a  temporal-spatial  mesh  of  grid  points 
is  used  to  represent  the  p-n-i  space.  At  a 
given  plane  q,  the  values  of  the  various  depen¬ 
dent  variables  are  obtained  for  all  stations. 
This  procedure  is  repeated  until  the  desired 
propagation  length  has  been  traversed. 

The  basic  numerical  algorithm  consisted  of  a 
combined  explicit  and  implicit  method.  The 
MacCormack  [48]  two-level  predictor-corrector 
non-symmetrical  finite-differencing  scheme  is 
used  to  advance  the  field  equation  along  the 
direction  of  propagation,  q,  while  the  modified 
Euler  three-level,  predictor-corrector  scheme 
is  used  to  update  the  material  variable  in 
time-retarded  time  x.  The  mutual  light-matter 
influence  is  a  mixture  of  a  boundary  value  (for 
advancing  the  field)  and  an  initial  value  prob¬ 
lem  (for  calculating  the  atomic  responses) 
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[11].  To  improve  accuracy  and  to  speed  up 
the  convergence,  cross-coupling  is  accentua¬ 
ted.  With  such  steps,  the  scheme  becomes  as 
flexible  as  a  strongly-implicit  algorithm.  The 
final  field  value,  rather  than  the  predicted  one 
as  done  classically  (8-11,  25  ,  39  40],  is  used 
to  correct  the  material  variable,  and  the  final 
material  values  instead  of  the  predicted  ones 
are  used  to  correct  the  field.  The  final  vari¬ 
ables  are  obtained  as  solutions  of  a  set  of 
five,  simultaneous,  algebraic  equations. 

IX.  DETAILS  OF  NUMERICAL  PROCEDURE 

An  outline  of  the  numerical  method  is  illus¬ 
trated  using  two  simplified  equations  that  are 
representative  of  the  full  set  describing  the 
propagation  and  atomic  dynamics  effects.  In 
this  context,  the  material  variables  are  denoted 
by  M,  whereas  either  of  the  electric  field 
variables  is  denoted  by  F.  Both  variables  are 
complex  quantities  which  are  functions  of  t\, 
the  propagational  coordinate,  n.  the  transverse 
spatial  coordinate  and  t,  the  retarded  time. 
With  M  ,  the  equilibrium  value  of  M,  one  can 
write  the  representative  equations  as: 

'  ‘  "t  F  +  aT  3  M  (23) 

with  V2  F  =  i  {  |-p(p^)l  (24) 

3  FM  ♦  M  ♦  Me  (25) 

subjected  to  the  initial  and  boundary  condi¬ 
tions. 

1.  for  t  >  0:  F  3  0,  M  3  Mq  known  function 
to  take  into  account  the  pumping  effects; 

2.  for  n  *  0:  F  is  given  as  known  function 
of  t  and  p; 

3.  for  all  n  and  t:  [3F/3p]  ^  and 
(3F/3p]  vanishes  as  with  p  J; 

™max  max 

defining  the  extent  of  the  region  over 
which  the  numerical  solution  is  to  be 
determined). 

The  derivatives  appearing  in  (23)  are  only 
with  respect  to  space  variables;  in  this  equa¬ 
tion,  time  enters  only  implicitly,  through  the 
right-hand  side  terms.  On  the  other  hand, 
the  derivative  in  (25)  is  a  time  derivative 
only,  and  the  space  influence  is  provided  by 
the  right-hand  side  terms.  This  situation 
entitles  us  to  consider  the  two  equations  as 
somewhat  uncoupted  and  to  adopt  special 
integration  procedures  for  each  of  them  sepa¬ 
rately.  This  assumption,  though  not  rigor¬ 
ously  correct,  has  proven  to  be  very  useful  in 
practice.  We  cannot  be  sure  that  the  accuracy 
of  the  integration  procedure  is  of  the  second 
order  in  an  and  ap  as  well  as  in  at  for  the 
material  variables.  A  similar  remark  may  be 
made  for  the  field  variable  with  respect  to  at. 
In  this  algorithm  (which  uses  the  two-level 
nonsymmetnc  MacCormack  explicit  predictor- 
corrector  finite  difference  scheme  for 


marching  the  electric  field  F  along  n  and  U.e 
three-level  modified  Euler  scheme  to  Integrate 
along  t  the  material  variables),  special  atten¬ 
tion  is  given  to  ensure  second-order  accuracy 
in  all  space  and  time  Increment  steps  simultan¬ 
eously  for  all  the  dependent  physical,  field 
and  material  variables. 

This  goal  is  achieved  by  using  the  final  field  F 
instead  of  the  predicted  F  to  evaluate  the  final 
M;  and  the  final  M  instead  of  the  predicted  M 
to  correct  the  field  variable  F.  A  set  of  two 
transformed  simultaneous,  nonlinear,  algebraic 
equations  in  two  complex  variables  is  obtained 
and  can  be  easily  solved.  For  simplification  a 
well-known  quasi- linearization ,  an  example  of 
which  can  be  found  in  Morerti’s  treatment  of 
the  chemical  kinetics  problem  [53],  is  Intro¬ 
duced  as  follows: 

FM  3  -Fj  M{  ♦  Fj  M  ♦  F  Mj  (26) 

where  i  means  the  "initial  value”  and  can 
reasonably  be  denoted  by  the  predicted  val¬ 
ues.  This  approach  follows  readily  the  Taylor 
expansion  of  the  product  'FM': 

FM  3  (FM);  ♦  [  (FM)];  (F-F;) 


*  [  5M(FM)1i  (M‘Mi>  *•••  (27) 

truncated  at  first-order  terms. 

Mathematically,  this  algorithm  reads  as  follows: 
with 

F(J  *«•  “*■  5  Fm.k  (28) 

LF  =  i  V2  F  3  (i/p)  {/3p(pF)}  (29) 

The  predicted  field  can  be  written  as: 

=  F«t.k  *  *  tF  Fm,kl  <3°> 


whereas  the  corrected  field  reads  as  follows: 


*  <M£k 


M  i+1  -  I?  fFt"!  x  l 
Mm,k  L  rm,k)J 


F  B 

L  and  L  are  the  forward  and  backward 
differencing  of  the  transverse  Laplacian  opera¬ 
tor  cylindrical  coordinates  with  azimuthal 
symmetry. 

The  material  variables  are  integrated  in  the 
following  manner.  The  predicted  values  are 
defined  as: 


*tfUla<k-I*2<il)lFt?k<k-<VMel<32> 


while  the  corrected  values  are  given  by: 


•  ^ O  •  1.  C  ■ 


♦  AT  [ , k*l)+Fm.k+lSm , k+1 

♦  K\+AW<W*<)]  (33) 

Rearranging,  one  has 

•  *1  ♦  bi  F£kn  ♦  qi  <k*i  <34> 

**in^k*l  *  *2  b2  Fm,Xk+i  +  q2  Mm,k+1  (3$) 

which  is  a  set  of  "linear  algebraic  equations" 
(with  locally  constant  coefficients)  that  can 
readily  be  solved  by  straightforward  elimina¬ 
tion. 


state,  experiences  resonant  absorption  and 
losses.  A  more  significant  portion  of  the  pulse 
energy  is  diffracted  outwardly  in  the  amplifier 
than  in  the  absorber.  This  point  has  been 
previously  discussed  in  the  section  on  pertur¬ 
bation. 

In  resonant,  nonlinear,  light-matter  interac¬ 
tions,  the  velocity  profile  will  not  be  uniform 
across  the  beam.  The  local  intensity  at  a 
particular  radius  as  well  as  the  initial  state  of 
the  transition  (pre-excited  as  opposed  to 
ground  state)  will  dictate  the  distinct  delay/ 
advance  that  the  "pencil"  [pulse]  will  exper¬ 
ience  at  a  particular  radius.  Consequently, 
these  boundary  reflection  conditions  tends  to 
play  a  substantial  role  in  the  amplifier  calcula¬ 
tions  and  could,  if  ill-posed,  obscure  the 
emergence  of  any  new  physical  effects.  One 
has,  therefore,  to  be  particularly  careful  in 
simulating  amplifiers. 


It  is  noteworthy  that  when  this  differencing 
procedure  forward-predictor,  backward-correc¬ 
tion  at  'j+l',  is  followed,  at  'j+2\  by  its  cor¬ 
responding  reverse  backward  predictor-forward 
corrector,  the  overall  amplification  of  the  error 
wavelets  is  smaller.  This  results  from  the  fact 
that  when  one  alternates  the  two  reverse 
procedures,  the  amplification  matrices  (one  for 
each  procedure),  have  different  eigenvalues 

and  eigenvectors  for  the  same  Fourier  compo¬ 
nent  of  the  solution  [49]. 

The  numerical  code  has  been  tested  systemati¬ 
cally  by  insuring  the  reproduction  of  analytical 
results  of  problems^  such  as  free-space  propa¬ 
gation  [76],  Gaussian  beams  propagation 

through  lenselike  media  [77],  Bloch's  solution 
at  the  input  plane  for  an  on-resonance  real 
field  [8]  and  coupled  uniform  plane-wave 

calculations  for  an  input  2h  hyperbolic  secant 
[8].  Identical  results  were  obtained  solving 

these  problems  expressed  in  the  eikonal  and 
transport  form  [1],  and  the  three-dimensional 
results  have  been  compared  qualitatively  and 
quantitatively  with  an  analytic  perturbation  in 
tile  reshaping  region  [39,40]. 

X.  IMPORTANCE  OF  BOUNDARY  CONDITIONS 

In  this  section  we  will  discuss  the  role  played 
by  the  boundary  conditions  in  the  solution  of 
the  problem.  Previously,  the  importance  of 
careful  handling  of  boundary  conditions  was 
not  stressed.  For  all  physical  problems, 
particularly  those  in  fluid  mechanics,  that  have 
been  treated  numerically  so  far,  acceptable 
results  have  been  achieved  only  by  coupling 
an  accurate  analysis  of  the  internal  points  with 
a  careful  numerical  treatment  of  the  boundary 
points  [54] . 

When  the  laser  beam  travels  through  an  ampli¬ 
fier,  the  transverse  boundary  has  an  increas¬ 
ingly  crucial  effect  in  contrast  to  the  absorber 
situation^  Tn  particular,  the  laser  field,  which 
resonates  with  the  pre-excited  transition  will 
experience  gain;  whereas,  the  laser  which 
encounters  a  transition  initially  at  ground 


Special  care  is  required  to  reduce  the  bound¬ 
ary  effect  to  a  minimum.  By  using  non- 
uniform  grids  (in  all  physical  variables),  and 
confining  the  active  medium  by  radially-depen- 
dent,  absorbing  shells  one  can  construct  an 
effective  and  reliable  algorithm  that  is  locally 
consistent  with  the  physics  of  the  problem. 

More  specifically,  the  boundary  condition  to  be 
discussed  below  describes,  in  effect,  an  ab¬ 
sorbing  surface.  This  condition  is  a  repre¬ 
sentation  of  an  actual  experimental  approach  in 
which  the  laser  amplifier  is  coated  to  circum¬ 
vent  any  spurious  reflections.  Various  at¬ 
tempts  have  been  made  to  simulate  this  ab¬ 
sorbing  surface. 

Mathematically,  this  approach  is  implemented 
by  introducing  a  radially-dependent  loss  dis¬ 
tribution.  The  loss  coefficients  obey  a  Gaus¬ 
sian  dependence  peaking  at  the  wall  itself. 

Three  forms  of  losses  were  studied:  an  Ohmic 
linear  form,  a  cubic  Kerr  loss,  and  a  reduction 
in  the  nonlinear  gain  of  the  active  medium. 

For  strongly  amplifying  media,  the  transverse 
boundary  could  still  cause  computational  diffi¬ 
culties  for  seif -diverging  beams,  because  it  is 
difficult  to  select,  beforehand,  the  functional 
location  of  the  boundary.  An  alternate  ap¬ 
proach  to  the  problem  would  be  to  extend  the 
transverse  grid  to  infinity  as  displayed  in 
Figure  (16a)  and  Figure  (16b).  With  this  new 
mapping  method,  the  mesh  density  is  reason¬ 
ably  uniform  in  the  region  occupied  by  the 
beam,  while  outside  this  region  the  mesh 
density  falls  off  rapidly  with  the  final  point 
occurring  at  infinity.  In  practice,  the  most 
effective  treatment  of  the  dynamic,  transverse, 
boundary  consists  of  implementing  an  absorb¬ 
ing  surface  while  concurrently  considering  an 
infinite  physical  domain  and  mapping  it  on  a 
finite  computation  region. 

Hence,  the  desired  transformation  process  for 
the  transverse  coordinate  is  similar  to  that 
used  in  constructing  the  nonuniform  t  "ooral 
grid. 


Specifically, 


enough  mesh  points  to  assure  proper  resolu¬ 
tions  where  phase  gradients  (wavefront  curva¬ 
ture)  change  very  rapidly. 


4  *  tanh  <pp)  0  <  4  <  1;  Ng  >  (36) 

4  »  (k-l)/NB  1  <  k  <  NB  (37) 

pmax  *  p<nA)*  (38) 

p  »  (  )  l0«  (  )  (39) 


with  p(Na)  denoting  the  actual  maximum  radius 

where  the  active  medium  is  still  present.  In 
the  region  extending  from  p(Nft)  to  p(Ng) 

there  is  no  amplifying  medium;  instead,  there 
is  an  absorbing  layer. 

The  derivatives  of  the  mapping  can  also  be 
defined  analytically  as  follows: 


§|  ■  P  (1-42)  *  6  sech2  (Pp) 

(41a) 

and 

y*  -2?  4<i-i>- 

(41b) 

on  axis  vjj  4  *  • 

(41c) 

Therefore,  the  diffraction  coupling  term  be¬ 
comes: 

ss2*  x<^e). 

342  3p  34 

(41d) 

with  the  on-axis  contribution  reading  as 


32e 

s? 


§£ 

3p 


3e  34 
3p  dp 


(41e) 


In  Figure  (17a),  Figure  (17b),  Figure  (17c) 
and  the  first,  second  radial  derivation  and  the 
Laplacian  term  are  drawn.  Figure  (18)  con¬ 
trasts  in  the  stretched  radial  coordinate  sys¬ 
tem,  the  transverse  coupling  and  the  electric 
field. 

One  can  appreciate  the  sensitivity  of  the 
numerical  domain  and  the  dependence  of  the 
physical  parameters  to  the  boundary  condi¬ 
tions. 

XI.  PRESCRIBED  STRETCHING 

A  proper  handling  of  the  differential  equations 
of  motion  is  possible  provided  that  there  are 


while  there  is  no  maximum  amount  of  mesh 
points  that  can  be  used,  it  would  be  costly  to 
reduce  the  entire  mesh  size  to  assure  values 
which  allow  sufficient  accuracy  at  the  critical 
plane. 

A  compromise  solution  can  be  found,  however, 
in  a  variable  mesh  that  is  defined  by  widely- 
spaced  computational  nodes  in  the  area  most 
distant  from  the  plane  of  interest  and  densely 
clustered  nodes  in  the  critical  region  of  rapid 
change;  the  latter  being  in  the  neighborhood 
of  maxima  and  minima  or,  for  multi-dimensional 
problems,  in  the  vicinity  of  saddle  points. 

Consequently,  resolution  is  sought  after  only 
where  it  is  needed.  The  costs  involving 
computer  time  and  memory  size  will  dictate  the 
maximum  number  of  points  that  can  be  econo¬ 
mically  employed.  In  planning  the  use  of  such 
a  variable  mesh  size,  the  following  points, 
outlined  by  Moretti  [50]  in  connection  with 
aero-dynamics  shock  calculations,  must  be  kept 
in  mind: 

(A)  The  stretching  of  the  mesh  should  be 
defined  analytically  so  that  all  the  addi¬ 
tional  weight  coefficients  appearing  in  the 
equations  of  motion  in  the  computational 
space  and  their  derivatives  can  be  eval¬ 
uated  exactly  at  each  node.  This  avoids 
the  introduction  of  additional  truncation 
errors  in  the  computation. 

(B)  To  assure  a  maximum  value  of  AT,  the 
mathematical  grid  step,  the  minimum  value 
of  Ax,  the  physical  time  increment,  should 
be  chosen  at  each  step  according  to 
necessity.  This  means  that  the  minimum 
value  of  At  must  be  a  function  of  the 
steepness  of  the  pulse  function. 

(C)  The  minimum  value  of  Ax  should  occur 
inside  the  region  of  the  highest  gradient 
which  occurs  near  the  peak  of  the  pulse. 

To  reiterate  the  above  discussion,  the  most 
suitable  nonlinear  transformation  is  one  in 
which  more  points  are  concentrated  near  the 
peak  of  the  pulse.  The  derivatives  with 
respect  to  x  are  greatest  around  the  peak 
rather  than  in  the  wings.  By  this  choice,  the 
desired  fineness  of  the  mesh  is  achieved  with  a 
minimum  number  of  points.  For  example, 
following  Moretti’s  approach,  if  T=tanh(ax) 
(42a)  and  a  must  be  larger  than  1,  the  entire 
semi-axis  x  greater  than  zero  can  be  mapped 
on  the  interval  0  F  T  F  1  with  a  clustering  of 
points  in  the  vicinity  of  t  =  0,  for  evenly- 
spaced  nodes  in  t.  Mapping  of  this  kind  has 
several  advantages.  They  introduce  into  the 
equations  of  motion  new  coefficients  which  are 
defined  analytically  and  have  no  singularities. 
They  also  avoid  interpolation  at  the  common 
border  of  meshes  differently  spaced.  From  the 
viewpoint  of  coding,  not  much  additional  work 


is  required.  The  computation  is  formally  the 
same  In  the  T  space  as  it  was  in  the  t  space. 
Some  additional  coefficients,  due  to  the  pre¬ 
sence  of  the  stretching  function,  appear  and 
are  easily  defined  by  coding  the  stretching 
function  in  the  main  program.  Obviously,  by 
a  proper  choice  of  the  function  and  by  letting 
some  of  their  parameters  (such  as  a,  above) 
vary  as  functions  of  the  propagation  distance 
according  to  the  physical  needs,  the  accumula¬ 
tion  of  points  can  be  obtained  where  necessary 
at  any  distance  of  propagation.  In  the  laser 
problem,  we  use  a  slightly  modified  stretching 
function: 

t  »  tc  ♦  (o/2)  log(T/(l-T))  (42b) 

where  a  is  a  stretching  factor  which  makes 
points  more  dense  around  i  ,  the  center  of 
gravity  of  the  transformation.  In  particular, 

^window^°«<Nup-2>  <«> 

with  Nup  is  the  number  of  uniform  points  in 
the  mathematical  grid,  and  *w«n<iow  is  the 
temporal  window  (duration  of  shutter  opening) 

T window  *  (Tmax  "  Tmin^ 
t  is  an  arbitrary  point  used  to  define  the 

canter  of  transformation  so  that  the  change  of 
the  coordinate  will  be  optimum  for  more  than 
one  plane  along  the  direction  of  propagation. 
Figure  (19)  illustrates  the  transformation  and 
its  different  dependence  on  the  particular 
choice  of  its  parameters. 

It  is  noteworthy  that  derivatives  of  the  map¬ 
ping  functions  produced  by  the  gradual  varia¬ 
tion  along  the  'T'  axis  is  also  defined  analyti¬ 
cally  namely  3t/8T  *  (a/2)  [T(l-T)]1  (44b). 

The  computational  grid  in  response  to  these 
transformations  remains  unchanged  while  the 
physical  grid  (and  the  associated  weighting 
factors)  can  change  appreciably.  In  particular, 
it  is  noteworthy  that  tc,  which  can  be  a 

function  of  Z,  defines  the  location  of  the 
minimum  'Ox'  and  Its  value.  Consequently,  the 
stretching  can  be  adjusted ,  in  centering  and 
strength,  at  every  step  according  to  specifica¬ 
tion.  While  twindow  defines  the  extent  of  the 

physical  region  to  be  computed  using  the 
nonuniform  stretching,  the  same  adequate 
resolution  around  the  peak  of  the  pulse  can  be 
obtained  with  only  one  fifth  of  the  points 
should  their  distribution  have  been  uniform. 
The  improvement  is  dramatic.  In  contrast,  the 
uniform  grid  would  have  required  five  times 
the  computer  time  and  significant  extra  stor¬ 
age. 

Should  one  need  to  study  the  laser  field  build¬ 
up  due  to  either  initial  random  noise  polariza¬ 
tion  (for  super-radiance),  or  due  to  an  initial 
tapping  angle  (for  super-fluorescence),  one 
must  utilize  a  different  stretching  (173].  This 


desired  stretching  is  similar  to  the  one  defined 
for  treating  the  radial  boundary  conditions. 
The  mesh  points  are  clustered  near  the  begin¬ 
ning  (small  t);  their  density  decreases  for 
large  value  of  t  (near  the  end  of  the  temporal 
window) . 


XII.  ADAPTIVE  STRETCHING  IN  TIME 

Due  to  the  continuous  shifting  of  energy  from 
the  field  into  the  medium  and  then  back  from 
the  medium  to  the  field,  the  velocity  of  the 
pulse  is  modified  disproportionately  across  the 
beam  cross-section.  This  retardation/advance 
phenomenon  in  absorber/amplifier  can  cause 
energy  to  fall  outside  the  temporal  window. 
Furthermore,  due  to  nonlinear  disperson,  the 
various  portions  of  a  pulse  can  propagate  with 
different  velocities,  causing  pulse  compression. 
This  temporal  narrowing  can  lead  to  the  forma¬ 
tion  of  optical  shock  waves.  The  quality  of 
the  temporal  resolution  becomes  critical.  To 
maintain  computational  accuracy  a  more  sophis¬ 
ticated  stretching  than  that  described  in 
Section  XI  is  needed.  It  is  therefore  neces¬ 
sary  that  the  center  of  accumulation  of  the 
nonlinear  transformation  used  to  stretch  the 
time  coordinate  be  made  to  vary  along  the 
direction  of  propagation.  This  adaptive  stretch¬ 
ing  will  insure  that  the  redistribution  of  mesh 
points  properly  matches  the  shifted  pulse.  It 
is  displayed  in  Figure  (20). 


This  time,  the  transformation  (42)  from  t  to  T 
is  applied  about  a  center  t  which  is  a  func¬ 
tion  of  q: 

t  *  *c(n)  *  \  'og  -jTf.  .  (45) 


The  stretching  factor  a  could  also  be  a  func¬ 
tion  of  n  a®  illustrated  in  Figure  (19b). 

The  equations  are  very  similar  to  those  of 
Section  III,  except  that  an  extra  term  is 
added: 


2 

-iF  VT  e  ♦  3  e  ♦ 
Tp  n 


3e  3T 
3T  f  "  3  1  t 


.  (46) 


The  role  played  by  the  time  coordinate  is 
different.  Previously  the  field  equation  did 
not  contain  an  explicitly  dependent  term. 

xc(n  *  An)  *  tc(n)  ♦  (tpk(n)-  *pk(n-  -in)].  (47) 

where  tpk(n)  is  determined  from  the  previous 

plane  n  as  the  time  at  which  the  electric  field 
on  axis  is  a  maximum.  The  time  delay/advance 
accumulated  in  the  interval  An 

ax  =  xplc(n)  -  tpk(n  -  An)  (48) 

measures  the  velocity  of  the  peak  relative  to 
the  speed  of  light: 


1 


(49) 


XIII.  REZONING 

The  main  difficulty  in  modeling  laser  propaga¬ 
tion  through  inhomogeneous  and  nonlinear 
media  stems  from  the  difficulty  of  pre- assess¬ 
ing  the  mutual  influence  of  the  field  on  the 
atomic  dynamics  and  the  effect  of  the  induced 
polarization  on  the  field  propagation.  Strong 
beam  distortions  are  expected  to  occur  based 
on  a  perturbational  treatment  of  initial  trends. 
Hence,  in  practice,  any  rigorous,  self-consis¬ 
tent  algorithm  requires  particularly  flexible 
numerical  strategies  to  avoid  insufficient  reso¬ 
lution  within  a  reasonable  number  of  grid 
points.  Thus,  one  must  normalize  the  various, 
critical  oscillations  to  overcame  the  economical 
burden  of  an  extremely  fine  mesh  size.  To 
insure  such  accuracy  and  speed  in  the  compu¬ 
tation,  a  judicious  choice  of  coordinate  system 
and  appropriate  changes  in  the  dependent 
variables  must  be  considered  as  plotted  in 
Figure  (21).  Evenly-spaced  grid  points  in  a 
computational  space  are  related  to  variable 
grids  in  the  physical  space.  The  paraxial 
equation  is.  thereby,  transformed  into  a  more 
suitable  form  for  computation.  These  numeri¬ 
cal  strategies  can  either  be  chosen  a  priori 
and  prescribed  at  the  start  of  the  computation 
or  automatically  redefined  and  adapted  during 
the  computation. 

The  basic  rationale  behind  the  transformations 
is  to  restrict  the  computation  to  the  departures 
on  the  Gaussian  beam  rather  than  requiring 
calculation  of  the  complete  amplitude.  This 
procedure  removes  the  necessity  for  sampling 
the  high  frequency  oscillations  induced  in  the 
phase  by  self-lensing  phenomena.  The  coor¬ 
dinate  transformation  alters  the  independent 
variables  and  thereby  causes  the  dependent 
variables  to  take  a  different  functional  form. 
The  new  dependent  variables  are  numerically 
identical  to  the  original  physical  amplitudes  at 
equivalent  points  in  space  and  time  In  the  two 
coordinate  systems. 

The  requirements  of  spatial  rezoning  will  be 
satisfied  by  simultaneously  selecting  a  coordi¬ 
nate  transformation  (from  the  original  coordi¬ 
nates  p  and  n  to  new  coordinates  |  and  z)  and 
an  appropriate  phase  and  amplitude  trans¬ 
formation.  The  chosen  transformation  will 
share  the  analytical  properties  of  an  ideal 
Gaussian  beam  propagating  in  a  vacuum. 
Using  Kogelnik  and  Li's  notation  [75],  the 
Gaussian  solution  of  the  free-space  (  *0) 
equation 

2i  3ne  ♦  ?|pe  =  0  (50) 


is  well  known  and  may  be  written  as: 


e(p,n.t)  a  a(n,x)'1exp{t(i(n,T) 

-p2  (  -r-i —  *  ))  (51) 

a^(n,T)  2R(q.x) 

where 

<K(n.i>  =  arctan(n/kaQ>  (52) 

ain.t)  a  an  sec  $  (53) 

and  0 

R(n.t)  *  h  cosec  it*  (54) 

The  parameter  a  is  the  measure  of  the  trans¬ 
verse  scale,  and* 

aQ  ®  a(0,  x)  (55) 

is  the  width  of  the  initial  intensity  distribu¬ 
tion.  The  parameter  "a"  shrinks  or  expands 
as  the  beam  converges  or  diverges  from  the 
focus.  It  is  logical  to  require  the  transverse 
mesh  to  vary  as  a  varies.  Therefore,  the 
variable 

£  =  p/a(n,x)  (56) 

Is  introduced.  It  is  displayed  in  Figures  (21a) 
and  (21b).  To  reiterate,  it  is  well  known  that 
a  linear  stability  analysis  of  the  numerical 
discretization  of  the  propagation  equation 
imposes  a  pertinent  condition  relating  two 
spatial  meshes  Op  and  op.  This  stability 
condition  must  be  satisfied  so  that  the  numeri¬ 
cal  solution  asymptotically  approaches  the 
analytical  solution  of  the  linearized  partial- 
differential  equation.  More  specifically,  stabil¬ 
ity  and  convergence  are  assured  if  the  ratio 
2 

[0n/(0p)  j  is  appropriately  defined  and  kept 
constant  throughout  the  calculation. 

For  this  purpose  it  is  necessary  to  introduce  a 
new  axial  variable  z  so  that  this  parameter 
automatically  remains  constant  as  p  varies. 
This  should  increase  the  density  of  t\  planes 
around  the  focus  of  the  laser  field  where  the 
irradiance  sharply  increases  in  magnitude 
causing  a  more  extensive  and  severe  field- 
material  Interaction  to  occur.  The  above  is 
accomplished  by  introducing 

Z  *  0  (57) 

and  using  a  constant  az.  This  transformation 
has  the  effect  of  making  the  extent  of  real 
space  related  to  the  size  of  the  vacuum  beam. 
It  may  be  worthwhile  to  recognize  that 

2  -1 

[Az/(a£  )  is  just  the  Fresnel  number  asso¬ 
ciated  with  a  range  Az  with  respect  to  the 
aperture  of  radius  a£. 

In  terms  of  £  and  z  the  field  equation 
now  appears  as 

t * - —  [2i  3,e-2i£(tanz)8fe*7l,e]=ic.  (58) 

az(z)  z  4  r£  l 


where  it  a  constant. 

It  is  imperative  to  remove  these  rapid  oscilla¬ 
tions  that  would  necessitate  very  fine  mesh 
samplings  in  the  transverse  direction.  For  the 
field  and  polarization  envelopes,  the  variables 
B  and  S  are  defined  as: 

{*1  *  (aj1  cos  z]{|]exp(+l  ^  tan  z  -  Iz]  (59) 

The  quadratic  phase  and  amplitude  variation 
have  been  removed.  The  new  field  then  takes 
the  form: 

{l/a2(z)}[2i  32B+V25B*(2-52)B)  *  i^S  (60) 

B  and  S  vary  more  slowly  in  their  functional 
values  than  their  predecessors  allowing  the 
numerical  procedure  to  march  the  solution 
forward  in  a  more  economical  fashion  by  using 
larger  meshes.  They  are  numerically  treated 
in  an  almost  identical  fashion  to  e  and  [170]. 
However,  for  strongly  nonlinear  media,  those  a 
priori  changes  in  the  basic  equations  are  not 
sufficient.  A  more  sophisticated  approach  is 
needed.  The  desired  method  should  automati¬ 
cally  adjust  the  coordinate  system  in  compli¬ 
ance  with  the  local  wavefront  surfaces  and 
actual  beam  features. 


XIV.  ADAPTIVE  REZONING 

The  concepts  of  the  previous  section  may  be 
generalized  by  repeating  the  simple  coordinate 
and  analytical  function  transformations  along 
the  direction  of  propagation  at  each  Integration 
step.  Figure  (22a)  and  Figure  (22b)  illustrate 
this  self-adjusted  mapping  in  both  planar  and 
isometric  graphs.  The  resolution  of  the  compu¬ 
tational  grid  is  thereby  defined  according  to 
the  actual  requirements  of  the  physical  prob¬ 
lem. 

The  feasibility  of  such  automatic  rezoning  has 
been  demonstrated,  without  requiring  any 
guesswork,  by  Hermann  and  Bradley  in  their 
CW  analysis  of  thermal  blooming  {60]  and  by 
Moretti  in  supersonic  flow  calculations  (51,  52, 
57]. 

In  particular,  the  change  of  reference  wave- 
front  technique  consists  of  tracking  the  actual 
beam  features  and  then  readjusting  the  coordi¬ 
nate  system.  An  adaptation  of  Hermann  and 
Bradley's  technique  to  a  cylindrical  geometry 
is  presented  herein. 

The  transverse  mesh  is  forced  to  follow  more 
exactly  the  actual  expansion  or  contraction  of 
the  beam.  The  reference  phase  front  is  altered 
at  each  integration  step  (and  for  every  instant 
of  time)  in  the  propagation  direction,  hence 
coinciding  more  precisely  with  the  physical 
wavefront  at  that  point;  moreover,  by  locally 
referring  the  wavefront  to  a  new  focal  point 
one  has  smaller  phase  changes  with  which  to 
contend . 


The  new  axial  coordinate  z  is  defined,  as 
before,  as 

z*arctan(n/ka2);  (61) 

and  3nz*(l/ka2).  (62) 

Previously,  the  center  of  the  transformation 
where  the  radial  mesh  points  were  most  tightly 
bunched,  was  at  the  focus  (z  *  q  *  0).  Now 
this  will  no  longer  be  the  case,  and  the  trans¬ 
formation  will  be  defined  in  terms  of  an  auxil¬ 
iary  axial  variable  z^  as  a  function  of  z,  which 

is  calculated  adaptively  in  a  way  that  reflects 
and  compensates  the  changing  physical  situa¬ 
tion.  For  the  moment,  the  relationship  z.(z) 
will  be  defined  later  in  this  section.  4 

The  radial  coordinate  4  is  then  defined  simi¬ 
larly  as 

£  =  p/a5(z£)  (63) 

with  an  auxiliary  axial  coordinate  Zg  different 

from  z.  For,  stability  reasons,  it  Is  required 
that  (Azl^"^  should  be  a  constant  from 

Zg  *  ijt  (64).  This  leads  to: 

ag(Zg)  *  aQg/cos  Zg  (65) 

2 

dn  =  kaQ  [tan(z+dz)«tan  z]  (66) 

2 

*  kaQ£  (tan(z^+dz^)-tan  Zg]  (67) 

which  gives: 


3Z  Zg  *  a2/a2  (68) 

and  also  leads  to  an  expression  for  "dZg": 

tan(dZg)  *  a2tan(dz)/{a| 

+  tan(dz)[a2tan  Zg  -  a2  tan  z ] }  (69) 

This  enables  one  to  find  appropriate  values  for 
a2^2  ag£  is  then  defined  by  writing: 

a5(z4*dZ|)  =  a05/cos(z5  ♦  (70) 

In  this  adaptive  rezoning  scheme,  the  physical 
solution  near  the  current  z  plane  is  described 
better  by  a  Gaussian  beam  of  neck  radius  aco 

whose  focal  point  is  a  distance  z  away  than  by 
an  initially  assumed  Gaussian  beam  with  para¬ 
meters  ag  and  z.  With  this  transformation  the 

field  equation  (50)  in  terms  of  z  and  £  becomes 
2 

2i3ze  +  a^  lvj^e-2i4tanz(3^e)]  =  ic1  a^2  (71) 

To  remove  the  unwanted  oscillations,  new  de¬ 
pendent  variables  3  and  S  are  introduced  by 
e  *  GB  and  *  GS  where 


G  3  a  g  exp{+  5  4  tan  z g  -  iZg].  (72) 

all  the  values  at  the  end  of  the  previous 
interval  (n  plane)  are  indicated  with  a  sub¬ 
script  p.  The  electric  field  e  is  given  in  the 
old  representation  as  e  *  GpBp,  and  in  the 

new  representation  as  e  3  GB;  where  Gp  is 
dependent  on  2gp  and  G  on  2g,  and  B  is  given 

Bp  *  B  exp  (♦i(c>42  ♦  P44)]  (73) 

The  best  match  is  obtained  by  requiring  that 
♦(B),  the  phase  of  B,  should  vary  radially  as 
little  as  possible. 

♦(b)  «  4(Bp)  ♦  ♦(Gp)  -  #(G) 

*  («42  ♦  P44  ♦...)  +  ((l/2)42tanzip-z5p) 

-  ((l/2)42  tanZg  -  z.)  (74) 

where  a  is  the  curvature. 

a  and  p  are  determined  in  an  appropriate 
manner  from  B_  so  that  a  new  variable  B  has 
P 

no  curvature.  It  is  clear  that  the  new  value 
oF  Zg  at  the  present  new  plane  under  consider¬ 
ation  is  derived  from  the  old  value  by 

Zg  =  arctan(2a  ♦  tan  Zgp)  (7S) 

with  the  new  neck  radius  aQg 

*0g  *  a4  cos  24  (76) 


The  equation  for  B  is  then: 
.2  , 


*  Sg  [l^B  ♦  (2-42)BJ  =  iCla2S 


By  using  this  final  differential  equation,  signi¬ 
ficant  improvements  in  numerical  computational 
cases  have  been  achieved:  i.e.,  this  new 
equation  varies  less  in  its  functional  values 
than  does  the  original  one. 

The  instantaneous  local  parameters  a  and  0  of 
the  quadratic  wave  front  are  determined  by 
fitting  the  calculated  4(4)  of  Bp  to  a  quartlc 

In  4:  a  reasonable  approach  is  that  the  inten¬ 
sity  weighted  square  of  the  phase  gradient 

/  B  2[ap(cr42*e44*ii)]24d4  =  minimum  (78) 

where  ♦  is  the  phase  of  the  field  variable 
B  3  A  exp  ( -id»)  [79],  The  minimization  of 
tilth  {fhisfoigttMfent  is  weighted  by  the  beam 

Idr^of  a  simple  structure  for  the 
tflrnvffnvift,  such  as  B_,  that  would  otherwise 
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using  the  relation 

B23gf  3  -Im{B*3gB}  (81) 

by  taking  partial  derivatives  with  respect  to 
the  or's  and  p's,  one  obtains 


tl  3  -Im/{B  3g  B41  4d4. 

Y 2  =  -Im/(B*3g  B$3}  4d4, 

or  3  “(**2*2  "  **3*1^'  an<* 

P  =  (MlY2  -  M2Yl)/2E, 

where  E  3  2(M^  -  MjM-j).  (82) 

The  distinctive  advantage  of  these  stretching 
and  adjustable  rezoning  techniques  stems,  as 
suggested  by  Moretti,  from  the  fact  that  they 
automatically  define  the  mapping  and  all  related 
derivatives  analytically  (that  is,  exactly)  as  it 
is  determined  by  the  calculation  itself. 

XV.  NON -GAUSSIAN  REFERENCE  BEAMS 

The  phase  transformation  was  readily  general¬ 
ized  by  Breaux  [64]  to  be  as  convenient  as 
possible.  Consequently  one  is  not  restricted 
to  a  Gaussian  beam  as  a  reference .  The 
transformations  utilized  for  adaptative  coordi¬ 
nates  and  phase  removal  become: 

p  3  p/a(z)  (83) 


e«B  G3[B/a(z)]exp[(i/2)Pp'i{(3a/3z)/a(z)}]  (84) 
z  3  J  (pa2)'Xdn  (85) 


the  application  of  these  transformations  to  the 
free  space  wave  equation  results  in: 


2i  ♦  V2 B  ♦  g(p,z)  B  =  0 


g(p,z)  3  -p2  p2  (a3  ) 

3z2 


appear  in  the  transformed  equation  have  been 
eliminated  by  this  particular  choice  of  varia¬ 
bles.  These  specific  transformations  are  a 
simple  generalization  of  the  transformation 
designed  by  Hermann  and  Bradley  [60]. 

Furthermore,  for  strongly  self-lensing  beams, 
it  appears  that  the  relation 

a(z)  *  [(1-z)2  +  (Nz/p)2]1/2  <50) 

has  all  the  prerequisite  characteristics  neces¬ 
sary  for  the  treatment  of  a  self-expanding 
beam.  In  particular,  this  form  is  similar  to 
the  z-dependent  beam  waist  for  a  focused 
Gaussian  beam.  However,  its  scale  expands  N 
times  larger  than  that  of  an  ordinary  Gaussian 
beam.  The  equation  relating  n  and  z  becomes 


and 

z  =  N*1  arctan[Nn/3(l-o)] 

(88) 

p  =  p  tan  z/(N  ♦  p  tan  z) 

(89) 

XVI. 

NUMERICAL  RESULTS 

(ii)  The  spatial  beam  width  of  the  (per¬ 
fectly  smooth)  Gaussian  pro  vile  pQ 

(to  avoid  any  additional  diffraction 
from  the  edge  as  well  as  possible 
small  ripples  that  could  cause  beam 
distortion  and  small-scale  self- 
focusing); 

(iii)  The  absorbing  length  per  unit  time 

(a')*1  that  enters  the  gain  of  the 
active  medium; 

(iv)  The  carrier  wave  length  K. 

(2)  The  material  relaxation  times  t.  and 
(the  effect  of  atomic  memory). 

(3)  The  carrier  frequency  offset  0Q. 

(4)  The  Input  on-axis  (time  integrated  field 
amplitude)  area. 

Furthermore,  prior  to  the  experiment  in  sodium 
[119],  a  family  of  calculations  was  made  to 
verify  that  the  coherent  self-focusing  predict¬ 
ed  for  a  sharp  line  would  remain  in  a  broad - 
line  atomic  system. 


In  this  section  we  outline  some  basic  results, 
which  have  been  obtained  with  and  without  the 
use  of  rezoning  and  stretching,  and  which  il¬ 
lustrate  why  the  more  sophisticated  techniques 
required  less  computational  efforts. 

The  first  part  of  this  investigation  which  dealt 
with  absorbing  material  has  led  to  the  discov¬ 
ery  of  interesting  new  physical  phenomena 
which  promises  to  have  significant  applications 
to  proposed  optical  communications  systems.  It 
had  been  shown  that  spontaneous  focusing  can 
occur  in  the  absence  of  lenses,  and  that  the 
focusing  can  be  controlled  by  varying  the 
medium  parameters .  The  second  part  of  this 
analysis  dealt  with  amplifiers. 

A.  Pertinent  Parameters 

Since  the  Fresnel  number  F’1  associated  with  a 
characteristic  length,  the  "area"  of  the  input 
pulse  on  axis,  the  relaxation  times  and  the 
off-line  center  frequency  shift  are  the  perti¬ 
nent  parameters  describing  the  temporal  and 
transverse  evolution  of  these  coherent  pulses 
in  the  absorbing  media,  we  have  studied  the 
dependence  of  the  propagation  characteristics 
on  these  parameters.  In  particular,  the  depen¬ 
dence  of  the  location  of  the  focusing  in  absor¬ 
bers  and  the  sharpness  of  its  threshold,  as 
well  as  the  appearance  of  the  multiple  foci 
on-axis  along  the  direction  of  propagation,  are 
dependent  on  the  specific  choice  of  the  follow¬ 
ing  characteristics: 

(1)  The  reciprocal  of  the  Fresnel  number 
associated  with  a  characteristic  absorbing 
length  through  its  different  constituents: 

(0  The  temporal  length  of  the  pulse  t  ; 

P 


In  furtherance  to  this  study,  the  transmission 
characteristics  in  pre-excited  media  was  anal¬ 
yzed  by  varying  the  previously  cited  parame¬ 
ters.  The  effect  of  the  boundary  condition 
was  carefully  investigated. 

The  computed  pulse-breakup  on  axis  agrees 
with  laboratory  observations  carried  out  on 
high  power  laser  chains  for  fusion  [153,  154, 
133]  . 


In  order  to  facilitate  the  interpretation  of  our 
numerical  results,  we  have  considered  a  class 
of  problems  n  which  the  input  field  has  a 
given  functional  variation  in  time,  t,  and 
transverse  coordinate,  p,  namely  a  Gaussian  in 
each  variable  with  the  additional  input  condi¬ 
tion  J  dt  e(p*0,  n=0,  t)  =  2 7i,  i.e.,  a  '2 n' 

— C* 

pulse  on  axis.  Once  one  specifies  the  relaxa¬ 
tion  times,  the  resonance  frequency  offset  and 
the  pulse  area  on  axis,  the  factor  F  becomes 
the  sole  parameter  distinguishing  one  family  of 
physical  situations  from  another.  Since  the 
mathematical  expression  in  normalized  coordi¬ 
nates  p,  t  and  t  for  ail  input  fields  character¬ 
izing  different  situations  is  the  same,  this 
gives  us  the  ability  to  interpret  the  numerical 
results  with  some  flexibility. 

3y  studying  the  numerical  results,  one  can 
identify  several  physical  effects  which  seem  to 
play  important  roles  in  the  evolution  of  the 
focusing  process  by  affecting  the  relative 
motion  (among  adjacent  pencils)  and  the  trans¬ 
verse  energy  flow.  Some  of  these  effects  have 
been  separately  studied  by  others,  e.g., 
adiabatic  following  [33],  strong  self-phase 


s 
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modulation  [6,25],  spactral  broadening  (25] 
and  self-steepening  [27],  but  in  our  problem 
they  combine  to  affect  the  behavior  during 
different  parts  of  the  pulse  evolution,  both  in 
space  and  time. 

C.  Choice  of  Parameters 

Finally,  since  the  imaginary  part  of  the  elec¬ 
tric  field  grows  in  proportion  to  the  product  of 
the  diffraction  term  and  the  factor  F  (as 
outlined  by  the  perturbation  approach),  it 
follows  that  the  sign  of  this  quantity  and  its 
value  changes  as  the  pulse  propagates  in  the 
resonant  medium.  Eventually,  this  forces  a 
curvature  in  the  wave-front  of  the  electric 
field  to  occur.  The  latter  is  the  mechanism 
that  induces  transverse  energy  flow  that 
underlines  the  self-focusing  phenomenon  in 
absorbers  and  the  beam  degradation  in  ampli¬ 
fier.  The  coherent  self-action  processes  may 
be  repeated  at  other  sites  as  the  pulse  contin¬ 
ues  to  propagate  and  interact  further. 

By  changing  the  parameters  constituting  F, 
one  alters  the  growth  and  development  of  the 
field  phase.  For  example,  reducing  F  will 
tend  to  retard  the  threshold  of  the  focusing 
phenomenon  in  absorbers  while  increasing  it 
will  stimulate  the  focusing  sooner  and  strength¬ 
en  it.  These  remarks  are  not  intended  to 
imply  that  the  physical  mechanisms  are  simple 
and  well-defined.  The  effect  of  this  particular 
variation  in  F  is  a  rather  complicated  matter. 
The  competition  between  refraction  (through 
the  inertial  response  of  the  resonant  absor¬ 
ber),  and  normal  near-field  diffraction  (as  in 
free-space)  results  in  a  transverse  energy 
flow.  The  latter  may  lead  to  self-focusing  or 
self-expansion .  This  means  that  for  a  limited 
useful  range  of  F,  the  resonant  absorber  acts 
as  a  nonlinear  converging  lens;  whereas,  the 
pre-excited  medium,  by  effectively  behaving  as 
a  diverging  lens,  limits  the  useful  output  of 
the  incoming  laser  beam.  Each  of  these  three 
mechanisms  (near-field  diffraction,  refraction 
and  nonlinear  absorption)  will  strongly  affect 
the  relative  motion  among  the  different  adja¬ 
cent  pencils. 

While  it  may  be  useful  to  consider  each  of 
these  three  physical  processes  as  independent 
units.  Each  mechanism  plays  an  overlapping 
role  in  the  overall  physical  picture.  Hence, 
the  precise  dependence  of  the  focusing  behav¬ 
ior  on  a  particular  physical  parameter  such  as 

Tp'  p0'  ^1'  ^2'  a' '  an<*  on  t^le  ‘nPut 

area  is  difficult  to  predict  beforehand  with  any 
elementary  system.  For  example,  let  us  at¬ 
tempt  to  predict  the  influence  of  a  decrease  in 
the  pulse  duration  tp,  (i.e.,  an  increase  in  F) 

on  the  self-focusing.  If  the  interaction  bet¬ 
ween  adjacent  pencils  is  ignored,  one  may 
arrive  at  the  erroneous  conclusion  that  adja¬ 
cent  pencils  fall  out  of  step  faster  for  nar¬ 
rower  pulses  than  for  broader  ones,  in  real¬ 
ity,  for  short  pulses  the  exchange  of  energy 
is  very  fast,  so  that  the  relative  time  delays 


between  adjacent  radii  is  greatly  reduced. 
The  pencils  tend  to  move  together  and  the 
resulting  interaction  grows  weaker.  A  reduc¬ 
tion  in  tp  translates  into  a  broadening  of  the 

pulse  frequency  spectrum.  This  will  make  the 
resonant  propagation  look  more  like  the  free- 
space  solut<on  since  the  interaction  is  substan¬ 
tially  reduced.  For  exceptionally  short  pulses, 
the  question  of  the  validity  of  the  slowly 
varying  envelope  approximation  arises  [23-25]. 

D.  Sample  Cases 

(i)  ABSORBERS 

(1)  One-dimension  effects  in  Absorbers 

In  our  discussion  of  absorbers,  we  first 
consider  the  case  of  one-dimensonal  pulse 
propagation  with  the  pulse  duration  much 
shorter  than  both  T^  and  T2-  Analytic  dis¬ 
tortionless  solutions  of  the  material-field  equa¬ 
tions  are  known  [9]  of  the  form 


s  JS  scch  [  ]  (90) 
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(equivalently  e  =  2  sech(t))  where  v  is  the 
pulse  velocity  given  in  terms  of  the  pulse 
length  t  by 

r.  =  t  t^  (91) 
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This  is  the  2 n  pulse: 


J  dt  [(  ^  e’t  ]  =  /  dt  e  =  2n  (92) 
-<*  W  p  -“ 

In  Figure  (23)  we  present  the  results  of 
numerical  integration  of  the  one-dimensional 
field  equation  for  the  case  that  the  input  pulse 
is  a  Gaussian  in  time  of  input  area  2it. 

Figures  (23a)  through  (23d)  show  the  pulse 
reshaping.  As  defined  earlier  in  Section  III, 
the  symbol  stands  for  the  time  counted  from 
the  instant  when  a  signal  traveling  at  the 
speed  of  light  in  the  medium  reaches  the  point 
z,  normalized  to  the  pulse  length  tp  thus 

t  =  (t  -  |  Z)/tp  (93) 

The  units  of  tp  are  nanoseconds.  After  300 

cm  the  pulse  shape  closely  matches  the  sech 
form.  From  the  measured  width  after  300  cm 
the  analytic  expression  for  the  pulse  velocity 
is  (v/c;  =  0.7.  In  Figure  (23e),  we  have 

plotted  the  integrated  intensity  (Energy /cm"  = 
*1 

/  dt  e  “),  pulse  area,  and  time  delay  of  the 
peak  all  against  the  propagation  distance  z. 
The  time  delay  is  the  difference  between  the 
local  and  input  plane  values  of  ’  at  the  peak  of 
the  pulse.  This  quantity  measures  the  velo¬ 
city  of  the  peak  relative  to  the  speed  of  light. 


(94) 
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where  At  is  ths  tins  daisy  accumulated  in  the 
interval  An-  We  note  that  the  pulse  area 
remains  at  the  input  value  2n  and  the  pulse 
energy  decreases  linearly  with  distance  as  the 
pulse  reshapes  from  Gaussian  toward  sech. 
This  decrease  is  associated  with  the  non¬ 
vanishing  (but  small)  value  of  (1/T^).  The 

pulse  peak  moves  more  slowly  than  the  speed 
of  light.  After  300  cm,  the  numerical  pulse 
velocity  is  0.7  times  the  speed  of  light.  This 
corresponds  to  the  speed  of  sech  pulse  of  the 
same  width. 


on-axis  time-integrated  'energy'  per  unit  area, 
the  total  field  energy  (integrated  over  the 
beam  cross-section),  and  a  quantity  that 
characterizes  the  beam  cross-section.  This 
quantity  pe^  is  the  ratio  of  the  total  field 

energy  to  the  on-axis  field  energy  per  unit 
area: 

r  •  2  H 

Jmdpp/  e(p,n,t) 

Pef{  *  _0__ - ~ -  (95) 

J  e(p,n,t)  2  dt 


(2)  Three-dimension  effects  in  Absorbers 


We  present  the  results  for  a  typical  calculation 
of  a  2n  pulse  area  on-axis.  The  temporal  and 
transverse  variations  of  the  electric  field  are 
Gaussian.  The  choosen  parameters  were 
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Here  r_  defines  the  extent  of  the  region  over 
m 

which  the  numerical  solution  is  to  be  deter¬ 
mined. 

This  graph  represents  the  most  striking  des¬ 
cription  of  coherent  self-focusing  since  the 
contraction  of  the  beam  produces  a  consider¬ 
ably  amplified  field  intensity  on-axis  of  the 
focal  region  and  its  immediate  vicinity. 


The  effect  of  coherent  self-focusing  is  illustra¬ 
ted  in  Figure  (24).  The  time  integrated  pulse 
'energy'  per  unit  area  is  plotted  for  various 
values  of  the  transverse  coordinate,  as  a 
function  of  the  propagation  distance.  Two 
orientations  are  shown  to  display  the  energy 
redistribution  as  the  laser  beam  is  transmitted 
in  the  nonlinear  resonant  absorber.  The 
necessity  of  non-uniform  mesh  is  quite  evi¬ 
dent.  At  the  input  plane,  on  the  left  of  the 
figure,  the  profile  is  Gaussian.  After  a  re¬ 
shaping  period,  during  which  the  relative 
retardation  of  adjacent  pencils  leads  to  the 
development  of  a  curvature  of  the  phase  front, 
strong  focusing  occurs  which  leads  to  substan¬ 
tial  magnifications  of  the  on-axis  energy  per 
unit  area.  There  appears  to  be  a  rapid  atten¬ 
uation  of  the  total  field  energy  after  the  focal 
plane  is  passed.  Most  of  this  attenuation  is 
due  to  substantial  pure  diffraction  spreading 
of  the  narrowed  beam  while  some  is  due  to  the 
temporal  retardation  in  the  peak  of  the  pulse 
associates  with  the  coherent  interaction.  For 
later  distances,  not  all  of  the  pulse  energy  (or 
pulse  area)  falls  within  the  time  interval  in  the 
co-moving  frame  over  which  the  numerical 
integration  was  performed;  (alternatively  ex¬ 
pressed,  the  tail  of  the  pulse  could  escape 
from  the  temporal  window). 

Furthermore,  with  uniform  radial  nodes  the 
transverse  sampling  was  not  as  good  in  the 
focal  region  as  it  is  in  the  input  plane.  The 
calculation  was  repeated  with  twice  as  many 
transverse  sampling  points  (58  instead  of  29) 
and  obtained  consistent  results.  When  rezon¬ 
ing  was  implemented  only  32  points  were  suffi¬ 
cient  to  adequately  sample  the  rapid  variations 
associated  with  the  seif-lensing  phenomena. 

Figure  (25)  gives  the  pulse  characteristics  as 
a  function  of  the  propagation  distance:  the 


It  is  noteworthy  that  the  total  field  energy  per 
transverse  plane  is  a  smooth  decaying  function 
of  the  propagation  distance  in  the  resonant 
absorber.  This  is  in  agreement  with  the 
physics  of  the  problem  even  in  the  presence  of 
strong  magnification  on-axis  and  provides 
additional  confidence  in  the  computation. 

Figure  (26)  contrasts  the  transverse  distribu¬ 
tion  of  the  time  integrated  energy  per  unit 
area  at  the  focal  plane  with  the  one  at.  the 
input  plane  to  illustrate  the  coherent  narrow¬ 
ing  of  the  beam.  The  development  of  self- 
focusing  is  clearly  evident. 

The  three-dimensional  numerical  calculations 
[39,40]  substantiate  the  physical  picture  based 
on  time  changes  in  the  phase.  In  Figure  (27) 
the  field  amplitude  is  plotted  versus  the  retard¬ 
ed  time  for  three  stages  of  the  propagation 
process:  (a)  the  reshaping  region;  (b)  the 
build-up  region;  and  (c)  the  focal  region. 
The  transverse  energy  current  is  plotted 
versus  the  retarded  time  for  the  same  three 
distances  in  Figure  (27d),  (27e)  and  (27f). 
In  each  case  the  plots  are  given  for  several 
values  of  the  transverse  coordinate  p.  Posi¬ 
tive  values  of  the  transverse  energy  flow 
correspond  to  outward  flow  and  negative 
values  correspond  to  inward  flow.  Figure  (27) 
clearly  illustrates  the  following  features  of  the 
seif-focusing.  in  the  earliest  stages  of  the 
propagation  (Figures  (27)  and  (28))  the  near 
axis  energy  current  is  outward  for  most  of  the 
puise  time,  but  becomes  inward  (self-focusing) 
toward  the  rear  (t~2.4).  For  this  value  of  t 
the  field  amplitude  (Figure  (29a))  is  already 
past  its  peak  and  has  a  small  value.  As  we 
proceed  beyond  the  reshaping  region  (Figures 
(29b)  and  (29ei),  the  near  axis  peak  amplitude 
moves  back  in  time  (corresponding  to  the  fact 
that  the  group  velocity  is  less  than  c/n)  while 
the  temporal  location  of  the  change  from  focus- 


ing  to  dafocusing  energy  flow  remains  the 
same.  This  leads  to  a  large  increase  in  the 
value  of  the  transverse  energy.  In  Figures 
(29c)  and  (29f)  (in  the  focal  plane)  the  peak 
amplitude  occurs  at  x  «  2.4. 

In  graphs  (a),  (b)  and  (c)  in  Figure  (27)  and 
Figure  (28)  the  profile  of  the  field  amplitude  is 
plotted  for  several  instants  of  time  in  the 
leading  part  of  the  pulse  or  in  the  lagging 
parts  of  the  pulses  respectively,  for  the  same 
three  stages  of  the  propagation  process.  In 
the  plots  of  Figure  (28a),  (28b),  (28c)  one 
can  notice  the  distinct  deviation  of  the  profile 
from  the  input  Gaussian  shape.  The  beam 
splits  into  more  than  one  lobe,  indicating  the 
different  concentration  of  energy  in  more  than 
one  ring  around  the  axis  outwardly  due  to 
diffraction.  The  quantitative  agreement  of  the 
hole  formation  and  in  filling  up  (see  Figure 
(29))  with  the  simplified  physical  picture 
predictions  presented  earlier  is  evident. 
Graphs  (d),  (e)  and  (f)  of  Figure  (29)  and  in 
Figure  (29)  display  the  transverse  energy 
current  for  earlier  and  later  instants  of  time, 
respectively,  at  the  main  stages  of  the  propa¬ 
gation  process.  In  the  earlier  stage  of  propa¬ 
gation,  the  energy  current  flows  outwardly 
(see  Graph  (d)  of  Figures  (27),  (28),  (29) 
according  to  traditional  diffraction  spreading 
(Figure  (11a)).  Once  a  sufficient  relative 
motion  between  neighboring  pencils  arises,  a 
burn  in  the  profile  appears .  By  diffraction 
radial  energy  flows  in  both  directions,  out¬ 
wards  and  inwards.  Consequently,  part  of  the 
beam  experiences  self-focusing  whereas  another 
part  shows  self-defocusing .  More  specifically, 
diffraction  (from  the  tail  of  the  pulse  in  the 
wings  of  the  beam),  into  the  forward  central 
region,  still  in  an  amplifying  mode,  results  in 
a  continuous  boost  of  the  inward  flow  of  ener¬ 
gy.  This  interaction  with  those  atoms  which 
were  excited  by  the  preceding  pulse,  that  was 
closer  to  the  axis,  make  the  inwardly  dif¬ 
fracting  light  experiences  a  net  amplification. 
Moreover,  this  boosting  phenomenon  continues 
as  energy  flows  more  towards  the  axis ;  it 
leads  to  a  positive  contribution  to  the  center 
of  the  beam.  This  means  that  the  leading 
portion  of  the  pulse  in  the  rim  of  the  beam  in 
an  initially  ground-state  medium  sees  an  ab¬ 
sorber  and  thus  experiences  net  absorption  (as 
shown  in  Figure  (12a)  and  Figure  (12b)). 
Because  of  this  always-present  interaction  with 
population-inverted  atoms,  the  amount  arriving 
at  the  axis  is  significantly  much  higher  than  it 
would  be  if  the  remaining  medium  was  linear. 
This  energy  intensification  on  axis  is  the  new 
coherent  self-focusing  phenomenon.  immed¬ 
iately  after  the  focal  plane,  both  inward  and 
outward  transverse  energy  flow  occur  within 
the  same  pulse  at  different  slices  of  time,  the 
outward  occurs  in  the  leading  portion  resulting 
from  the  diffraction  of  the  focused  beam  while 
the  inward  flow  occurs  and  prepares  the 
second  (but  weaker)  focusing. 

This  intuitive  physical  picture  is  clearly  rein¬ 
forced  by  the  projection  graphs  illustrating  the 
rigorous  three-dimensional  calculation. 


This  same  pattern  of  pulse  compression  and 
beam  narrowing  was  clearly  observed  in  the 
first  experiment  conducted  in  Na,  illustrating 
SIT-SF  with  transverse  energy  flow.  The 
drastic  changes  in  spatial  and  temporal  profiles 
are  shown  in  Figure  (30)  for  the  maximum 
off-resonance  (a  and  al)  and  on-resonance  (b 
and  bl)  coherent  self- focusing.  Figure  (31) 
displays  clearly  the  observed  longitudinal 
reshaping.  The  significant  contribution  of  the 
transverse  effects  in  SIT  experiments  is  clear¬ 
ly  displayed  in  Figure  (32)  where  we  contrast 
the  temporal  behavior  for  both  uniform-plane 
wave  SIT  and  non-uniform  SIT. 

For  additional  clarity,  in  Figures  (33a),  (33b), 
(33c),  (33d)  the  field  energy  is  isometrically 
plotted  against  the  retarded  time  for  various 
transverse  coordinates  at  four  specific  regions 
of  the  propagation  process:  (A)  the  reshaping 
region  where  the  perturbation  treatment  holds 
(b)  the  build-up  region;  (C)  the  focal  region; 
and  (0)  the  post-focal  region.  A  rotation  of 
the  isometric  energy  plots  is  displayed  in 
Figure  (34a),  (34b),  (34c)  and  (34d)  versus  p 
for  various  instants  of  time)  to  emphasize  the 
radially  dependent  delay  resulting  from  the 
coherent  interaction.  Graphs  (34e),  (34f), 

(34g)  and  (34h)  describe  the  same  position 
illustrated  previously.  The  plots  a,  b,  c,  d, 
of  Figure  (33)  and  Figure  (34)  are  contrasted 
against  their  counterplotted  isometric  represen¬ 
tation  of  the  transverse  energy  current  for  the 
same  four  distances.  Plots  (34e)-(34h),  how¬ 
ever,  are  displayed  in  Figure  (35)  in  contrast 
to  the  rotated  isometric  drawings  of  the  energy 
current.  Positive  values  of  the  transverse 
energy  current  correspond  to  outward  flow  and 
negative  values  correspond  to  inward  flow. 
The  results  of  Figure  (33a),  (34a)  and  (33e), 
(34e)  are  in  agreement  with  the  physical 
picture  associated  with  the  analytic  perturba¬ 
tion  previously  discussed  in  this  paper. 

The  computational  grid  has  to  be  shaped 
around  each  cross-section  (p,  t)  to  optimize 
the  calculation:  Therefore  the  spatial  mapping 
which  is  needed  is  complicated  and  must  be 
continuously  changing,  (i.e.,  adapting  locally 
to  the  physics).  A  proper  pattern  of  grids 
indicating  temporal  stretching  and  spatiai 
rezoning  provides  the  necessary  resolution. 

The  burn  pattern,  iso-irradiance  level  contours 
(against  t  and  p)  for  different  propagation 
distances  are  shown  in  Figure  (35).  Severe 
changes  in  the  beam  cross-section  are  taking 
place  as  a  function  of  the  propagating  dis¬ 
tance.  At  the  launching  front,  the  beam  is 
smooth  and  symmetric;  as  the  beam  propagates 
into  the  nonlinear  resonant  medium  the  effect 
of  the  nonlinear  inertia  takes  place:  relative 
velocities  across  the  beam  (for  different  radii) 
arise  causing  tails  to  occur  in  the  wings.  The 
strong  pulse  propagates  faster  than  the  weak 
pulse.  Consequently,  a  hole  near  the  axis 
appears,  but  linear  diffraction  causes  the  beam 
to  gradually  fill.  Due  to  a  boosting  mechanism 
the  inward  flowing  energy  current  gets  magni¬ 
fied.  This  is  cleariv  an  initial  self-focusing 


phenomena  followed  by  a  beam  expansion.  The 
temporal  shift  of  the  beam  gravity  illustrates 
the  delay  associated  with  the  coherent  ex¬ 
change  of  energy  between  the  field  and  active 
medium. 

(ill)  EXPERIMENTAL  VERIFICATION 

We  have  studied  these  processes  numerically: 
Change  in  shape,  temporal  length,  spatial 
width  and  amplitude  of  the  input  pulse  were 
considered.  Pulse  development,  when  the 
inhomogeneous  broadening  x2,  1116  character¬ 
istic  length  a*^  and  the  frequency  offset  iO 

are  varied,  was  observed.  We  have  compiled 
universal  output  curves  illustrating  the  ex¬ 
pected  output  from  the  absorber  as  one  modi¬ 
fies  the  characteristics  of  the  input  field  and 
the  active  media  (42,431. 

As  an  example,  from  Figure  (36),  we  predict 
the  observation  of  coherent  self-focusing  (an 
on-axis  magnification  of  axial  energy  per  unit 
area  of  10)  when  the  F  parameter  has  the 
.3 

value  0.4  x  10  The  distance  to  the  focal 
plane  will  then  be  10(aek^’ 

Until  quite  recently,  the  work  whose  physical 
parameters  most  closely  match  the  situation  in 
our  computations  was  the  experiment  of  Gibbs 
and  Slusher  (9].  Unfortunately,  the  length  of 
their  cell  and  the  range  of  operating  pressures 
were  such  that  the  focal  distance  exceeded 
their  effective  cell  length. 

More  recently,  the  SIT  near-resonance  SF  and 
defocusing  was  first  observed  by  Gibbs  and 
Bolger  at  Philips  Laboratory  [119]  in  in  homo¬ 
geneously  broadened  Na.  An  increase  in 
energy  per  unit  area  (fluency)  at  the  center 
of  the  beam  was  used  as  definition  of  focusing 
as  shown  in  Figure  (32).  The  experimental 
dependence  of  coherent  transient  SF  upon 
absorption  and  magnetic  detuning  in  Na  is 
shown  in  Figure  (38);  CW  light  has  no  tran¬ 
sient  SF  and  focuses  for  Out  <  0  and  defocuses 
for  <  0  (Figure  (37),  curve  g)  [122] .  For 
2-ns  pulses  and  aL  >  3,  slight  SF  occurs 
peaked  on-resonance  (Figure  (37),  curve  a). 
At  higher  absorption  the  maximum  SF  occurs 
for  out  >  0  but  SF  is  still  seen  on  resonance 
(Figure  (37),  curve  a-d).  Only  for  very  high 
absorption  (aL  -  20)  is  there  no  magnification 
on  resonance  (Figure  (37),  curves  e  and  f); 
presumably  absorption  destroys  the  pulse  after 
it  passes  its  focus.  The  observation  of  focusing 
on  resonance  for  coherent  pulses  and  net  for 
CW  light  clearty  illustrates  that  coherent  tran¬ 
sient  self- focusing  is  different  from  previous 
self  - focus inq  [  123 . 12$  I .  This  coherent  contri¬ 
bution  has  been  disregarded  in  the  past  in  the 
analysis  of  High  Power  Laser.  This  Na  obser¬ 
vation  has  shown  that  the  disregard  of  this 
inertial  term  is  not  justified  in  a  system  within 
which  the  pulse  length  is  comparable  with  the 
inverse  linewtdth.  This  dependency  on  the 
frequency  mismatch  agrees  perfectly  with  the 
trend  predicted  theoretically. 
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The  experimental  F  value  of  10  corresponds 
to  a  Fresnel  number  of  about  3.  i.e.,  strong 
enough  diffraction  to  provide  radial  communica¬ 
tions,  but  weak  enough  that  the  induced 
nonlinear  self-lenslng  effect  overcomes  the 
spreading  associated  with  diffraction.  Numer¬ 
ical  simulations  predict,  for  sharp-line  atomic 
systems,  maximum  magnification  of  almost  10 

for  F  *  4  x  10*4  and  aL  -  18  (  ~  44).  All 
self-focusing  calculatons  were  done  in  sharp 
line.  Experiments  deal  only  with  essential 
broad-line.  To  predict  whether  or  not  the 
experiment  will  work,  it  would  be  necessary  to 
repeat  all  the  calculations  with  a  broad  line 
system,  which  is  a  very  expensive  proposition, 
since  it  involves  an  additional  dimension. 
Therefore,  a  sufficient  number  of  broad  line 
simulations  were  done,  from  which  was  derived 
a  calibration  curve  to  correlate  the  essential 
features  of  both  families  of  calculations. 
Based  on  this  curve,  the  main  feature  of  is 
effective  absorption,  we  can  deduce  the  pro¬ 
perties  of  self- focusing  in  broad  line.  In 
particular,  if  one  adjusts  the  absorption  in  the 
numerical  simulation  for  sharp  line  two-level 
atomic  systems,  in  such  a  manner  that  it  is 
equal  to  the  effective  absorption  that  one  gets 
in  the  broad  line  case  (which  is  the  situation 
of  most  of  the  experiments),  one  would  find 
that  on-resonance  coherent  SF  does  indeed 
occur  at  an  aL  of  7.5  with  a  magnification  of 
about  2.45.  This  is  an  astonishingly  good 
qualitative  and  quantitative  agreement  between 
theory  and  the  Na  experiments  for  the  ob- 
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served  magnification  of  aL  *  10  and  F  *  10 

Attempts  to  observe  on-resonance  magnifica¬ 
tions  greater  than  2  with  large-diameter  beams 
resulted  in  hot  spots  in  the  output  even  for 
aL  >  15.  These  probably  result  from  focusing 
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of  smaller  diameter  regions  with  F  -  10 
initiated  by  input  phase  and  intensity  varia¬ 
tions  (small  ripples)  differing  from  the  theoret¬ 
ically  assumed  perfect  Gaussian  input.  Conse¬ 
quently,  SIT  self-focusing  is  unavoidably 
important  in  the  propagation  of  coherent  opti¬ 
cal  pulses  through  thick  absorbers  (aL  >  15) 
even  when  large-diameter  beams  (large  J  are 
used  on  resonance. 

The  second  experiment  was  conducted  in 
Heidelberg  by  Toschek  [120]  et  al.  They 
investigated  the  propagation  of  linearly  polar¬ 
ized  1.15  pm  light  pulses  in  an  absorbing 
inhomogeneously  broadened  quasi-non- 
degenerate  neon  discharge  (oL  <  9)  and  ob¬ 
served  both  SIT  and  SF.  The  transmission 
T(or  magnification)  is  determined  by  graphic 
integration  of  about  forty  superimposed  pulses. 
Particular  care  is  taken  to  produce  a  perfect 
Gaussian  beam  with  less  than  3%  variation  of 
diameter  along  the  absorber  (as  shown  in 
Figure  (38))  to  avoid  small-scale  self- focusing 
[121,126].  Comparison  with  numerical  simula¬ 
tions  of  uniform-plane-wave  Maxweli- 
SchrSdinger  equations  with  T^  =  33  ns  and 

T,  *  10  ns  calibrates  the  squared  pulse  area 

9  ,  in  agreement  with  power  measurements. 
Data  and  simulations  are  compared  in  Figure 


(39).  For  t  *  3  ns,  experimental  T's  slightly 
exceed  those*1  from  uniform- plane- wave  theory; 
for  1-ns  pulses  the  discrepancy  is  even  larger. 
This  increase  in  SF  with  increased  T^p 


agrees  perfectly  with  the  three-dimensional 
calculations  [128]  and  emphasizes  the  coherent 
nature  of  the  effect.  The  shorter  the  pulse 
Ungth  t  «mpered  to  the  T1 

and  T2  P  the  stronger™  “bi. 

Magnifications  up  to  40%  and  more  recently  up 
to  60%  [129]  were  seen  (see  Figure  (40)). 
Note  that  the  experimental  transmissions  in¬ 
crease  and  the  uniform  plane-wave  simulations 
decrease  with  increasing  aL. 


Data  and  theory  agree  that  coherent  SF  can  be 
as  large  on  resonance  as  off;  on-resonance  SF 
can  occur,  for  a  wide  range  of  input  areas 
above  it,  SF  is  most  effective  with  the  relaxa¬ 
tion  times  are  long  compared  to  the  pulse 
length.  There  is  no  doubt  that  the  recently 
experimentally  observed  SF  [122,127]  is  the 
new  mechanism  recently  predicted  numerically. 
Coherent  transient  SF  may  explain  previously 
not  understood  observed  transverse  effects . 


Perhaps  the  reason  this  effect  has  not  been 
seen  clearly  before  and  hence  received  due  at¬ 
tention,  is  that  it  becomes  significant  only  af¬ 
ter  the  reshaping  region,  i.e.,  ae^4  <  5,  on 

which  most  SIT  experiments  have  concentrated. 
Much  higher  absorption  -  25)  was  used 

by  McCall  and  Hahn  [8]  in  the  first  SIT  exper¬ 
iment;  they  reported  bright  spots  in  the  output 
(also  seen  in  the  Na  experiment  for  large  input 
diameters)  which  they  attributed  to  transverse 
instabilities.  The  experiment  of  Zeipbrod  and 
Gruhl  [22]  was  characterized  by  <>eff£  -  11  and 

F  -  10~2  so  self-focusing  should  be  beginning; 
their  Figure  lc  has  an  output  about  14%  higher 
than  the  input  and  most  of  their  data  have 
higher  transmissions  than  that  expected  by 
uniform  plane-wave  simulations.  Rhodes  and 
S2oke  [28]  also  reported  transverse  effects 
seen  in  SFg  for  -  20  which  may  have 

resulted  once  again  from  self-focusing . 


Further  experimental  and  theoretical  studies  of 
coherent  self-focusing  could  thus  clarify  the 
best  procedures  for  maintaining  near-uniform 
wavefronts  in  thick  absorbers. 


ii)  AMPLIFIERS 
1 )  Background 

The  main  difficulties  encountered  in  high 
power  laser  construction  are  due  to  small  scale 
and  whole  beam  self-focusing.  To  achieve 
fusion  one  needs  a  perfect  uniformity  of  target 
illumination  (1261.  This  requirement  is  so 
critical  that  even  the  slightest  phase  variation 
must  be  avoided.  Thus,  the  major  design 
problem  challenge  could  be  summarized  as 
follows:  how  to  keep  the  shape  together  while 
minimizing  the  smail-scale  self-focusing?  Any 
phase  gradient  would  lead  to  an  energy  redis¬ 
tribution  and  self-lensing  phenomenon  which 
are  detrimental  to  optimum  target  illumination. 


This  could  be  expressed  in  an  another  manner: 
how  to  keep  the  fill  factor  high  without  gener¬ 
ating  diffraction  fringes  at  the  edges.  Thus, 
one  would  want  to  determine  the  effects  of 
nonlinear  propagation  on  the  spatial  and  tem¬ 
poral  profile  of  the  output,  (to  be  focused  on 
target),  laser  beam. 

To  minimize  a  crucial  loss  of  focusable  output 
power,  various  experimental  strategies  have 
been  implemented.  The  use  of  spatial  filtering 
allows  control  of  the  growth  of  phase  variation 
[131,  132,  153,  154].  More  specifically,  long 
path  spatial  filtering  [120],  pinhole  spatial 
filtering  [123]  and,  more  recently,  apodisation 
[131],  and  optical  imaging  relay  [131]  seem  to 
be  the  key  schemes  in  maintaining  as  smooth  a 
beam  shape  as  possible.  The  performance  of 
present  and  committed  laser  systems  can  be 
greatly  improved  by  compensating  for  [132] 
any  departure  from  the  desired  equi-phase 
uniform  plane  wavefronts.  Furthermore,  the 
development  of  new  types  of  material,  such  as 
phosphate  glass  [132],  have  helped  in  reduc¬ 
ing  the  nonlinear  properties  which  are  respon¬ 
sible  for  damaging  the  light  beam.  If  the 
beam  is  not  perfectly  smooth  initially,  the 
fluctuation  amplitudes  may  oscillate,  decay  or 
grow  exponentially  with  spatial  and  temporal 
rates  determined  by  the  nonlinearities  and  the 
nature  of  the  initial  fluctuations.  Further¬ 
more,  fluctuations  may  lead  to  further  self- 
action  phenomena  before  the  beam  collapses  as 
a  whole.  It  is  this  type  of  theoretical  analysis 
(that  was  performed  initially  by  Bespalov  and 
Talanov  [134-136],  and  later  by  Suydam  [137- 
139 J  and  others  [140,155],  which  has  gained 
importance  in  studies  of  high  power  laser 
performance.  To  reach  definite  answers  such 
as  the  location  of  self-focusing  filaments  for  a 
fluctuation  of  given  amplitude,  one  has  to  treat 
the  nonlinear  growth  more  accurately  than  this 
linearized  analysis.  The  latter  was  generalized 
into  several  possibilities:  First,  by  consider¬ 
ing  nonsinusoidal  transverse  fluctuation  pro¬ 
files,  Suydam  [137]  has  proven  that  any 
eigenfunction  of  the  transverse  Laplacian  such 
as  a  Bessel  function,  can  be  a  solution. 
Clearly,  such  solutions  form  a  complete  set. 
These  are  referred  to  as  normal  modes  of  the 
perturbation.  Thus,  any  linear  combination 
will  constitute  a  solution.  Among  these  modes, 
certain  ones  are  unstable  and  grow  exponent¬ 
ially.  However,  beyond  certain  characteristic 
growth  lengths,  the  most  rapidly  growing  mode 
will  outstrip  the  others  and  ultimately  be  the 
only  significant  one  [137],  Recently,  a  useful 
physical  picture  of  small-scale  self- focusing, 
based  on  the  idea  of  interference  between  a 
strong  background  and  a  weak  wave  launched 
at  an  angle,  was  presented  by  Trenholme  in 
his  reviews  of  the  state  of  the  art  (1441. 
The  degree  of  nonlinear  phase  accumulation 
(B:  break-up  integral)  determines  the  useful 
output  power.  Further  investigations  (a)  have 
extended  the  theories  to  handle  any  polariza¬ 
tion  state  [141]  in  the  background  beam;  and 
(b)  allowed  the  inclusion  of  additional  effects 
such  as  linear  gain  [133],  saturable  gain 
[142],  or  stimulated  Brillouin  or  Raman  scatter- 
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ing  [143].  More  recently,  using  Vlasov  at  el's 
moment  theory  [XS5],  Suydam  (139]  intuitively 
extended  the  plane-wave  theory  for  small-scale 
self-focusing  to  describe  flnite-apertured 
beams  that  can  initially  converge  or  diverge. 


The  two  types  of  self-focusing  are  not  mu¬ 
tually  exclusive  [145];  they  can  be  complemen¬ 
tary.  None  of  these  theories  are  complete. 
Remarkably  enough,  experimental  observations 
by  Campillo  et  el  (149-151]  confirm  the  sound¬ 
ness  of  Suydam's  work.  Suydam  realized  the 
interplay  of  both  whole-beam  nonlinear  lensing 
and  small-scale  self-focusing  (137].  He  con¬ 
cluded,  however,  his  analysis  by  pointing  out 
that  since  temporal  effects  were  not  included, 
it  was  impossible  to  quantitatively  predict  beam 
degradation.  Independently,  Fleck  has  devel¬ 
oped  a  cw  numerical  code,  which  treated 
simultaneously  small-scale  and  whole-beam 
self-focusing,  that  he  used  to  study  trans¬ 
verse  variations  in  the  beam  evolution  of 
Cyclops  [154].  Combining  Suydam's  elegant 
generalization  of  Bespalov  and  Talanov's  linear 
stability  to  Frantz-Nodvik's  [147]  flux  satura¬ 
tion  equation,  Elliot  [147,148]  provides  another 
refinement  description  of  uniform  pulse-wave 
small-scale  self- focusing.  We  believe  it  would 
be  advantageous  to  combine  Elliot’s  work  with 
Suydam's  roost  recent  analysis  of  finite  effects. 

Since  the  extent  of  this  profile  distortion 
varies  with  time,  as  the  pulse  intensity  rises 
and  falls  on  each  shot,  complications  occur 
when  pulses  are  used.  The  temporal  distortion 
is  hence  produced  beam  filaments  which  grow 
in  intensity  at  the  expense  of  the  main  beam; 
the  main  beam  gets  depleted  by  the  scattering 
process  which  transfers  most  of  the  energy  to 
filaments.  Therefore,  some  energy  may  be  lost 
completely  from  the  beam,  and  get  absorbed 
nonlinearly.  Present  theoretical  efforts  are 
unable  to  predict  and  estimate  the  beam  quality 
degradation  as  observed  by  experimentalists  at 
Livermore  (Bliss  et  al  [41])  and  at  Rochester 
by  (Soures  et  al  ]43]).  Figures  (41)  and 
Figure  (42)  represent  an  example  of  the  severe 
temporal  distortion  which  can  be  caused  by 
nonlinear  propagation.  One  reaches  the  un¬ 
avoidable  conclusion  that  beam  breakup  in 
laser  systems  containing  optically  thick  non¬ 
linear  material  can  lead  to  a  severe  reduction 
in  the  fraction  of  the  output  which  can  be 
usefully  focused. 

In  some  extreme  cases  of  advanced  stages  of 
self-focusing,  essentially  all  of  the  power  can 
be  scattered  out  of  the  primary  beam  and 
become  unfocusable  for  a  fusion-size  target. 
Furthermore,  since  the  nonlinear  propagation 
of  instabilities  causes  growth  of  small-scale 
amplitude  perturbations  which  reduces  the 
focusing  properties  of  such  beams,  rigorous 
computer  calculations  with  real-life  parameters 
are  necessary.  Quantitative  analytic  predic¬ 
tions  are  too  complicated  to  be  easily  charac¬ 
terized  in  detail.  Much  of  this  complexity 
arises  from  the  fact  that  sources  for  dust 
particles,  small  damage  sites  and  various 
material  imperfections.  Now  that  Suydam  has 


commendably  recognized  the  relevance  of 
interplay  of  small-scale  and  whole  beam  self- 
focusing,  it  is  logical  as  recently  summarized 
by  Brown  [146]  to  address  the  temporal  depen¬ 
dence  of  active  medium  with  inertial  memory  on 
the  beam  evolution.  This  analysis  can  be  done 
first  separately  and  then  as  an  addition  to 
previous  analysis  a  la  Suydam  [139]  and  i  la 
Fleck  [154].  One  ought  to  expect  that  (since 
the  modulation  of  fits  beam  profile  grows 
exponentially  with  intensity  and  the  loss  from 
the  focal  spot  increases  nonlinearly  with  modu¬ 
lation  depth),  the  fraction  lost  from  the  tem¬ 
poral  and  spatial  peak  of  the  pulse  is  consider¬ 
ably  larger  than  the  average  over  the  whole 
pulse.  In  other  words,  severe  temporal  or 
spatial  distortion  could  occur  as  a  result  of 
preferentially  depleting  the  high  intensity 
parts  of  the  pulse,  thus,  when  coherent  tran¬ 
sient  effects  are  additionally  present,  self- 
action  phenomena  arise  at  distances  less  than 
those  predicted  by  either  theory  considered 
separately  [119,  120]. 

2)  One  dimension  effects  in  Amplifiers 

We  present  the  one-dimensional  propagation 
data  and  summaries  then  the  contrasting  three- 
dimensional  calculations  for  the  same  parame¬ 
ters.  Like  the  absorber,  observations  relevant 
to  the  theory  of  self-action  will  be  noted.  The 
numerical  solutions  are  presented  and  dis¬ 
cussed  for  the  three-situations  where  the 
on-axis  ray  has  area  n.  2 n  and  3n. 

Figure  (43)  shows  the  one-dimensional  propa¬ 
gation  in  amplifying  medium  of  a  pulse  whose 
input  area  is  n.  The  relaxation  times  T2  and 

Tj^  are  ten  and  twenty  times  the  FWHM  xp  (4 

nsec)  Gaussian  shaped  input  field.  After  five 
linear  amplifying  lengths  (l/“efj  *  40  cm), 

several  characteristic  features  are  apparent. 

The  pulses  "real  area"  /  e(t,z)dt  remains  at 
• 

2 n  even  though  the  energy  is  increasing.  The 
electric  field  envelope  is  real  but  can  become 
negative.  The  "absolute  area"  (replace  e  by 
e  ),  which  is  always  the  area  referred  to  in 
the  figures,  does  increase  with  distance  z  as 
does  the  energy.  The  development  of  the 
second  pulse  is  the  result  of  leaving  the 
medium  in  a  partially  amplifying  state  after 
most  of  the  pulse  has  past.  The  tendency  is 
the  same  as  a  ringing  linear  oscillator  circuit. 
Introducing  a  larger  damping  term  T.  sup¬ 
presses  the  phenomenon. 

3)  Transverse  Effects  in  Amplifiers 

The  general  format  for  presenting  three- 
dimensional  coherent  pulse  propagation  in 
amplifying  medium  will  be  the  same  as  part  A 
for  the  absorber.  We  now  propose  results  of 
the  three-dimensional  computation  correspond¬ 
ing  to  the  one-dimensional  case  just  discussed. 
In  Figures  (44)  and  (45)  the  field  energy 
amplitude  and  the  transverse  energy  current 


are  displayed  as  a  function  of  retarded  time  t 
for  various  small  and  largeradii.  The  profile 
is  plotted  for  small  instants  of  time  in  Figure 

(46)  and  in  large  instants  of  time  in  Figure 

(47) . 

In  Figure  (48)  the  field  energy  and  radial 
current  are  displayed  isometrically  against  the 
retarded  time  for  various  radii  at  the  previous* 
ly  defined  four  critical  regions  of  propagation; 
their  profile  Is  plotted  in  Figure  (49)  for 
various  instants  of  time.  In  Figure  (50)  from 
the  contour  energy  level,  one  sees  clearly  that 
the  peak  of  the  pulse  is  advanced  with  respect 
to  a  frame  moving  with  the  velocity  of  light. 
It  is  seen  that  the  smaller  area  propagates 
slower  than  the  stronger  areas.  From  the 
energy  current  graphs,  one  finds  out  that  a 
focusing  phase  is  not  an  exclusive  property  of 
a  resonant  absorber. 

The  effect  of  the  radial  boundary  is  illustrated 
in  Figure  (51)  to  Figure  (57).  Non-uniform 
radial  stretching  was  adopted  during  the 
computation.  Projections  of  the  field  energy 
and  the  energy  current  are  plotted  versus  t 
for  different  radii  in  Figures  (51)  and  (52), 
and  versus  p  for  small  instants  of  time  in 
Figure  (53)  and  targe  instants  of  time  in 
Figure  (54).  The  four  characteristic  regions 
of  propagation  are  clearly  illustrated  in  iso¬ 
metric  plots  in  Figure  (55)  and  Figure  (56); 
whereas  Figure  (57)  displays  the  contour 
energy  level. 

XVII.  MODIFICATION  OF  THE  BLOCH  EQUA¬ 
TION  ALGORITHMIC  SOLVER 

This  work  is  not,  as  it  has  appeared,  a  model 
of  any  restricted  specific  situation.  Rather, 
what  we  have  attempted  to  study  is  a  situation 
where  coherent  interaction  leads  to  strong 
deviation  from  the  conditions  in  plane-wave 
propagation.  We  first  dealt  with  a  simplified 
modal  (scalar-wave  equation  coupled  to  a 
two-level  sharp-line  atomic  system  without 
degeneracy)  where  transverse  effects  will 
enhance  Inhomogeneities ,  and  lead  to  nonlinear 
dispersion  and  nonlinear  absorption.  The 
significant  role  of  the  dynamic  transverse 
energy  flow  is  expected  to  play  the  same 
physical  role  in  more  realistic  situations,  where 
it  might  be  somehow  modified  by  other  effects 
but  still  will  not  be  washed  out.  Coherent 
phenomena  are  not  confined  just  to  the  situa¬ 
tion  where  the  pulse  duration  is  much  shorter 
than  the  relaxation  time:  They  will  also  ap¬ 
pear  whenever  the  field  is  large  enough  so 
that  significant  exchange  of  energy  between 
the  light  pulse  and  matter  takes  place  in  a 
time  short  compared  to  a  relaxation  time. 
When  this  situation  is  combined  with  a  suffi¬ 
ciently  rapid  spatial  variation  in  the  input 
plane,  significant  self-action  phenomena  are 
expected. 

More  specifically,  for  certain  laser  fusion 
chains,  such  as  the  Los  Alamos  C02  system 

and  the  Garching  Iodine  laser  system,  the 


pulse  length  is  not  much  shorter  than  the 
medium  relaxation  times.  This  situation  is  an 
intermediate  one  between  the  coherent  and 
rate-equation-approximation  limit.  It  enables 
one  to  consider  an  alternative  more  implicit  me¬ 
thod  to  solve  the  Bloch  equations.  The  numer¬ 
ical  integration  method  is  based  on  an  exact 
formal  solution  of  the  equations  in  question. 
This  method  is  a  generalization  of  an  approach 
previously  used  by  Suydam  [68],  Goldstein 
and  Dickman  [159],  to  solve  the  four-level  C02 
atomic  dynamics  in  the  rate  equation  limit? 
This  technique  is  particularly  appropriate  when 
the  rate  constant  can  become  very  large.  It 
was  subsequently  realized  [162]  that  Fleck 
[163]  has  independently  reached  the  same 
conclusion  when  studying  Q-switching  of  pulse 
lasers . 

In  particular,  one  can  attempt  to  express  the 
differential  variable  appearing  on  the  left-hand 
side  of  a  given  material  in  terms  of  an  integral 
over  the  right-hand  side.  The  integral  can 
then  be  handled  formally  and  exactly.  The 
scheme  is  implicit  and  has  been  linearized  by 
assuming  that  the  field  is  known.  The  field 
can  be  guessed  at  the  new  time  then  corrected 
through  iteration.  ,  *  and  W  can  be  readily 

evaluated  as  the  solution  to  three  simultaneous 
linear  algebraic  equations.  Even  though  this 
implicit  method  takes  longer  to  calculate,  it  is 
particularly  advantageous  since  its  stability 
does  not  limit  its  usefulness  to  a  restricted 
range  of  parameters. 

In  particular,  this  method  can  be  easily  out¬ 
lined  in  the  following  manner:  The  material 
coupled  differential  equation  has  the  form 


§7  yA  =  f(i) 

(96) 

where  y  can  be  either  a  real  or  a 
decay  constant.  By  introducing 

complex 

A  =  B  exp(-yt). 

(97) 

i.e.,  B  *  A  exp(+yx). 

(98) 

one  obtains 

♦  yA  =  ^  exp(-yt)  =  f(t) 

(99) 

integrating  both  sides: 

f-Ot 

[A  exp(yt) ]  *  /  f(£)exp(y4)d£  (100) 

t  t 

exp(yT)[A(t+it)  exp(yOT)-A(t)] 


t+At 

*  [1/q]  ?  f(4)d[exp(y4)]  (101) 

t 


I+AX  t+AX 

-fl/Y]t«5)«xp(Y01  -U/Yl  /  exp(Y6)f'«>d5 
t  x 


A( t+Ax )exp( yAx )-A( x )  *  [f(r+Ax)exp(YAx)-f(x)]/Y 


,  X+AX 

-<exp(-YX>/Y^)  /  f’«)  d[exp(Y$)l  (102) 


3  [f(x*Ax)-f(x)]/Y  -  (r<x+Ax)exp(YAx)  -  f’(x)/Y) 


,  X+At 

♦  [exp(-Yx)/Y2]  /  f"«)«cp<Y£)d£  (103) 


These  formal  solutions,  which  are  exact,  will 
be  the  basis  of  the  finite  difference  approxi¬ 
mation  scheme.  Assuming  that  f(x)  is  a  linear 
function  of  x  between  x  and  x+Ax  (hence,  f"(x) 
vanishes),  one  can  stop  carrying  the  process 
of  integration  by  part  further. 

Using  fR+1  for  f(x+Ax)  and  f  for  f(t)  and  the 
approximation  : 

U  *  £  *  <Vi  -  <104> 

one  can  evaluate  the  integral  explicitly  with 
the  result: 

An*l  *  exP(-YAx)An*lfn+1-fnexp(-YAx)]/At 

-  {[l-exp(-YAx)]/Y2J  (f„+1  -  fn)/Ax  (10S) 


An+1  *  exP('Ydx)An+{  [(l-exp(-YAx))/YAx 
-exp(-YAx)]/Y)  fn 

♦  {[l-(l-exp(-YAx))/YAt]/Yl  fn+1  (106) 

as  ((yAx)'1)  is  allowed  to  approach  0,  (i.e., 
(YAx)  ■»  »),  An+1  approaches  (f^/Yl-  This 

means  that  in  the  limit  of  large  time  incre¬ 
ments,  the  numerical  solution  of  the  Bloch 
equations  can  approach  their  'rate-equation' 
form. 

Using  this  approach  to  solve  the  Bloch  equa¬ 
tions,  one  can  identify  the  driving  term  'f'  as 
'-l/2(e  *  *  e*  )'  for  the  population  inversion 
equation,  and  'f '  as  'eW'  the  polarization  equa¬ 
tion. 

The  result  is  three  linear  equations  for  the 
three  unknown  quantities: 

<+1  .  and  wH 

m,k*l  m.k-t-1  ra.k+l 

Assuming  that  the  field  is  known,  one  can 
solve  this  system  in  a  straightforward  manner. 


Nonuniform  stretching  from  x  to  T  can  also  be 
implemented.  If  the  stretching  weighting 
function  is  g(x,T),  the  new  source  becomes 
'f(Og(x,T)'  while  the  time  decay  constant 
becomes  'Yg(t,T)'.  The  procedure  remains  the 
same;  only  the  algebra  becomes  more  tedius 
[165]. 


XVIII.  CONCLUDING  REMARKS 

Most  of  the  features  of  the  numerical  model 
used  to  study  temporal  and  transverse  reshap¬ 
ing  effects  of  short  optical  pulses  propagating 
in  active  non-linear  resonant  media  have  been 
presented.  The  motivation  for  choosing  the 
various  numerical  techniques  was  explained  on 
physical  grounds.  The  rigorous  analysis  of 
this  non-linear  interaction  was  attempted  to  be 
achieved  with  maximum  accuracy  and  minimum 
computational  effort.  The  applicability  of 
computational  methods  developed  in  gas  and 
fluid  dynamics  to  the  detailed  evolution  of 
optical  beams  in  non-linear  media  has  been 
demonstrated.  The  introduction  of  adaptive 
stretching  and  rezoning  transformations  con¬ 
siderably  improved  the  calculations. 

In  particular,  self-adjusted  rezoning  and 
stretching  techniques  consisting  of  repeated 
applications  of  the  same  basic  formula  were 
reviewed  as  a  convenient  device  for  generating 
computational  grids  for  complex  nonlinear 
interaction  such  as  in  coherent  light-matter 
energy  exchanges.  The  techniques  are  well- 
suited  for  easy  programming  mainly  because 
the  mapping  functions  and  all  related  deriva¬ 
tives  (weighting  factors)  are  defined  as  much 
as  possible  analytically.  Enhancement  of 
accuracy  of  speed  was  realized  by  improving 
the  integration  technique/algorithm  which 
turned  out  to  be  general  and  extremely  simple 
in  its  application  when  compared  with  its 
analogue,  the  two-dimensional  Lagrangian 
approach  [172].  Furthermore,  this  method  has 
been  applied  to  a  number  of  situations  with 
and  without  homogeneity  in  the  broadening 
properties  of  the  resonant  medium.  It  may  be 
worthwhile  to  mention  that  theoretical  predic¬ 
tions  defined  with  this  code,  when  applied  to 
absorbing  media,  were  quantitatively  ascer¬ 
tained  by  independent  experimental  obser¬ 
vations  [119,120]  and  recent  independent 
perturbational  [166,167]  and  computational 
analysis  [168].  One  should  also  re-emphasize 
that  the  self-action  phenomena  predicted  with 
the  algorithm  described  here  are  distinct  from 
that  discussed  by  other  researchers.  The 
main  characteristics  that  distinguish  this 
system  are  (1)  the  non -instantaneous  polariza¬ 
tion  response;  (2)  the  fact  that  this  coherent 
interaction  can  occur  at  exact  line  center 
(while  all  the  other  theories  exclude  the  possi¬ 
bility  or self-lensing  action  whenever  the  pulse 
wavelength  is  exactly  tuned  to  the  center  of  a 
resonant  absorption  line),  and  (3)  that  the 
angle  of  the  slowly  varying  electric  field  pha- 
sor  depends  on  time  a  well  as  position. 


Although  the  topic  of  this  paper  has  been  most 
widely  received  in  optical  radiation  physics,  it 
our  belief  that  this  methodology,  drawn  from 
aerodynamics,  will  prove  functional  for  a  wide 
variety  of  nonlinear  time-dependent  equations 
in  such  fields  as  chemical  kinetics  and  oil 
reservoir  simulations. 

ADDENDUM 

It  is  noteworthy  that  a  recent  research  effort 
which  dealt  with  resonant  light  beam  interac¬ 
tion  has  been  recently  reportec  [169].  Rezon¬ 
ing  was  also  incorporated;  however,  an  implicit 
Crank-Nicklson,  algorithm  was  used  for  march¬ 
ing  the  field;  whereas  the  multi-line  atomic 
dynamic  were  solved  using  Heun  method.  No 
temporal  stretching  was  usad. 

For  details  of  the  numerics,  kindly  refer  to 
Reference  [170];  for  the  physics,  please  refer 
to  [171]. 
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FIGURE  CAPTIONS 


Figure  1  The  state  of  the  art  in  coherent 
pulse  propagation  is  displayed.  The 
theoretical  effort  was  restricted  to 
uniform  plane  wave  prior  to  Newstein 
et  al's  efforts;  whereas  the  usual 
experiment  was  carried  out  using 
Gaussian  beam.  To  simulate  a  uni¬ 
form  plane  wave,  the  detector  diame¬ 
ter  was  selected  as  small  as  possible 
when  compared  to  the  Gaussian  beam 
diameter. 


Figure  2  (a)  Isometric  representation  of  the 
beam  cross-section  as  it  exper¬ 
iences  self-focusing:  The 

cross-section  decreases  as  a 
function  of  the  propagation 
distance. 

(b)  An  isometric  display  of  the  time 
integrated  field  energy  as  a 
function  of  p  and  n  to  illustrate 
the  resolution  limitation  associa¬ 
ted  with  uniform  mesh. 


Figure  3  Two-dimensional  prescribed  rezoning 
for  p  and  n-  As  the  beam  narrows 
the  density  of  transverse  points  and 
the  transmission  planes  increase 
simultaneously. 


Figure  4  Self-adjusted  two-dimensional  rezon¬ 
ing  for  p  and  n  to  follow  more  close¬ 
ly  the  actual  beam  characteristics. 
The  (normalizing)  Gaussian  reference 
beam  is  redefined  during  the  calcula¬ 
tion. 


Figure  5  Non-uniform  prescribed  temporal 
stretching. 


Figure  6  The  smaller  area,  1.6n,  moves  more 
slowly  than  the  larger  area  2 n  in 
both  (a)  amplifier  and  (b)  absorb¬ 
ers.  The  peak  of  the  pulse  propa¬ 
gates  with  a  3peed  larger  than  the 
velocity  of  light  in  amplifier  and 
smaller  in  absorbers. 


Figure  7  Relative  motion  among  adjacent  pen¬ 
cils  propagating  coherently  in  reson¬ 
ant  (a)  amplifiers,  and  (b)  absorb¬ 
ers. 


Figure  8  Isometric  representation  illustrating 
the  relative  motion  among  adjacent 
pencils  after  a  certain  propagation 
distance  r\. 


Figure  9  Comparison  of  pencil  perturbation 
theory  with  rigorous  three-dimen¬ 
sional  calculation  for  (a)  absorbers, 
and  (b)  amplifier.  (Curve  9b  from 
Wright  dissertation,  ref.  [16]). 

Figure  10  Graph  (a)  Illustrates  the  pulse  delay 
to  be  experienced  by  the  peak  of  the 
pulse  when  propagating  in  a  reson¬ 
ant  absorber.  Graph  (b)  displays 
the  dependency  of  tD  on  the  input 

area;  corresponding  value  of  the 
input  energy  is  given  at  the  top 
horizontal  scale.  The  solid  curve  is 

for  the  case  T,  >  t  ,  T,  >  t  and 
2  p  1  P 

zero  detuning.  The  dot-dash  curve 
is  for  Tj  =  150  nsec  and  the  dashed 

curve  is  for  T2  ■  50  nsec.  Other 

parameters  are  the  same  as  for  the 
solid  curve. 

Graphs  (c)  and  (d)  display  distor¬ 
tionless  pulse  propagation  in  absorb¬ 
ers.  Isometric  plots  of  a  family  of 
2n  hyperbolic-secant  pulses  with 
radially-dependent  pulse-widths 

(equivalent  to  some  pulse-length  tp 

but  of  different  area  strengths).  In 
graph  (c)  the  relative  motion  is 
displayed  whereas  in  graph  (d)  the 
hole  formation  near  the  axis  at  the 
trailing  edge  of  the  pulse  is  clearly 
substantiated. 

Figure  11  Graph  (a)  illustrates  the  spreading 
effects  of  linear  diffraction  on  the 
propagation  of  a  Gaussian  beam 
profile. 

Whereas  Graph  (b)  illustrates  the 
effects  of  linear  diffraction  on  the 
propagation  of  an  intensity  profile 
with  a  hole  near  the  axis.  This 
input  profile  is  achieved  by  the 
subtraction  of  two  Gaussians  with 
different  beam  widths. 

The  propagation  follows  the  analy¬ 
tical  work  of  Kogelnik  and  Li. 

Figure  12  (a)  An  isometric  time  evolution  for 
three  distinct  radii  representing 
three  2n  hyperbolic-secant 
pulses  (with  radially-dependent 
pulse-width)  after  a  propagation 
distance  q.  This  plot  illustrates 
the  relative  motion  as  well  as 
the  boosting  operation  that  the 
light  diffracted  from  the  tail  of 
the  pulse  on  the  rim  of  the 
beam,  experiences  while  flowing 
toward  the  axis. 

(b)  Results  of  rigorous  three-dimen¬ 
sional  computations  illustrating 
the  hole  formation  at  the  trail¬ 
ing  edge  and  its  successive 
filling  through  boosted  diffrac¬ 
tion  by  nonlinear  interaction. 
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Figure  13  Analytic  prediction*  of  energy  cur¬ 
rent  JT  evolution  for  (a)  absorber 

and  (b)  amplifiers. 

Figure  14  As  the  light  diffracts  outwardly  in 
the  leading  edge  of  the  pulse,  it 
interacts  with  the  slower  moving 
pulse  off-axis  and  experiences  gain. 

Figure  15  Graph  (a)  displays  the  retarded  time 
concepts. 

Graph  (b)  outlines  the  numerical 
approach:  a  marching  problem  along 
iV  for  the  field  simultaneously  with  a 
temporal  upgrading  of  the  material 
variables  along  t. 

Figure  16  Graph  (a)  shows  non-uniform  stretch¬ 
ing  of  the  transverse  coordinate. 

Graph  (b)  contrasts  the  Gaussian 

beam  dependence  with  the  non-uni¬ 
form  physical  radius. 

Figure  17  This  graph  illustrates  the  depen¬ 
dence  of  the  radial  mapping  and  the 
derivation  on  the  different  parame¬ 
ters  versus  the  uniform  mathematical 
radius . 

Figure  18  This  figure  contrasts  the  Laplacian 

dependence  for  a  given  Gaussian 

profile  for  various  non-uniform  radial 
point  densities. 

Figure  19  Dependence  of  prescribed  stretching 
and  its  derivatives  on  the  point 
densities  and  the  center  of  transfor¬ 
mation  . 

Figure  20  Adaptive  stretching  with  different 

centers  of  transformation. 

Figure  21  The  concept  of  the  prescribed  rezon¬ 
ing  are  presented  in  Graph  (a); 
whereas  Graph  (b)  is  a  close-up  of 
the  non-uniform  mapped  grid  of 
Figure  2(b). 

Figure  22  Graph  (a)  illustrates  the  self-ad¬ 
justed  rezoned  grid. 

Graph  (b)  illustrates  the  usefulness 
of  the  adaptive  two-dimensional 
mapping  through  an  isometric  repre¬ 
sentation  of  the  field  fluency. 

Figure  23  One-dimensional  propagation  in 

absorbers.  Figures  (a)  to  (d) 
illustrate  the  time  behavior  of  a  2n 
input  pulse  at  various  planes.  The 
retarded  time  is  measured  in  nano¬ 
seconds.  Figure  (e)  gives  te  time 

integrated  intensity  (energy/cm"  = 

2 

jdt  e  ),  pulse  area,  and  time  delay 
at  the  peak  all  against  the  propaga¬ 
tion  distance. 


Figure  24  The  energy  per  unit  area 

{/  e(P.h.i')  2dxl 
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the  fluency  is  displayed  as  a  func¬ 
tion  of  the  distance  in  the  direction 
of  propagation  for  various  values  of 
the  coordinates  transverse 
to  the  direction  of  propagation.  To 
illustrate  the  gradual  inward  energy 
flow  the  n/2  reorientation  is  also 
displayed.  The  longitudinal  orienta¬ 
tion  illustrates  the  gradual  boosting 
mechanism  that  the  field  energy 
experiences  as  it  flows  radially 
•  towards  the  beam  axis  (while  n 
increases).  The  second  angle  dis¬ 
plays  the  severe  beam  distortion  in 
its  cross-section  as  a  function  of  q. 

Figure  25  The  principal  characteristics  plotted 
against  the  dimensionless  propagation 
distance  for  a  particular  value  of  F: 
the  on-axis  energy  density,  the  total 
field  energy  and  an  effective  radius 
defined  as  the  square  root  of  the 
total  field  energy  divided  by  the 
on-axis  energy  density. 

Figure  26  The  profile  of  the  energy  per  unit 
area  for  both  the  input  and  focal 
planes. 


Figure  27  The  absorber  field  amplitude  (a,b,c) 
and  the  transverse  energy  current 
(d,e,f)  for  several  radii  versus  the 
retarded  time  for  three  stages  of  the 
propagation:  the  reshaping  region, 
the  build-up  region  and  the  focal 
region  (as  a  function  of  the  trans¬ 
verse  coordinate). 


Figure  28  The  profile  of  the  absorber  field  am¬ 
plitude  (a,b,c)  and  the  profile  of 
the  transverse  energy  current  (d,e, 
f)  for  several  earlier  (small)  instants 
of  time  for  three  stages  of  the 
propagation:  the  reshaping  region, 
the  build-up  region  and  the  focal 
region,  as  a  function  of  earlier 
retarded  time  (slices  in  the  front  of 
the  pulse). 


Figure  29  The  profile  of  the  absorber  field  am¬ 
plitude  (a,b,c)  and  the  profile  of 
the  transverse  energy  current  (d,e, 
f)  for  several  later  (subsequent) 
instants  of  time  for  the  three  stages 
of  the  propagation:  the  reshaping 
region,  the  build-up  region  and  the 
focal  region  as  a  function  of  subse¬ 
quent  retarded  times  (slices  in  the 
trailing  edge  of  the  pulse ) . 


Figure  30  Changes  in  spatial  and  temporal  pro* 
files  for  pulses  undergoing  self-in¬ 
duced-transparency  with  transverse 
energy  flow,  that  lead  to  coherent 
self-focusing,  a  and  al,  maximum 
off-resonance  SF;  b  and  bl,  on- 
resonance. 


Figure  31  Temporal  behavior  of  pulses .  Break¬ 
up  of  a  4n  input  pulse  is  shown 
under  (a)  self-focusing  and  (b) 
uniform  plane-wave  conditions  in  Na. 
In  (a)  the  integrated  output  is  35% 
larger  than  the  input. 


Figure  32  Cross-section  of  beam  at  cell  exit  in 
the  first  experiment:  curve  a, 
without  Na,  and  curve  b,  with  Na 
on-resonance,  with  input  area  of  3n 
to  4*  and  magnetic  field  of  3.5  kG. 


Figure  33  Isometric  plots  of  the  absorber  field 
energy  and  transverse  energy  flow, 
against  the  retarded  time  for  various 
transverse  coordinates  at  four  re¬ 
gions:  (a)  reshaping,  (b)  build-up 
region,  (c)  focal  region,  (d)  post- 
focal  region. 


Figure  34  Isometric  plots  of  the  absorber  field 
energy  and  transverse  energy  flow 
profile  for  various  time  slices  at  the 
four  regions  of  interest. 

Figure  35  Absorber  field  energy  contour  plots 
for  the  four  propagation  regions  of 
interest.  Notice  the  temporal  delay 
associated  with  the  coherent  ex¬ 
change  of  energy  between  light  and 
matter,  as  well  as  the  beam  cross- 
section  narrowing. 

Figure  36  Principal  characteristics  of  the  focal 
plane  as  a  function  of  the  parameter 
F:  the  dimensionless  focal  length 

(<»eff  •  L(focal)  *  A(focal);  the  ratio 

M  of  the  axial  energy  per  unit  area 
at  the  focal  plane  to  that  at  the 
input  plane;  the  time  delay  at  the 
focal  plane  of  the  peak  of  the  pulse 
on  axis;  the  ratio  of  the  total  field 
energy  to  the  axial  energy  per  unit 

area  *p2g{f. 

Figure  37  Experimental  energy-density  magnifi¬ 
cation  and  diameter  reduction  in  Na 
as  a  function  of  detuning.  Curves  a 
to  f  are  for  2-ns,  5  pulses  of  125um 
diam  in  an  11-mm  cell.  The  absorp¬ 
tion  increases  from  curve  a  to  curve 
f;  curve  g  is  self- focusing  of  CW 
light;  curve  h  shows  the  atomic 
absorption.  Above,  Curve  a  is  the 
diameter  for  the  conditions  of  curve 
a,  etc. 


Figure  38  Experimental  Gaussian  profile  care¬ 
fully  prepared  to  eliminate  any  ripple 
larger  than  3%  variation  to  avoid  the 
additional  small-scale  self-focusing  to 
the  transient  whole  beam  break-up 
under  study. 

Figure  39  Pulse  energy  transmission  (output 
per  input  in  Ne  vs.  squared  pulse 
area  for  3ns  (full  dots)  and  Ins 
(open  dots)  pulses.  Curves  are  the 
corresponding  plane-wave  computer 
simulations . 

Figure  40  Energy-density  magnification  vs. 

peak  intensity  for  0.8ns  pulses, 
showing  increase  of  self-focusing 
with  Ne  absorption  aL.  Curves  are 
plane  wave  computer  simulations  with 
=  10ns. 

Figure  41  Graph  (a)  displays  an  example  of 
the  severe  temporal  distortion  which 
can  be  caused  by  nonlinear  propaga¬ 
tion  in  the  Lawrence  Livermore  Labs 
Cyclops  laser  chain. 

Graph  (b)  displays  the  correspond¬ 
ing  plots  of  the  fraction  of  the  pulse 
power  which  is  focused  through  two 
different  diameter  apertures  as  a 
function  of  the  break-up  integral  B 
(see  Bliss  et  al,  IEEE  J.  Quantum 
Electron,  July  1976). 

The  focused  output  beam  does  not 
contain  all  the  energy  which  entered 
the  experiment. 

Figure  42  Example  of  the  temporal  distortion 
due  to  small-scale  beam  break-up  on 
the  Beta  prototype  of  the  University 
of  Rochester  Laser  Fusion  Laboratory 
(LLE)  (see  LLE  program  report  to 
ERDA,  January  1977). 

Figure  43  One-dimensional  amplifier:  Graph 

(a)  shows  the  input  pulse  as  being  a 
4  nsec  Gaussian  with  integrated  area 
2n.  Graphs  (b)  and  (c)  correspond 
to  the  pulse  propagated  to  40  and 
200  cm.  Graph  (d)  is  the  summar¬ 
ized  propagation  data  of  the  pulse 

versus  the  amplifier  length  (or--k  = 
200  cm).  en 

Figure  44  Longitudinal  projection  of  amplifier 
energy  field  amplitude  and  trans¬ 
verse  current  for  near-axis  (small) 
radii  at  the  four  critical  regions  (a) 
reshaping,  (b)  build-up,  (c)  focal 
region,  and  (d)  post- focal. 

Figure  45  Longitudinal  projection  of  amplifier 
energy  field  amplitude  for  large 
(off-axis;  radii  at  the  four  critical 
regions . 


Figure  46  Th«  profile  of  amplifier  energy  field 
amplitude  and  transverse  energy 
current  for  small  slices  of  time  (in 
the  front  of  the  pulse)  at  the  four 
critical  propagation  regions  of  in¬ 
terest. 

Figure  47  The  profile  of  amplifier  energy 

amplitude  and  transverse  energy 
current  for  large  slices  of  time  (in 
the  trailing  edge  of  the  pulse)  at  the 
four  critical  propagation  regions  of 
interet. 

Figure  48  Isometric  plots  of  the  amplifier  field 
energy  and  transverse  energy  flaw, 
against  the  retarded  time  for  various 
transverse  coordinates  at  four  re¬ 
gions:  (a)  reshaping,  (b)  build-up 
region,  (c)  focal  region,  (d)  post- 
focal  region. 

Figure  49  Isometric  plots  of  the  amplifier  field 
energy  and  transverse  energy  flow 
profile  for  various  time  slices  at  the 
four  regions  of  interest. 

Figure  SO  Amplifier  field  energy  contour  plots 
for  the  four  propagation  regions  of 
interest.  Notice  the  temporal  ad¬ 
vance  associated  with  the  coherent 
exchange  of  energy  between  light 
and  matter,  as  well  as  the  beam 
cross-section  narrowing. 

Figure  SI  Longitudinal  projection  of  amplifier 
energy  field  amplitude  and  trans¬ 
verse  current  for  near-axis  (small) 
radii  at  the  four  critical  regions, 
with  stretched  radial  coordinate  for 
proper  accounting  of  the  transverse 
boundary  condition. 

Figure  52  Longitudinal  projection  of  amplifier 
energy  field  amplitude  for  large 
(off-axis)  radii  at  the  four  critical 
regions,  with  stretched  radial  coor¬ 
dinate  for  proper  accounting  of  the 
transverse  boundary  condition. 

Figure  S3  The  profile  of  amplifier  energy  field 
amplitude  and  transverse  energy 
current  for  small  slices  of  time  (in 
the  front  of  the  pulse)  at  the  four 
critical  propagation  regions  of  in¬ 
terest,  with  stretched  radial  coor¬ 
dinate  for  proper  accounting  of  the 
transverse  boundary  condition. 

Figure  54  The  profile  of  amplifier  energy 

amplitude  and  transverse  energy 
current  for  large  slices  of  time  (in 
the  trailing  edge  of  the  pulse)  at  the 
four  critical  propagation  regions  of 
interest,  with  stretched  radial  coor¬ 
dinate  for  proper  accounting  of  the 
transverse  boundary  condition. 


Figure  55  Isometric  plots  of  the  amplifier  field 
energy  and  transverse  energy  flow, 
against  the  retarded  time  for  various 
transverse  coordinates  at  four  re¬ 
gions:  (a)  reshaping,  (b)  build-up 
region,  (c)  focal  region,  (d)  post- 
focal  region,  with  stretched  radial 
coordinate  for  proper  accounting  of 
the  transverse  boundary  condition. 

Figure  56  Isometric  plots  of  the  amplifier  field 
energy  and  transverse  energy  flow 
profile  for  various  time  slices  at  the 
four  regions  of  interest,  with 
stretched  radial  coordinate  for  pro¬ 
per  accounting  of  the  transverse 
boundary  condition.  No  severe 
reflection  or  abrupt  variation  in  the 
field  energy,  at  the  wall  boundary, 
is  observed. 

Figure  57  Amplifier  field  energy  contour  plots 
for  the  four  propagation  regions  of 
interest.  Notice  the  temporal  ad¬ 
vance  associated  with  the  coherent 
exchange  of  energy  between  light 
and  matter,  as  well  as  the  beam 
cross-section  narrowing,  with 
stretched  radial  coordinate  for  pro¬ 
per  accounting  of  the  transverse 
boundary  condition.  No  severe 
reflection  or  abrupt  variation  in  the 
field  energy,  at  the  wall  boundary, 
is  observed. 
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Figure  6  The  smaller  area,  1.6,t,  moves  more  slowly  than  the  larger 

area  2 n  in  both  (a)  amplifier  and  (b)  absorbers.  The  peak  of 
the  pulse  propagates  with  a  speed  larger  than  the  velocity  of 
light  in  amplifier  and  smaller  in  absorbers. 
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Figure  9  Comparison  of  pencil  perturbation  theory  with  rigorous 
three-dimensional  calculation  for  i  a '  absorber 
amplifier.  (Curve  9b  from  Wriaht  dissertation,  re 
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Graph  (a)  illustrates  the  puise  delay  to  be  experience  .  by 
the  peak  of  the  pulse  when  propagating  in  a  ■  isonant 
absorber.  Graph  (b)  displays  the  dependency  of  on  the 
input  area;  corresponding  value  of  the  input  energy's  given 
at  the  top  horizontal  scale.  The  solid  curve  is  for  ::ne  case 
?2  >  Tp'  Tf  >  tp  and  zero  detuning.  The  dot-aash  curve  is 

for  Tj.  =  150  nsec  and  the  dashed  curve  is  for  T?  =  50  nsec. 

Other  parameters  are  the  same  as  for  the  solid  curve. 


Graphs  (c)  ana  <d;  display  aistortioniess  pulse  propagation 
in  absorbers.  Isometric  plots  of  a  family  of  2n  hyperbolic- 
secant  pulses  with  raaially-dependent  pulse-widths'  (equiva¬ 
lent  to  some  pulse-length  i  but  of  different  area  strengths). 

In  graph  (c)  the  relative  motion  is  displayed  whereas  in 
graph  (d)  the  hole  formation  near  the  axis  at  the  trailing 
edge  of  the  pulse  is  cleariy  substantiated. 
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Figure  11  Graph  (a)  illustrates  the  spreading  effects  of  linear  diffrac¬ 
tion  on  the  propagation  of  a  Gaussian  beam  profile. 

Whereas  Graph  (b)  illustrates  the  effects  of  linear  diffraction 
on  the  propagation  of  an  intensity  profile  with  a  hole  near  the 
axis.  This  input  profile  is  achieved  by  the  subtraction  of  two 
Gaussians  with  different  beam  widths. 
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LINEAR  OlFrRACTICN  OF  A  SEAM  WITH  A  NULL  CN-AXIS 


,gure  12  (a)  An  isometric  time  evolution  for  three  distinct  radii 

representing  three  2 n  hyperbolic-secant  puises  (with 
radially-dependent  pulse-width)  after  a  propagation 
distance  n*  This  plot  illustrates  the  relative  motion  as 
well  as  the  boosting  operation  that  the  light  diffracted 
from  the  tail  of,  the  *puise  on  the  rim  of  the  beam, 
experiences  while  flowing  toward  the  aids. 


(b)  Results  of  rigorous  three-dimensional  computations 
illustrating  the  hole  formation  at  the  trailing  edge  and 
its  successive  filling  through  boosted  diffraction  by 


PERTUR8ATI0NAL  DERIVATION  OF  TRANSVERSE 
ENERGY  CURRENT  JT  (b)  AMPLIFIERS 

YMAX  = 


YMIN  =  YMAX  = 

8  9986  6  6619 

I  -  p  =  0536 

2- />  *.1071 

3-  />  *.1607 

4-  p  *.2143 

5- />*.2679t 

J-r  (p*0)  *0.0 


ETA=  .  YMIN-  YMAX - 

6  4167  6  696 7  50127 


■ 


=  ,  YM 
67  55 


v  / 

Analytic  prediction  of  energy  current  Jj  evolution  for  amplifier.  Note  fhct 
diffraction  is  greater  here  then  in  the  absorber  -counterpart  situation  (13a).  For 
illustration  purposes  the  current  was  derived  beginning  with  the  field  equations 
as  opposed  to  the  energy  equations.  Only  when  the  energy  equation  is  used  is 
the  expression  J7  valid  for  large  Z"-  (Plots  constructed  beginning  with  the  energy 
equation  can  be  found  in  ref.  [171;  1975  J  ). 
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Figure  la  Graph  (a)  displays  the  retarded  time  concepts. 

Graph  (b)  outlines  the  numerical  approach:  a  marchir. 
problem  along  q  for  the  field  simultaneously  with  a  tempore 
upgrading  of  the  matanai  variables  along  z.  * 


Figure  18  This  figure  contrasts  the  Laplacian  dependence  for  a  given 

Gaussian  -  profile  for  various  non-uniform  radial  point  densi¬ 
ties. 
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Figure  23  One-dimensional  propagation  in  absorbers.  Figures  (a)  to 

(d)  illustrate  the  time  behavior  of  a  2n  input  pulse  at  various 
planes.  The  retarded  time  is  measured  in  nanoseconds. 

Figure  (e)  gives  the  time  integrated  intensity  (energy /cm4"  = 

2 

Jdt  e  ),  pulse  area,  and  time  delay  at  the  peak  all  against 
the  propagation  distance. 


Figure  25  The  principal  characteristics  plotted  against  the  dimension 

less  propagation  distance  for  a  particular  value  of  F :  the  on- 
axis  energy  density,  the  total  field  energy  and  an  effective 
radius  defined  as  the  square  root  of  the  * total  field  energy 
divided  by  the  on-axis  energy  density. 
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Figure  28  The  profile  of  the  absorber  field  amplitude  (a,b,c)  and  the 

profile  of  the  transverse  energy  current  (d,e,  f)  for  several 
earlier  (small)  instants  of  time  for  three  stages  of  the 
propagation:  the  reshaping  region,  the  build-up  region  and 
the  focal  region,  as  a  function  of  earlier  retarded  time  (slices 
in  the  front  of  the  pulse). 


Figure  29  The  profile  of  the  absorber  field  amplitude  (a.b,c)  and  the 

profile  of  the  transverse  energy  current  (d,e,  f)  for  several 
later  (subsequent)  instants  of  time  for  the  three  stages  ox  the 
propagation:  the  reshaping  region,  the  build-up  region  and 
the  focal  region  as  a  function  of  subsequent  retarded  times 
(slices  in  the  trailing  edge  ox  the  pulse). 


Figure  30  Changes  in  spatial  and  temporal  profiles  for  pulses  under 

going  self-induced-transparency  with  transverse  energy 
flow,  that  lead  to  coherent  seif-iocusir.g,  a  and  ai,  maximum 
off-resonance  SF;  b  and  bl,  on-resonance. 


Figure  33  Iscmetric  plots  of  the  absorber  field  energy  and  transverse 

energy  flow,  against  the  retarded  time  for  various  transverse 
coordinates  at  four  regions:  (a)  reshaping,  (b)  build-up 
region,  (c)  focal  region,  (d)  post-focal  region. 


Figure  34  Isometric  piots  of  the  absorber  field  energy  and  transverse 

energy  flow  profile  for  various  time  slices*  at  the  four  regions 
of  interest. 


Figure  36  Principal  characteristics  of  the  focal  plane  as  a  function  oi 

the  parameter  F:  the  dimensionless  focal  length  (c*e£f  • 

L(focal)  *  A(focal);  the  ratio  M  of  the  axial  energy  per  unit 
area  at  the  focal  plane  to  that  at  the  input  plane;  the  time 
delay  at  the  focal  plane  of  the  peak  of  the  pulse  on  axis ;  the 
ratio  of  the  total  field  energy  to  the  axial  energy  per  unit 

area  7tp2eff . 


Figure  37  Experimental  energy-density  magnification  and  diameter 

reduction  in  Na  as  a  function  of  detuning.  Curves  a  to  f  are 
for  2-ns,  5  pulses  of  125pm  diam  in  an  11-mm  cell.  The 
absorption  increases  from  curve  a  to  curve  f;  curve  g  is  self- 
focusing  of  CW  light;  curve  h  shows  the  atomic  absorption. 
Above,  Curve  a  is  the  diameter  for  the  conditions  of  curve  a, 
etc. 


Figure  38  Experimental  Gaussian  profile  carefully  prepared  to  eliminate 
any  ripple  larger  than  3%  variation  to  avoid  the  additional 
small-scale  self-focusing  to  the  transient  whole  beam  break¬ 
up  under  study. 


Figure  40  Energy-density  magnification  vs.  peak  intensity  for  0.3ns 

pulses,  showing  increase  of  self-focusing  with  Ne  ahscrution 
aL.  Curves  are  plane  wave  computer  simulations  with'Tl  = 
10ns. 


Figure  41  Graph  (a)  displays  an  example  of  the  severe  temporal 

distortion  which  can  be  caused  by  nonlinear  oropagation  in 
the  Lawrence  Livermore  Labs  Cyciops  laser  chain. 

Graph  (b)  displays  the  corresponding  plots  of  the  fraction  of 
the  .pulse  power  which  is  focused  through  two  different 
diameter  apertures  as  a  function  of  the  break-up  integral  B 
(see  Bliss  et  al,  IEEE  J.  Quantum  Electron,  July  1975). 

The  focused  output  beam  does  not  contain  all  the  energy 
which  entered  the  experiment. 
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ensional  ampiiflsr:  Graph-  (a)  shows  the  input 
pulse  as  being  a  4  nsec  Gaussian  with  integrated  area  2.t. 
Graphs  (b)  and  (c)  correspond  to  the  pulse  propagated  to  40 
and  200  cm.  Graph  (d)  is  the  summarized  propagation  data  of 
the  pulse  versus  the  amplifier  length  (c^  =  200  cm) . 
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Figure  46  The  profile  of  amplifier  energy  field  amplitude  and  trans 
versa  energy  current  for  small  sheas  of  time  (in  the  ti¬ 
the  pulse)  at  the  four  crtttcoi  orcoacittcr.  ragtcr.s  o:  in: 


Figure  51  Longitudinal  projection  of  amplifier  energy  field  amplitude 

and  transverse  current  for  near-axis  (small)  radii  at  the  four 
critical  regions,  with  stretched  radial  coordinate  for  proper 
accounting  of  the  transverse  boundary  condition. 
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Figure  54  The  profile  of  amplifier  energy  amplitude  and  transverse 

energy  current  for  large  slices  of  'time  (in  the  trailing  edge  of 
the  pulse)  at  the  four  critical  propagation  regions  of  incerest, 
with  stretched  radial  coordinate  for  proper  accounting  of  the 
transverse  boundary  condition. 


Figure  57  Amplifier  field  energy  contour  plots  for  the  four  propaga¬ 
tion  regions  of  interest.  Notice  the  temporal  advance 
associated  with  the  coherent  exchange  of  energy  between 
light  and  matter,  as  well  as  the  beam  cross-section  narrow¬ 
ing,  with  stretched  radial  coordinate  for  proper  accounting  of 
the  transverse  boundary  condition.  No  severe  reflection  or 
abrupt  variation  in  the  field  energy,  at  the  wall  boundary,  is 
observed . 
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Figure  60  Super- fluorescence  in  a  pre-excited  nediun  for  uniform  plane 
wave  and  far  nou-planar  wave  with  unity  Fresnel  masher: 

Output  power  (averaged  across  the  bean  area)  buildup  over  an 
axial  distance  of  ck.  from  an  initial  tipping  angle  - 

eff  r  ~  ‘  -  - —  - 

#=0.000377 graph  (a)  contfast'tSe^situation  of  a  uniform  plane  ■' 
wave  F=  and  7=1  with  a  radially  dependent  gain.  In  graph  (b) 
the  gain  13  radially  independent  while  the  tipping  angle  has 
a  Gaussian  profile.  Graph  (c)  and  graph  (d)  respectively 
share  the  physical  situation  of  graphs  (a)  and  (b)  but  with 
■  "  an  additional  radial  ""dependence  on  the  tipping  angle. 
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UNIFORM  PLANE  SITUATION 


using  (A),  (D),  we  get 


From  (C)  we  assume  Q  =  i4> 


<t>  =  r1  sech2  I'  +  r2 


and  get 


-2r1K1  sech^  tanh 

-  ^a«  «b  (-5-  -  -i)  sech2  (K,t,)  tanh  (K.f,,) 
2  gb  3a 


■>  ri *  (V4>  Vb  <rb  •  i > 


From  (Bl) 


From  (B2) 


K?  —  =  a  W(0)  +  \  ah  r9 
1  1  „  aa  2  b  2 

ga 

2hKl  TV  ^  *  \  %  h 


-A.K2  —  =  o.W -  \  a  r~ 
11  b  b  2a2 


9,  v2  “b_  \  n  1  _ 

2  A*  K-*  o  civ  *  8i  *  <\  a  r\ 

1  1  gb  2  b  pb  2  a  1 


,  A^  ,  ,  o^b ,  r  ^ ,  r 2 


6  parameters 


5  equations  =  >  so  one  parameter,  say  is  free 


-7- 


Note: 


By  combining  (3)  and  (5)  get  r,  and  comparing  with  (1) 
one  obtains: 


(unless  ga  =  -  gb) 


(1) 

(2) 

(3) 
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t  (K2^2  -  KiV  =  “aWi'  +  T  f2 
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2  2 

m  v2n  _  “aAl  r  “a  “b  i  .  "b 

*  <2A1K1>  t  g;-  2gb]  +T 
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<WK2K1  rb*  rr3 


(6) 


^  /\  if 2  _  *  jf2x  w (0)  a  p 

gb  (A2K2  W  abWb  T  r2 
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9b 


2  2 

0  a.  a,  a,  a, 

•<»i*i>"r1i5E-s!a,tT  ri 


(8) 


Note:  From  (3)  and  (6),  one  gets  as  for  the  situation  of  real  solutions 


2  2 
“b  “a 

+  —  (unless  ga  =  -  gfa) 


(9) 


%  9c 


Here  instead  we  have  9  parameters: 

<*a  *  ^ f  r  ^  ]_ 1  1" 2  ^  ^ 

and  8  equations.  We  expect  to  have  two  free  parameters,  hence  2 
equations  must  be  equivalent. 

Indeed  from  (1)  =  > 

aaabAl  ,_1  _1  (10) 

*“  4  ^b'Sa1 

And  combining  (5)  and  (8):  ,  (using  (q))  we  get  the  same  equation. 


So  we  can  discard  either  (5)  or  (8)  and  hence  we  have  7  equations 
and  9  parameters  =>  2  free  parameters  correspond  to  complex  solu¬ 
tion.  Namely, 


Kp  K2  are  free  parameters. 

If  K2=0  then  the  solution  tends  to  real  solution  as  before. 

Physically  this  solution  may  be  explained  as  two  pendulum  coupled 

to  each  other.  At  some  point,  levels  are  excited  by  each  other. 

By  simplifying,  one  gets: 

2  2 
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Note  that  if  Ko=0  =>  r,=0 
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Summary 


anea,b  “  ga,bPa,b 

Va  =  eaWz  *  2  eb5 

Vb  =  ebwz  '  2  eaQ 
3t«  ■  2  ^eaPb  -  ebPa> 

3twa  '  -  2  (eaPa  +  eaPa>  *  ?  (ebPb  +  ebPb> 

3tWb  =  '  2  (ebPb  *  ebPb>  +  \  (eaPa  +  eaPa> 

Conservation  Laws: 

3t(|Pal2  -  |Pbl2  ♦  IQI2  ♦  I  <wf  ♦  wawb  ♦  w2)i  = 
3n|ea|2  *  3  9a  V2Wa  *  V  *  0 
3n|cb|2  *  I  »b  3t(2Wb  *  V  *  0 


Consider  Real  solution 


Q  =  i*.  W, 


a,b'  a,b'  *  "a,b 

From  the  previous  note,  the  steady  propagating  solution  has  the  property 

!a+  h  . 

%  % 

This  implies  =  W^. 

So  if  we  apply  Wa  =  =  W,  (or  eaPa  =  e^P^)  then  defining 


ea  1  ^9a  e, 

pa  s  *b  P, 


eb  5  Jgb  e 

pb 5  K  p 


(consistent) 


one  can  reduce  the  original  equations  to 


aTW  =  -  2  ^agb  ep 

This  is  equivalent  to  a  single  laser  problem. 
From  the  conservation  laws: 

9  9 


_2  ya  yb  t  .2 
P  +  „  W  =  const. 

%% 


Define 


P  =  PQ  sin  <j> 
W  =  WQ  cos  <{» 


P2  =  „2 
O  gagb  O 


=  a  sin  4»  :  Sine-Gordon  eq. 

3tdn 

“  5  2  <9a  *  V  Wo 

Complex  case:  If  one  applies  wa  =  wb  = 

*  *  *  * 

=>  i.e.,  e  P  +  e  P  =  eKP,  +  eKPK 
a  a  aa  bb  bb 

and  then  define 


ea  *  K  «>  eb  "  *b  e 

p.  =  -/g.  p  Ph  =  Vga  p 


consistent. 


One  reduces  the  original  equations  to: 

V  =  p 


V  *  2  %  *  %  >  we 

a,Q  = j  (ga-gb)eP 

9  W  *  -  i  Vgagb  (eP*  ♦  e*P) 


iQe  =  a  5s-  V— )  We 
yb  ua 

Since  the  number  of  eq.  is  one  more  than  the  number  of  unknown  function, 
the  last  equation  has  to  be  derived  from  the  first  four  equations.  But  this 


situation  is  not,  only  steady  propagation  solution  case.  O.K.  as  shown 


Particular  case 


Tra“  T«  =2?"a’b  +  J 


im 

~Y 
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One  can  write  an  analytic  expression  for  the  average  beam  waist  as  a  function  of  the 
aeff  =  ao  +  2  Cj*  ♦  c2z 

with  a^  =  a^Cz^) 


cx  =  /  /  n  ?dv 


1  4  /dVr{eaVTea-eaVTea)+CT(ebVb‘ebVTeb)5  2  =  0 


2H  W. 
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Theory  of  moments 
2  Beams 

a  ’I  ea  *  h  ea  *  V,  {|e,l2*2|ebl2)e 


CIAA_ 


b  i  O  *-'• 


G, 


21  4  eb  *  0  b  eb  *  >b  <leal2  ♦  2lebl2)eb 


o  =  ±  1  +1  parallel  beam  (concomitant  propagation) 

-1  counterwave  (antiparallel  propagation) 


First  moment  equation: 


±  e*V? 


2k 


a  'tT  ea  +  *a  Si  ea  *  »«,l  ♦  2|abrj|eal 


a'a^VV  ea  at  ea  =  »a  "'a' 2  +  2'eb'2>tea|2 


ik<^Vea4*a>  *  Tz  'ea'2  *  VaUeal2  ♦  2|eJ2!|ea  |2 


al*{|eal2»2lebl2)|aal2 


a Vea^ea-eavTea*>  *  fe  'ea|2  *  <VYa’){leal2  +  2|efc|2}|ea|2 


Similarly 

2k  Ve V rVf,  ^eb>  +  a  h  |eb|2  =  (*b+Yb>  [2|ei!2  +  2»eb|2]  |ea' 

defining  energy  currents 

JaT  "  '  2ld  (eaVTea'eaVTea^;  Ja//  =  ,ea*2 

■^bT  2kT  ('ebVTeb-ebVTeb-);  ^b//  =  leb*2 

with  JaT,  JfaT  the  transverse  current  and  Ja//  and  Jfa//  the  longitudinal 
currents . 


Introducing 


Ya  4  Yar  +  i  Yai 


Yb  4  Ybr  ♦  i  *bi 


substituting  one  gets 

liJa//  +  vT  •  IaT  =  2VHeal2t2'eb'2l'eal2 

0  §5  V/  ♦  VT  '  JbT  =  2vbr[2|eb|2  +  'eb|2Heb|2 

h  IV/  *  "V/1  *  VT  '  <4t  +  *M>  =  2Iv  aIl^al4  +  2  l2^  I 

*  2  Ybr  leal2  lebl2  *  Ybr  |ebl4) 

i  lJa//  +  OJb//J  *  VT  •  tJaT  +  JbTl  *  2*Yar  leal4 

*  2Yar  'ea'2  'ebl2  *  2Ybr  'val2  lYbl2  -  Ybr  lebl2l 

For  Yar  =  Ybr  =  0 
The  equations  reduce  to: 

_  Talanov 


9z  Ua//+  °Jb//l  -  "  7T'(JaT*-rbT^ 


w  =  -  b 


2nd  moment  equation: 


—  c2  =  V  •  T 


using  JaT  =  -  ^  (eaVTe*-e*VTea) 


-af  =  t l/(2ki) ] { -  -3I  VTe*-ea[VT(^|  )]  ^  Va^V^ 
Using  yar  =  Ybr  =  0 
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3rd  term  =  -j-  He„l  e^Va^'V  ^Va^'a1  vT|ebl  »ealebl  VTe. 

*  l«al2VeblK'eb|2Va! 

=  —  Hebl  ea^7Tea^eb*  ea(-vTea^+*ea^  eb^7Teb^ 

*  lea|2eb(Vb)+ealebl2<Va>*  I'/'b^TV 
+J,a'2eb<vTeb)<*alebl2<Va>} 

*  T  (2|ea|2eb(VTe*)r2|ea|2e*(VTeb)) 


*  2  ~  leal2<vTlebl2) 


[(-I 

‘  32  l\,J 


=  K-4)  V^'ea|2)  -  <T?>  7T«7iea><7jea*>  *  ^H7,*,)]] 


+  1  TlW*!  *  I  2JT  leal2vT'ebl2] 


by  analogy 


“-sF*  1 4pr'T'VT'ebl2«ij)-  -^2VT«Vieb>(Vi4)t<7iebWVfb>11 

*  (  Tk7T|eb|4|*[2  TT  |eb|27T|ea|2) 


but  V^[|eJ2|eu|2]  =  lei2  V^|eul2+|el.|2VrT,|e  _|2 


>2r 


3i  UaT*aJbT)  = -ij  7t  -v|(|eal2»  |ebl2) 

-  ^2  V<7iea><vje><viea’><Ya>l 

-  h  7T(<Vb><7f><7iV<7jV> 


+  VT|ea|4  +~  vT|eb>  } 

2k  1  a  2k  r  b 

ti’'ai'lebl2vT'eblHi'ebl\leal2! 

NOTE:  This  can  be  expressed  in  form  of  VT*  T  only  by  va2  =  Yb2  =  Y 
Then 

3z  ^aT  +  CT-^bT^  =  VT  *  ~ 

”here  Xi'  =  1?  KVieaK7j^)t(7iV<viea)+(vfi|:vjeb|t(vi4>(vi‘!b)! 

*  ^  Haal^|abl4)6ij 

*  ^7  'ea'2  1‘b'S 

Yai  Ybi  “  °*  Ybi  ~  Yai  “  Yim 


3rd  moment  relation 

si  iTrace  ini  =  -  v  •  q. 


Trace  T‘i  *  (2k2  )f(^'a)V(Vlea)ea!  +  k  |ea'‘ 


*  75  «4eb>V<4eb>eb)  +  "TT  'ea'4 


*  4*im  ,  ,2  ,  ,2 

+  ~T  |ea'  |eb' 


1st  term  -» 


-  [  \  {(^.e  )e*+(v2e*)e  }  + 

3z  2k2  T  a  a  T  a  a  k 


=  ^  VT  -[leal2(eaVTe*-e*VTea)] 

+  ~3  VT*^eaVT^VTea^VTea^VTea^ 
4k 

‘  eaVT(VTea)_(VTeI)(VTea)] 


2nd  term 


i  I  ^2  k^VV^Xi  +Jr  Iebi4i 

1  ,  3eb  /T72  *  -2  ,  9eb  s  3eb  ,_2  s  *_2  3eb  *, 

2k2  *  32  ^V^bT  32  )  32  (VTeb)+ebVT(  32 


YjmCT  9  *  * 

+  7T~  |eb!  VT(ebVb"ebVTeb) 

lk 


"im  ?  ♦  ♦ 

-Is  VT  •  [|ebr(ebVTeb-ebVTeb)] 


+  ^3  1VT'  WfV  +  <Vb)(^)-'b'^V-"fl)(^b)11 

T°  Fz  deal2|ebl2]=  ^  He/  4  IV2  +'eb'l  'ea'2i 


32  |ea|2  '  2k  TT  (eaVTea'ea5:Tea) 


L  I eb 1 2  =  ‘  °  2k  VT  <ebVTeb'ebVTeb) 


k  dz  l6a  ^  ~  2ik2  {|6bl  VT*(eaVTea"eaVTea) 

+  | ea | 2  ct  •  (ebVTeb"ebVTeb^ 


=  — f  vT  (??) 

i2k^  1 


2  2 

if  I ea |  f  le^l  ,  it  seems  to  be  impossible,  so  far,  to  convert  the  third 
term  into  the  desired  form  derived  for  one  beam  by  Talanov. 


SIT-  Syt\  gJL£  TV  £,».•  -L.  jjVi'  e  vi  s  F>  T,  V"> '  -j£ 


a^eCp,!!,!)  =  P(p,n,x) 


e(p,n,x)  =  e(p,o,x)  +  g  f  P(p,n',x)dn' 

o 

n  t 

e(p,r),x)  =  e(p,o,x)  -  g  /{sin[/  e(p,n',x')dx']}dn' 

o  o 

n  t 

e(p,n,t)  =  e(po,x)  •  g  J  dn'  •  sin  J  e(p,ofx')dT’ 

o  o 


=  e(p,o,x)  -  g  ntsin  J  e(p,o,x')dx'] 


e(p,n,t)  =  e(p,o,x)  -gn  J  e(p,o,x')dx' 

o 


2  2 

e(p,o,x)  =  Aq  exp[-(x-xQ)  ]  exp[-p  ] 


6  =  /  e(p,o, x)  =  2n 


Aq  =  2 Vn  (9) 

e(p,n,x)  =  2 Vn  exp[-p2]  {expt-Cx-j  )2]  -  g  n  Jexp[-(x'-xo)2]dx'}  (10) 

n  x  x' 

e(p,n.x)  =  e(p,o,x)  -  g  /  dn'[sin{.f(e(p,o,x')  -  gp'sin  Je(p,o,x")dx")dx'}] 

oo  o 

n  t 

=  e(p,o,x)  -  g  /dn'[sin6(x)  ♦  cos(gn'  /dx'[sin6(x')])  - 
o  o 


-  cos6(x)  •  sin(gn'  f  dx'[sin8(x')])]  = 


H  x 

=  e(p,o,x)  -  g  sin0(x)  J  dr)1  *  cos  [gn'  /  dx1  sin9(x')]  + 

o  o 

H  x 

+  g  cos0(x)  f  dn’  •  sin[gn'  J  dx'  sin8(x')]  (12 


e1Q  =  eQ  -  gn  sinfl  +  g  cose 

2 


eQ  =  2 Vn  exp(-p2)exp[-(t'-t0)2] 
e„  =  2Vn  e[-p2]  /  exp[-(x'-t  )2]  dt' 


0  =  2 Vn  exp(-p2)  J  exp[-('-To)2]  dt 
o 


03  =  J  sine  dt' 
o 


p9  =  J  0cos0  •  dt' 
*  o 


0_  =  /[-(sine)  •  0^  +  (cos0)0]  dt' 
o 


p4  =  J[cose(e-e3)  +  sin0(-302)] 
o 


e1  =  -4(l-p^)n  +  g  [4(l-pZ)0cos0  +  4p2rf  sine]  + 
1  2 


2  2  3  2 

-  2  g  n  {02cose  -p^e  sine  +  p  [esine(2p2+p1) 


+  COS0(0^01-P3)]} 

2 

3p  e  =8p{(2-p2)en  -  g1  {0cos0[(2-p2)+p202]-  02sin0(2-3p2)}  + 
1  0  2 


+  g  g2n3[cos0(-20102+203)  -  2  sin0(010+2p2e)  + 


+  p2(sin0(010  +  3020  +  3039  -  0103)  + 


+  coseOp.e3  +  3po02  -  p„»]} 


dp  e1D  =  -  2peQ  +  2gnp0cos6  +  92  (“2pP2cos0  +  2pp10sin0) 


JT  -  F(e1D  •  3p  ex-  ex  *3pe1D) 
$  =  tan'1(Fe1/e1D) 

elD  =  ^eo~2neosin0 
9p  e1D  =  -2p(eQ  -  lf)/e1D 
f  =  eo(sin0  +  0cos0) 

3pf  =  (-2?)^ 

fl  =  eQ[30cos0  -  (l-02)sin0] 

8pfl  =  <-2P)f2 

f2  =  eo[(70-03)cos0-(l-602)sin0] 


V2  e 
VT  elD 


,e0-"f  2.2eo‘ntl 
=  .4 -  +  4p  t - o - 


V2  e  =4. 
VT  elD  \ 


'ID  C1D 

2  eo 
•[-l+2p^]  -  4-4 


'ID 


P2  + 


'ID 


'ID 


+  n  [  —  -V(-  f  +  ~  )]-n“[p‘ 


'ID 


'ID 


2r  2 


(4f2, 


ID 


'ID 


®1  =  ^(VTelD)dn’ 

e1  =  [4e2(-l+2p2)]  I1-[4p2e^3  I2+[4(f-p2f1>]  I4  + 
+  [4p2(2e2f)]  I5  -  [p2(4f2)]  I? 

elD  =  a+bn 


(61) 

(62) 


b  =  -2e  sin0 


Perturbation 


e  Strong  Beam 


e"  Weak  Beam 


Mathematically,  this  translates 


e'/e  =  o(6)  ; 


P2p+l/P2p+l  ~  D^; 


P2p+3/P2p+l  D(6);  V'Wl)  =  a(6)l 

and  P" 


2p+3/P2p+l  ~  D(62 ) 


Case  A.  (In  the  diffractionless  limit  (F  =  0, 
the  S.I.T.  limit.) 


v  +  _  + 

*  *>  V  P10  “wo 


represent 

J 


Zero  order  of  6: 


+  „  +  + 
Vo  +  Vx«  P1C 


3t  P10  *  P10/t2  '  Wooeo 


□(6°)  as  in  S.I.T 


a,Woo  *  <W00-W«)A1  =  ■  2<eo*  4  *  eo  PW> 


First  order  of  6:  o(6) 

Vl  +  Vl  =  9‘  P11 


Vl  •  Vl  =  9  P11 


at  P11  +  Pll/x2  ~  W01eo  +  Wooel 
at  P11  +  P11/t2  =  Wooel  +  W21eo 


3t  P31  +  P31/x2  =  W21eo 

3xW01  +  W01/xl  =  "  \  (eo  P11  +  el  P10  +  c,c 
9  *  W21/xl  =  “  “  (e  pio  +  e  P31  +  e 


2nd  order  of  6:  o(6  ; 

3xe2  +  92e2  =  g+  P12 


axe2-32e2=g  P12 


3x  P12  +  P12/x2  "  W02eo  +  W01el  +  Wooe2  +  W2 


9x  P12  +  P12/x2  =  Wooe2  +  W01el  +  W21el  +  W 


3_  Pto  +  Pto/Xo  -  W-^e*  +  W-.e? 


Steady  State 


V  •-  <V 


P11  =  '2<Woleo  *  Wooel> 


Pi,  =  l,(W  e"  *  w!.e*) 

11  2  oo  o  21  o' 


P31  T2W21eo 


Wm  -  "  *i/2(e  Pn  +  e1  P-ia  +  c.c.) 


01  I'^o  rll  C1  r10 

2i  =  -  t1/2(e1  P1Q  +  eQ  P31  +  eQ  Pn] 


W21  =  -  ,l/2(ei*  P10  *  60*  l2W21%  *  eo  ♦  eo  p’ll 


W21  "  "  tl/2(el  P10  *  '2W2l'eol2  +  eo  Pll) 


-*  +  +  -*  _*  4.  +  _* 

e,  Pin  +  en  Pin  e..  Pin  +  e  P., 

•  _  1  10  o  11  _  1  10  o  11 

•  •  W21  71~2 

t1t2  +  2  1  I  en  I 

1  +  _1_2  |e*,2  1  +  \  -J- 

5 


«.*  r'  • 


L;.  S  3  l-  -  r 


3 


BEST  ESTIMATE  FOR  ONE  DIMENSIONAL  EQUIVALENT 
TO  DIFFRACTION  LOSS  k 


■(i/F)  V2  4  =  k  i 


k  =  -  (i/F)(V2£)/£ 


<«>  *  (-i/Pmax)  [  Pmax(l/F)[vH/£]dp 


<‘>  =  (-l/<F>Pmax)j"maxa/H)|?  (P  |;6>dP 


*  (->/<F>pmax)^Pmax (l/p£)d(p|^] 
0 

=  <‘^<F>Pmax> 

-(^Pmaxp§|d[i/p£] 


Since  by  cylindrical  symmetry  the  on-axis  field  gradient  vanishes,  the  second  term 
is  zero. 

<k>  =  0/<F>Pmax)j(l/£)|]  *  {  maXp(||)  (jzp)  d(p£) 


p=p, 


max 


=  -<1/<F>Pmax>  0/4)  f§  _  »  J  d/42  P)  (|J>  d  (P£) 

p~pmax  0 


( pmax  j-t 

+  j  n/f2  o')  r^i 


<K>  =  -  <i/<F>Pmax)|ci/0  |Jp= 


4  =  42  exp  [i  $  (p)] 


one  obtains 

<K> 


=  (i/<F>p 


max 


P=P 


max 


i.e.  <k>  =  [A/A]  d/Pmax  <9>) 


with  <g>  the  average  gain  across  the  beam 


VV*. 


EFFECTS  OF  PROPAGATION  AND  TRANSVERSE  MODE  COUPLING 


Fig.  34.  Comparison  of  planar  waves 
(curve  1)  with  three-dimensional  cal¬ 
culations  (curve  2)  of  the  super¬ 
fluorescence  for  the  Cs  experimental 
data.  Note  the  lack  of  agreement 
between  the  two  theories  with  respect 
to  the  ringing  while  much  consistency 
occurs  between  diffraction  calcula¬ 
tions  and  experimental  observations. 


is  needed  to  reduce  the  asymmetry  and  pulse  width.  But  when  re¬ 
laxation  terms  are  also  included  in  the  analysis  and  the  densities 
are  adjusted  within  quoted  experimental  uncertainties,  a  rather 
good  agreement,  (see  Fig.  (34))  is  obtained  between  theory  and 
experiments  for  a  unity  7.  These  radial  effects  explain  why  the 
observed  ringing  in  superfluorescence  is  less  than  that  predicted 
by  plane-wave  simulations  (see  Fig.  34).  Extensions  of  the  present 
simulations  to  two-way  propagation  and  random  fluctuation  of  the 
tipping  angle  are  planned.  The  agreement  with  experimental  obser¬ 
vations  should  be  improved.'  [Recently,  Bonifacio  et  alld  also  re¬ 
ported  the  suppression  of  the  ringing  by  using  coupled-mode  mean- 
field  theory.  However,  their  model  does  not  encompass  the  propa- 
gational  effects  substantiated  by  both  experimental  observation  and 
rigorous  three-dimensional  Maxwell-Bloch  analysis.] 


X.  FLUID  DESCRIPTION 

Consider  the  polar  representation  of  the  field 


e  =  A  exp  (+i$) 
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with  A  and  $  real  amplitude  and  phase.  Also  let  the  nonlinear 
polarization  of  the  RHS  of  equation  (1)  be  written  as 


pNL  _ 


(XR  ♦  i  Xx)e  ♦  X^e, 


(14) 


where  xR  and  Xj  are  real  functions  of  A.  Using  equation  (13),  one 

gets  from  equation  (1)  the  transport  and  the  eikonal  equations 
(n0  =  koc/wo) 

It,  Si  *2  *  *T  •  [A*  VI  *  *  ~r  *1  **•  (15) 


<V)2- 


L*V|A 


A2 


4nw2 

o 


(16) 


The  transport  equation  (15)  expresses  conservation  of  beam  energy 
over  the  transverse  plane.  When  Xj  =  0,  total  power  is  conserved 

along  the  direction  of  propagation.  The  eikonal  equation  (16) 
describes  the  evolution  of  the  surface  of  constant  phase.  It  has 
the  form  of  the  Hamilton-Jacobi  equation  for  the  two-dimensional 
motion  of  particles  having  unit  mass  and  moving  under  the  influence 
of  a  potential49  given  by 

v  =  -  —  •  (v2a)  a*1  -  22  x 

2k9  r  n2  R 

O  0 

if  kQ2z  is  regarded  as  time  coordinate  and  kQxx,  koyy  as  spatial 

coordinates.  Furthermore,  if  one  adopts  A2  and  7^$  as  new  depen¬ 
dent  variables,  the  equations  of  motion  become1  similar  to  the 
continuity  and  momentum  transport  equations  of  ordinary  hydrody- 
namics28’  .  By  defining 

v  *  VT$,  and  (17) 

p  =  A2  (18) 


and  supposing  Xj  =  0,  equations  (15)  and  (16)  can  be  written  as 

2  +  (v  •  77)y  =  JL  V  [p_1/2(V2  Vp)]  +  £  (V  p)  (19) 

|£  *  7T  •  (pv)  =  0. 


(20) 
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These  equations  are  the  momentum  and  continuity  transport  equations 
o£  a  fluid  with  a  pressure 

p  =  (v2  Vp)/V£».  (2D 

It  should  be  emphasized  that  this  pressure  depends  here  solely  on 
the  "fluid  density"  and  not  on  the  "velocity”.  Equation  (19)  and 
(20)  can  be  rearranged  into 

So  <«>  ♦  v(«=>  *  £ [  -  • 

0 

1-  Y2 

-  2p  +  ir  (22^ 

where  I  is  the  unit  tensor. 


XI.  EQUATIONS  OF  MOTION  FOR  OPTICAL  BISTABILITY 

In  the  slowly  varying  envelope  approximation,  the  dimension¬ 
less  field-matter  equations*  are 

-iFV2e+  +—  +  —  =  +g+  <  P*  exp(ikz)>  (23) 

1  at  az 

-iFV|e”  +||-  *  ||-  *  +g"  <P  exp(+ikz)>  (24) 

with  g*,  g  as  the  nonlinear  fora  of  the  gain  experienced  by  the 

forward  (e+)  and  backward  (e")  traveling  waves  associated  with  the 
pump.  The  quantities  in  the  R.H.S.  undergo  rapid  spatial  varia¬ 
tions;  <•••>  spatial  average  of  these  quantities  with' a  period  of 
half  a  wavelength 

||  +  (-iAO)  +  t^l)P  =  +  {W(e+  +  e")}  (25) 

§?  +  t I1  (W*-W)  =  -  \  (P+  +  P")  (e+  +  e”)  (26) 

Equivalently, 

||  +  (-i(4fl)+T2  )P  =  W[e+exp(-ikz)+e”exp(+ikz) ] 


(27 
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♦  tI*'(W*-W)  =  ^(Pe^expUkz)  +  Pe“wexp(-ik2)+  c.c.) 


_  1 


(28) 


with 


and 


tT  =  (2MTp/H)e± 

P  *  (p72M), 

E*  =  Re{e±exp[i(iut  +  kz)]} 


P  =  Re{i  p'  exp(iuit)} 


(29) 

(30) 

(31) 

(32) 


The  complex  field  aaplitude  e  ,  the  complex  polarization  density  p 
and  the  energy  stored  per  atom  W  are  functions  of  the  transverse 
coordinate 


P  -  '/'p. 

the  longitudinal  coordinate 
*  *  aeff*' 

and  the  physical  time 
t  =  t/t  . 


(33) 


(34) 


(35) 


In  the  standing-wave  problem,  the  two  waves  are  integrated  simul¬ 
taneously  along  the  physical  time,  as  contrasted  to  S.I.T.  retarded 
time.50  Otherwise  the  physical  parameters  and  variables  have  the 
same  meaning. 


The  presence  of  opposing  waves  leads  to  a  quasi-standing  wave 
pattern  in  the  field  intensity  over  a  half-wave  length.  To  effec¬ 
tively  deal  with  this  numerical  difficulty  one  decouples  the  mater¬ 
ial  variables  using  Fourier  series19’19  namely, 


P=exp(-ikz)  Z  P^2p+1jexp(-i2pkz)+exp(+ikz)  Z  P^2?+1jexp(+i2pkz) 
P  f  (36) 


V  a  W  +  Z 


(W2?  exp(-i2pkz)  +  c.c.] 


(37) 
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with  W  a  real  n usher.  Substituting  is  the  traveling  equation  of 
motion?  one  obtains 


3t  P+  +  P*/t2  *  Voe+  +  W2e*; 

(38] 

aT  P3  +  P2/t2  *  W2e+  +  W4e‘; 

(39) 

•  ••  •••  •  •  •  ••• 

3X  P(2p+1)  +  P(2p+l)/x2  =  W2pe  +  w2(p+l)e  ;  aad 

(40; 

3t  Pj  ♦  P;/X2  =  Woe‘  ♦  W*e+ 

(41: 

3t  Pj  +  P“/X2  =  W2e“  +  W*e+ 

(42; 

•  •••  •••  •  •  • 

3X  P(2p+1)  +  P(2p+1)/X2  =  W2p*  +  W2(p+l)e 

(43] 

3xV(vwS,/ti  *  •  i(e~*  pi" +  e+*  pl +  c-c-) 

(44; 

3XW2  +  *VX1  *  '  2^e"*Pl  +  e+*P3  +  e+Pi*  +  e"  P3*^ 

(45: 

3XW2p  +  W2p/Xl  *  “  I(e  Pl  +e  P2p+1  +  e  P2p+1  +  e 

The  field  propagation  and  atonic  dynamic  equation  are  sub¬ 
jected  to  the  following  initial  and  boundary  conditions: 

1.  INITIAL: 


for 


t  >  0 


e*  =  0 


wo  =  W* 

o  o 


(47: 

(48: 


where  is  a  known  function  to  take  into  account  the  pumping 


effects . 


For  S.I.T.  or  soliton  collision 

for  all  p 

while  for  the  superfluorescence  problem 


^p+l)  =  °» 


(49 
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(2p+l) 


(50) 


is  defined  in  terns  of  an  initial  tipping  angle  6g. 
2.  LONGITUDINAL 


For 

z=0  and  z=L: 

e+  and  e" 

are  given  in  terms  of  a  known 

incident 

function 

eI0 

(51) 

and 

eIL 

(52) 

of  t  and  p. 


If  enclosing  mirrors  delineating  the  cavity  are  used  in  the 


analysis,  one  oust  observe  the 

longitudinal 

boundary  equations 

*+  =  Vd-Rii  eI0  +  VRi  « 

at  z  -  0 

(53) 

e  *  V(l-ftz)  «It  ♦  $2  e+ 

at  z  *  L 

(54) 

where  Slt  R2,  (1-Ri)  and  (l-Rg)  are  the  respective  reflectivity  and 
transmitting  factor  associated  with  each  left  and  right  airror. 


3.  TRANSVERSE 

For  all  z  and  x  [3e*/3pJ^.  *od  [3e*/3p]  vanish.  The 

^  P~Pinax 

previously  described  transverse  boundary  conditions  (Section  II) 
apply  here  for  each  of  the  fields. 

It  is  noteworthy  that  the  presence  of  the  longitudinal  airrors 
will  enhance  the  autual  influence  of  the  two  beam.  Variations  in 
polarization  and  population  over  wave-length  distances  are  treated 
by  aeans  of  expansions  in  spatial  Fourier  series,  which  are  trun¬ 
cated  after  the  third  or  fifth  haraonic.  The  number  of  terms 
needed  is  influenced  by  the  relative  strength  of  the  two  crossing 
beams  and  by  the  importance  of  puaping  and  relaxation  processes  in 
restoring  depleted  population  differences. 


XII.  CONCEPT  OF  TWO-WAY  CHARACTERISTICS 

An  easy  way  to  visualize  the  autual  influence  of  the  two  coun¬ 
ter-propagating  beaas  is  to  imagine  their  respective  information 
carriers  in  the  traveling  wave  description. 

For  a  light  velocity  normalized  to  unity  (c/n  *  1),  by  intro- 
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i  -  j  (t-z)  and 

or  equivalently 

t  »  n  +  £  and 

one  obtains  the  new  derivative  as 

it  3  Kin +  S*)  and 

Consequently 

3  .  3  .  3 

5t  5z  5q  ’ 


n  =  j(t+z) 

(55) 

N 

II 

.3 

1 

if** 

(56) 

3.1/3  3  \ 

55  -  J  Un  H) 

(57) 

ST 

i 

ST 

h 

■ST 

(58a) 

The  field  equation  reduces  to 

I|l  •«}.-«*  ;  §£  *«fe%P+  .  (58b 

This  means  that  the  field  is  integrated  along  its  directional 
characteristic  path.  With  the  polarization  having  a  dynamic  func¬ 
tional  dependence  on  the  total  field  the  full  Bloch  equations  are 
required.  Furthermore  the  two  oppositely  traveling  waves  must  be 
integrated  simultaneously. 

P*  =  P±(P*,...,pJ,e+,e")  (59) 

An  example  of  one  of  the  material  (Bloch)  equations  is 
3PT  3P  ' “  .  .  .  . 

55“  +“5n  +  Yh  Pk  s  sk^pl»*“»fki,pk+r »e  )  (60) 

By  identifying  as  outlined  in  Courant  and  Hilbert  [50],  the  charac¬ 
teristics  variable,  namely 


£  s  £(s)  and 


n  =  n(s)  , 


(61) 


or  equivalently 


£  =  £0+s  and  n  =  n0-s 


(62: 


one  obtains 
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tf  =  *>  IS  “ (“) 

which  simplifies  the  Bloch  equations  as  follows: 

9 r  *  *kPk  =  Sk  (64) 

which  can  be  rigorously94'85  integrated  to  give 

S+&3 

Pk(s+As)  *  Pk(s)exp(-As/Ys)  +  /  {exp[-(s-s')y]Sk(s' )ds' }  .  (65) 


Illustrating  the  method  of  solution  (see  Fig.  (35),  arrows 
indicate  integration  paths  for  reducing  differential  equations  to 
finite  difference  equations.  Paths  AB  are  used  for  Field  Equa¬ 
tions,  and  while  Paths  CB  are  used  for  Material  Equations. 


T 

B 

•n 

X 

A 

c 

A 

-AZ«COT/n 

Fig.  35.  Illustrates  the 
two-way  characteristic  and 
the  basis  of  the  computa¬ 
tional  algoritfaa. 


XIII.  THE  LAW  OF  FORBIDDEN  SIGNALS 

The  effect  of  the  physical  law  of  forbidden  signals  on  two- 
streaai  flow  discretization  problems  was  applied  by  Moretti  to  the 
integration  of  Euler  equations24'49. 

For  causality  reasons,  only  directional  resolution  for  spatial 
derivatives  of  each  stream  (forward  and  backward  field)  must  be 
sought.  This  is  achieved  by  using  one-sided  discretization  tech¬ 
niques.  The  spatial  derivative  of  the  forward  field  is  discretized 
using  points  lying  to  the  left  as  all  preceding  forward  waves  have 
propagated  in  the  same  left- right  direction;  while  the  backward 
field  is  approximated  by  points  positioned  to  the  right.  As  a 
result,  each  characteristic  (information  carrier)  is  related  to  its 
respective  directive  history.  Thus,  violation  of  the  law  of  for¬ 
bidden  signals  is  prevented. 

In  any  wave  propagation  problem,  the  equations  describe  the 
physical  fact  that  any  point  at  a  given  time  is  affected  by  signals 
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sent  to  it  by  other  points  at  previous  times.  Such  signals  travel 
along  lines  known  as  the  "characteristics"  o£  the  equations.  For 
example  a  point  such  as  A  in  Figure  (36)  is  a£fected  by  signals 
emanating  from  B  (forward  wave)  and  from  C  (backward  wave),  while 
point  A'  will  receive  signals  launched  from  A  and  D.  Similar  wave 
trajectories  appear  in  the  present  problem,  but  the  slopes  of  the 
lines  can  change  in  space  and  time. 


Fig.  36  Displays  the  role  of  character¬ 
istics  as  information  carriers. 


The  slopes  of  the  two  characteristics  carrying  necessary 
information  to  define  the  forward  and  backward  propagating  vari¬ 
ables  at  every  point,  are  of  different  sign  and  are  numerically 
equal  to  ±c/n.  For  such  a  point  A,  Figure  (37),  the  domain  of 
dependence  is  defined  by  point  B  and  C,  the  two  characteristics 
being  defined  by  AC  and  AB,  to  a  first  degree  of  accuracy.  When 
discretizing  the  partial  differential  equations,  point  A  must  be 
made  dependent  on  points  distributed  on  a  segment  which  brackets 
BC;  e.g.,  on  points  D,  E  and  F  in  Figure  (38).  This  condition  is 
necessary  for  stability  but  must  be  loosely  interpreted.  Suppose 
that  one  uses  a  scheme  where  a  point  A  is  made  dependent  on  D,  E 
and  F,  indiscriminately  (this  is  what  happens  in  most  schemes  cur¬ 
rently  used,  including  the  MacCormack  method).  Suppose  now,  that 
the  physical  domain  of  dependence  of  A  is  the  segment  BC  of  Figure 
(38).  The  information  carried  to  A  from  F  is  not  only  unnecessary; 


Fig.  37.  Illustrates  the 
concept  of  the  law  of  for¬ 
bidden  signal  for  two-stream 
with  characteristics  of  dif¬ 
ferent  sign. 

Fig.  38.  Illustrates  the 
concept  of  the  causality 
for  two-stream  flow  with 
characteristics  of  same 
(identical)  sign. 


it  is  also  undue.  Consequently,  the  numerical  scheme,  while  not 
violating  the  Courant-Friedrick-Levy54  (CFL)  stability  rule,  would 
violate  the  law  of  forbidden  signals.  Physically,  it  is  much 
better  to  use  only  information  from  D  and  E  to  define  A,  even  if 
this  implies  lowering  the  nominal  degree  of  accuracy  of  the  scheme. 


r 
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The  sensitivity  of  results  to  the  numerical  domain  of  depen¬ 
dence  as  related  to  the  physical  domain  of  dependence  explains  why 
computations  using  integration  schemes,  like  MacCormack's52,  show  a 
progressive  deterioration  as  the  AC  line  of  Figure  (38)  becomes 
parallel  to  the  T-^xis  (A^O),  even  if  Aj  is  still  negative.  The 
information  from  F  actually  does  not  reach  A;  in  a  coarse  mesh, 
such  information  may  be  quite  different  from  the  actual  values 
(from  C)  which  affect  A.  On  the  other  hand,  since  the  CFL  rules 
must  be  satisfied  and  F  is  the  nearest  point  to  C  on  its  right,  the 
weight  of  such  information  should  be  minimized.  Moretti's  A- 
scheme,  relying  simultaneously  on  the  two  field  equations  provides 
such  a  possibility.  Every  spatial  derivative  of  the  forward  field 
is  approximated  by  using  points  lying  on  the  same  side  of  E  as  C, 
and  every  derivation  of  the  backward-scattered  field  is  approxi¬ 
mated  by  using  points  which  lie  on  the  same  side  of  E  as  8.  By 
doing  so,  each  characteristic  relates  with  information  found  on  the 
same  side  of  A  from  which  the  characteristic  proceeds  also  such 
information  is  appropriately  weighted  with  factors  dependent  on  the 
characteristic’s  slopes,  so  the  contribution  of  points  located  too 
far  outside  the  physical  domain  of  dependence  is  minimized. 


A  one-level  scheme  which  defines 


§T  *  (eE  '  eD)/4z 


(forward  wave) 


||-  =  (ej  -  ej)/Az 


(backward  wave) 


is  Gordon’s  scheme  [S3],  accurate  to  the  first  order.  To  obtain  a 
scheme  with  second-order  accuracy,  Moretti  considered  two  levels, 
in  a  manner  very  similar  to  MacCorraack's.  More  points,  as  in  Fig. 
(39)  must  be  introduced.  At  the  predictor  level  following  Moret¬ 
ti's  schem$  one  defines 


j—  a  (2eg-3eQ+eg)/Az  (forward  wave) 


=  (ej-eE)/Az 


(backward  wave) 


Fig.  39.  Displays 
the  computational 
grid  for  the  A- 
scheme. 
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At  the  corrector  level,  oae  defines 

It  =  < 


(forward  wave) 


Sr  =  (-2 rK  *  3;;  ♦  rp)/A z 


i 


It  is  easy  to  see  that,  if  any.  function  f  is  updated  as 

?  =  f  +  ft  At  (72 

at  the  predictor  level,  with  the  t-derivatives  defined  as  in  (23) 
and  (24)  and  the  z-derivatives  defined  as  in  (68)  and  (69)  and  as 

f (t+At)  =  j  (f+f+ftAt)  (73 

at  the  corrector  level,  with  the  t-derivatives  defined  again  as  in 
(23)  and  (24),  and  the  z-derivatives  defined  as  in  (70)  and  (71), 
the  value  of  f  at  't+At'  is  obtained  with  second  order  accuracy. 
The  updating  rule  (72)  and  (73)  is  the  same  as  in  the  MacCormack 
scheme. 

At  the  risk  of  increasing  the  domain  of  dependence,  but  with 
the  goal  of  modularizing  the  algorithm,  three-  and  four-point 
estimators  were  used  for  each  first  and  second  derivative  respec¬ 
tively.  Moretti's  algorithm  was  also  extended  to  non-uniform  mesh 
to  handle  the  longitudinal  refractive  left  and  right  mirrors:  the 
same  one-sided  differencing  is  used  for  both  predictor  and  correc¬ 
tor  steps.  Nevertheless,  the  weights  derived,  using  the  theory  of 
estimation,  (presented  by  Hamming*3),  have  improved  the  order  of 
accuracy  of  the  spatial  derivative  estimator  at  both  predictor  and 
corrector  levels.  In  particular,  the  derivative  estimators  are  of 
second  order  instead  of  first  order  as  in  Moretti's  A-scheme. 
Specifically,  these  weights  are  derived  using  a  development  in 
terms  as  a  sum  of  Lagrangian  polynomials  at  a  set  of  points.  As  a 
result,  the  overall  accuracy  of  Moretti's  predictor/corrector 
scheme  was  increased56  from  second  to  third  order.  Either  forward 
or  backward  longitudinal  derivatives  at  both  predictor  and  correc¬ 
tor  stages  are  given  for  the  point  Xj,  X2  and  x^  as: 


f' 2x1-x2“x3 


x  -x2 


I 
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d  -  x3’xi 

u3  “  ^(xj)  »  712Cx2J  •  n3(x3)  J 

3 

with  n.(x)  =  fl  (x-x.) 

J  1 


(76) 

(77) 


Here  Dj,  D2  a ad  D3  represeats  forward,  central  and  backward  differ¬ 
encing  estimators  for  the  (first-order  longitudinal  spatial)  deri¬ 
vative. 


XIV.  TREATMENT  OF  LONGITUDINAL  BOUNDARY 

When  treating  any  point  within  the  cavity  or  at  either  longi¬ 
tudinal  boundary  (where  a  partially  reflecting  mirror  is  situated), 
there  is  no  problem.  For  example,  at  z  ~  0,  e  is  determined  by 
equation  (53)  and  not  through  previous  predictor/corrector  formulas 
(68-71),  as  only  e  is  calculated  at  z  *  0  in  that  predictor/ cor¬ 
rector  manner  (68-71).  However,  for  a  point  one  increment  (fis&z) 
from  the  left  mirror,  one  encounters  difficulties  calculating  the 
forward  wave.  The  second  needed  point,  which  is  vital  to  the 
formulas,  would  fall  outside  the  cavity.  An  identical  difficulty 
arises  from  the  counterpart  backward  wave  with  respect  to  the  right 
hand  mirror.  The  field  traveling  from  the  right  is  defined  at  z  * 
L  by  equation  (54). 

To  deal  with  this  situation  one  has  to  modify  the  predictor/ 

2 

corrector  schemes  so  the  increment  ”5  "  is  used  instead  of  6.  The 
loss  of  that  second  point  reduces  the  accuracy  of  the  derivative 
estimator.  To  maintain  the  same  order  of  accuracy  near  the  mirror, 
one  must  compensate  for  this  loss  by  reducing  the  mesh  size. 


XV.  NUMERICAL  PROCEDURE  FOR  SHORT  OPTICAL  CAVITY 

An  alternate  procedure  to  carry  out  the  computation  is  to 
integrate  the  field  along  the  longitudinal  propagational  distance. 
This  approach  is  particularly  attractive  for  a  short  cavity.  It 
was  developed  with  the  help  of  McCall57  as  an  attempt  to  relax  the 
restrictive  relation  between  the  temporal  t  and  spatial  meshes  z 
and  r.  It  is  presently  being  implemented  and  will  be  outlined 
here. 

The  reflecting  effect  of  the  partially  refracting  mirror  can 
be  built  into  the  determining  equations.  Forward  and  backward 
field  and  polarization  terms  will  appear  explicitly  as  driving 


/  V? 
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sources  in  each  traveling  field  equation  (see  Fig.  40).  One  can 
readily  contrast  the  two  physical  situations  of  long  and  short 
cavity.  To  illustrate  the  methodology  the  diffraction  is  neglec¬ 
ted.  For  no  reflection,  the  fields  are  described  by 

e+(t+At,z)  =  e+(t,z-cAt)  +  /  dz'  P+(t+At  -  5^1  ,  *•)  (78) 

z-cAt 

which  applies  if  z  >  cAt.  Also 

z+eAt  ,  , 

e  (t+At,z)  =  e  (t,z+cAt)  +  /  dz'  P  (t+At  +  —  ,  z')  (79) 

z 

applies  if  L-z  >  cAt.  For  one  reflection,  the  fields  are  obtained  by 
e+(t+At,z)  =  eTn(t+At  -  z/c)  +  /  dz'  P+(t  +  At  -  z  z  ■  ,  z') 

XU  Q  c 

^  ■  ■  cAt-z  |  , 

+  ^Ke”(t, cAt-z)  +  JT  J  dz'  P"(t+At-  z’)  (80) 

0  c 

whenever  z  <  cAt,  and  if  L-z  <  cAt,  then  one  reflection 

e"(t+At,z)  =  JT  eII((t+At  -  ^)  +  VS*  e+(t,2L-z-cAt) 

L  _  ,.,i 

+  /  dz'  P  (t+At  +  ~=-  ,  z') 

+  VS-  eiP  X  dz’  P*(t+At  -  2L'z~zt  ,  z')  (81) 

2L-z-cAt 

In  all  of  the  above  it  is  assumed  that  cAt  <  L  (so  that  two  re¬ 
flections  cannot  occur  in  time  At) .  To  correctly  include  the 
influence  of  diffraction,  appropriate  weighting  coefficients  must 
be  used  as  summarized  below: 

(1)  For  no  reflection-correct  by  j  V|(e+cAt),  |  V^(e”cAt) 

(2)  For  one  reflection- 

fa)  Term  e^  only  propagates  z  (cAt  >  z)  so  correct  only  by 
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*  +  1 

(b)  Term  /  dz'  P  goes  a  distance  of  an  average  of  (x)z;  correct 

,0 

b*!'i 

(c)  Tera  e”(t, cAt-z)  goes  a  distance  of  cAt;  full  correction  by 
cAt-z 

cAt-z  _  cAt-z 

(d)  Tens  VR  /  dz'  P"  goes  — —•  +  z;  correct  bya  distance  of 
cAt»z  ^2^ 

(e)  Tera  -JT goes  flL  goes  a  distance  of  (L-z);  correct  by 
(l/2)(L-z)Vf 

(f)  Tera  VS"  e+  goes  full  distance;  correct  j  cAt  V| 

L  _  L-z 

(g)  Tera  /  dz'  P  goes  a  distance  of  -j-  ;  correct  by 

j  (1-*)  Vf 

(h)  Tera  VS"  e*^  /  dz'  P+  goes  a  distance  of  ^  oa  the 

2L-z-cAt 

„  L-z+cAt  _2 
average;  correct  - g - V| 

and  siailarly  for  any  time  correction. 

Instead  of  the  usual  predictor/ corrector  weighting  of  1/2  for 
each  of  predicted  and  corrected  values,  a  more  complicated  proce¬ 
dure  must  be  used. 


XVI.  TWO-LASER  THREE-LEVEL  ATOM 

An  extension  of  the  SF  calculations  presented  in  Section  IX 
should  include  such  puap  dynamics  and  its  depletion  on  a  three- 
level  systea  siailar  to  the  aodel  suggested  by  the  Bowden  et  al59. 
The  simulation  of  the  dynamic  interactions  of  two  intense,  ultra- 
short  laser  pulses  propagating  simultaneously  through  a  gas  of 
three-energy  level  atoms  was  considered60.  The  rigorous  diffrac- 
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tion  and  cross-modulation  interplay  of  the  two  laser  beams  with  the 
inertial  response  of  the  doubly  resonant  medium  is  studied  using  an 
extension  of  the  numerical  algorithm  developed  for  SIT  analysis. 
It  is  expected  that  by  altering  the  pump  characteristics,  one 
encodes  information  in  the  pulse  that  evolves  in  the  nonlinear 
media  resulting  in  a  light  by  light  control.  An  intermediate  study 
will  be  Double  Coherent  Transients61’62.  Another  benefit  of  this 
study  would  be  an  analysis  of  Wall's63  scheme  for  optical  bistabil¬ 
ity  in  a  coherently-driven  three-level  atomic  system.  However, 
some  material  equation  modifications  must  be  made  as  the  novel 
mechanism  relies  on  the  nonlinear  absorption  resonances  associated 
with  a  population  trapping,  coherent  superposition  of  the  ground 
sublevel.  When  one  defines  dimensionless  variables  in  a  parallel 
manner  to  SIT,  the  physical  problems  are  described  by  the  following 
equations:  and  are  the  pulse  tp  of  laser  a  and  laser  b 

respectively.  Q  is  the  quadrupole  slowly  varying  envelope. 


-i 1  V?  e„  .  +  3_  e  .  *  g  .  P  . 
T  8  |D  Q  3pD  3)0  3 , D 


with 


(82) 


«.,b  *  ‘W  <vv1/2 

V.  * «. -  V«2.  ♦  K « 

3  s  v«“v  v  - 1 «! « 

8,Q  =  *  I  (•,  V*b  ?,)  - 

3,"  .*  -  K  f,  *  0  -  OVtf/Tu 


(83) 

(84) 

(85) 

Q/T2ab  (86) 

+  5 (ej  Pb  +  %  Pb)  (87) 


3XW  bS  -  K  Pb  +  «b  PJ>  •  ‘V^^lb  +  K  Pa  +  ea  0  <“> 


If  one  uses  the  identity 


W  tW,  :W. 
a  b  ab 


(89) 


a  further  equation  (not  absolutely  necessary)  is  introduced: 


Vab  =  *  l/4[(e*Pa+eaPa)  ♦  (e^P*)] 


(wab'Wab)/xab 


(90) 


when  W^  ^  and  W^b  are  the  equilibrium  values  of  Wa  b  and  Wab, 
subjected  for  infinite  relaxation  times  to  a  conservation  of  proba- 
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3t{|Pal2  +  |Pbl2  +  IQ|2  +  (wj  ♦  wj  +  «Jb)}  =  zero. 

Equivalently : 


(91) 


IP,!2  +  |Pbl2  +  IQI2  +.2/3(wJ+wJ+V*)) 


*  'p.,i'2  *  |pb,i|2  ♦  "V2  ♦  (,2) 


Figure  (40)  illustrates  W  ,  and  Wab  as  a  function  of  tiiae 
for  a  particular  radius  in  the  reshaping  region. 


J  •  4 


/f  •  9 
iM>«,  Mt-d. 


Fig.  40.  Contrast  of  the  material  energy  for  a  double  self-induced 
transparency  calculation. 


Nuaerical  Refinements 


If  the  two  laser  beams  which  propagate  concomitantly  are  se¬ 
verely  disparate  from  each  other,  the  normal  stretching  technique 
must  be  generalized  into  a  double  stretching  transformation60  to 
ensure  that  the  nonuniform  temporal  grids  simultaneously  match  the 
two  different  pulses.  No  spatial  rezonicg  is  as  yet  designed. 

Prescribed  Double  Stretching 

Due  to  the  essential  nonlinear  nature  of  the  cooperative 
effects  associated  with  a  coherent  light-matter  interaction,  dif- 


Foe  u>  T  =  n,  3T/3i  is  minimum. 

9 

Several  noteworthy  facts  aust  not  be  overlooked,  i.e.,  (i)  u»3 

is  related  to  the  frequency  of  oscillations;  and  (ii)  the  steepness 
of  the  slopes  suit  depend  on  the  concentration  points. 


The  various  stretching  parameters  are  given  by 
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*  =  1/2  [H'bUX  +  F'itl] 

b  «  {1/2  u»#}  ^1^  -  glB.n] 

“s(tc2  “  xcl}  *  2n  =>  Xd  *  2* 

If  Tj  increases,  u»a  decreases  -  a  smaller  frequency  yields  to  a 
larger  b,  if  decreases,  uis  increases  -  a  larger  frequency  yields 
to  a  smaller  b  parameter. 

To  enaure  monotonicity  of  the  function  T  in  t  (so  that  multi* 
valued  posaibilities  are  excluded),  an  important  condition  which 
must  never  be  violated  (see  Fig.  42),  is 

*  =  fs'min  *  (a  -  be.)  >  0  • 


Fig.  42.  Displays  the  li¬ 
mitations  on  the  parameter 
choice  to  the  double  stretch' 
ing  transformation. 


Adaptive  Double  Stretching 

Following  the  spirit  of  adjusted  stretching  for  a  single 
pulse,  described  in  Section  V,  the  sampling  frequency  u>  can  vary 
along  the  direction  of  propagation  0- 

Prescribed  Triple  Stretching 

For  a  correct  treatment  of  the  pulses  propagating  concomi¬ 
tantly  while  one  of  the  two  lasers  may  have  broken  up  into  two 
small  pulses,  successive  double  stretchings  are  applied 

Step  1  £  =  A  x2  +  Bx 
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fron 


and 


X  -*  x2>  i  s  C0  s  ta2  +  to2 
*  =  *3>  £  =  Qq  =  ^3  +  ®x3 

X  =  o,  c  s  0. 


Cl  “  $2  =  $2  “  S3  =  0  "  Cl 


one  gets. 
Step  2 

Cumulative  step 


■  .  ^OyfV  ,cd  „  -  ; 

A  *3x2(x2-x3)  x2x3(x2-x3) 

Y  s  a  (|  +  b  sin  u»s  £ 

Y  =  a(Ax2  +  Bx)  +  b  sin  ujs  (Ax2  +  Bx) 

Yx  =  a(2x  A  +  B)  +  bws  (2Ax  +  B)  cos  (Ax2  +  B) 
=  (2 Ax  +  B)  (a  +  bu»s  cos  (Ax2  +  B))  . 


The  coefficients  ate  readily  found  (see  Fig.  43). 


r 


Fig.  43.  Illustrates  a  pre¬ 
scribed  triple  stretching. 


XVII.  CONCLUDING  REMARKS 

Most  of  the  features  of  the  numerical  model  used  to  study 
temporal  and  transverse  reshaping  effects  of  single  and  multiple 
short  optical  pulses  propagating  concomitantly  in  active,  non¬ 
linear,  resonant  media  have  been  presented.  The  calculations 
strive  to  achieve  a  rigorous  analysis  of  this  nonlinear  interaction 
with  maximum  accuracy  and  minimum  computational  effort.  The  appli¬ 
cability  of  computational  methods  developed  in  gas  and  fluid  dy¬ 
namics  to  the  detailed  evolution  of  optical  beams  in  nonlinear 
media  have  been  demonstrated. 

By  introducing  adaptive  stretching  and  rezoning  transforma¬ 
tions  wherever  possible,  the  calculations  improved  considerably. 
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In  particular,  self-adjusted  rezoning  aad  stretching  techniques 
consisting  of  repeated  applications  of  the  saae  basic  formulae  were 
reviewed  as  a  convenient  device  for  generating  computational  grids 
for  coaplex  nonlinear  interactions.  The  techniques  are  well-suited 
for  each  progressing  because  the  napping  functions  and  all  related 
derivatives  are  defined  analytically  as  such  as  possible.  Enhance¬ 
ment  of  speed  and  accuracy  was  realized  by  inproving  the  integra¬ 
tion  technique/algoritha  which  was  general  and  simple  in  its  appli¬ 
cation  coapared  with  its  analogue,  the  two-dimensional  Lagrangian 
approach42. 

This  nethod  was  applied  to  a  number  of  SIT  situations  with  and 
without  homogeneity  in  the  resonant  properties  of  the  atomic  medi¬ 
um.  Note  that  the  theoretical  predictions  defined  with  the  single 
stream  SIT  code,  when  applied  to  absorbing  media,  were  quantita¬ 
tively  found84  by  independent  experimental  observations85,  and 
recent  independent  perturbations 16°  and  computational  analysis87. 
The  design  of  the  first  of  these  experiments  dealing  with  sodium 
vapor,  was  based  on  qualitative  ideas,  quantitative  analysis  and 
numerical  results  obtained  with  the  code  described  in  this  paper. 
More  recently.  King  et  al  also  reported88  the  experimental  observa¬ 
tion  in  iodine  atomic  vapor  of  the  coherent  on-resonance  self- 
focusing.  This  is  a  novel  manifestation  of  the  phenomenon  as  it 
deals  with  a  magnetic  dipole  instead  of  an  electric  dipole  moment. 

Also,  the  severe  beam  distortion  and  on-axis  pulse  break-up, 
when  the  problem  of  transverse  boundary  is  rigorously  addressed, 
was  observed  in  high  power  lasers  used  in  Laser  Fusion  experiments. 

Vith  the  help  of  Gibbs  and  McCall,  we  have  resolved  the  major 
discrepancies  between  planar  calculations  (as  done  by  Hopf  et  al89) 
and  the  Cs  experimental  observations.  The  main  sources  of  these 
discrepancies8”  were  the  occurrence  of  transverse  effects  in  the 
experiments  and  the  uncertainty  in  the  tipping  angle  values. 

Optical  bistability  shares  with  the  previous  SIT  and  SF  the 
same  basic  physical  features;  however,  the  initial  and  boundary 
conditions  are  different  and  complicate  the  problem.  Nevertheless, 
the  similarities  predominate;  therefore,  a  unified  numerical  des¬ 
cription  with  sosk  modifications  can  apply  to  all  these  problems. 
This  new  computational  approach,  based  on  the  concept  of  absolute 
consistency  of  the  numerics  with  the  physics,  should  be  successful. 


ADDENDUM 

An  alternate  solution  to  eliminate  rapid  oscillations  from  the 
two-mode  Bloch  equation  without  recourse  to  harmonic  expansion 
could  be  to  adopt  Moore  and  Scully71  multiple-scaling  perturbation 
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expansion.  They  have  applied  the  techniques  of  aultiple-scaling 
perturbation  theory,  described  in  hydrodynamics  textbooks,  to  the 
free-electron  laser  problea  and  the  pico-second  transient  pheno- 
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Abstract 

Calculatiooal  results  and  analysis  are  presented  and  discussed  for  the  effects  of  coherent  puap  dy¬ 
nasties,  propagation,  transverse  and  diffraction  effects  on  superfluorescent  (SF)  emission  froa  an  optically- 
puaped  three- level  systea.  The  full,  co-propagational  aapecta  of  the  injected  pimp  pulse  together  with  the 
SF  which  evolves  are  ezplicity  treated  in  the  calculation.  It  is  shown  that  the  effect  of  increasing  the 
injection  signal  area  exhibits  a  siailar  effect  on  the  evolved  SF  delay  tiae  as  either  increasing  the  gain, 

or  F~l,  (F  is  the  Fresnel  number  per  effective  gain).  All  else  being  equal,  it  is  deaonstrated  that  altera¬ 
tion  of  the  teaporal  as  well  as  radial  shape  of  the  injected  pump  pulse  has  a  profound  effect  upon  the  shape 
of  SF  as  well  as  the  sharpness  of  the  rise  of  the  pulse,  its  delay  tiae,  peak  intensity  and  teaporal  width. 
For  conditions  of  sufficiently  large  gain  and  large  injection  pulse  area,  SF  which  evolves  and  the  propa¬ 
gating  puap  pulse  eventually  occur  in  the  saae  tiae  fraae  (overlap).  It  is  shown  that  under  these  condi¬ 
tions  the  SF  can  be  significantly  teaporally  narrower  than  the  puap  and  of  significantly  larger  peak  inten¬ 
sity.  Thus,  by  choosing  the  shape  of  the  injected  puap  envelope  and/or  its  area,  the  SF  shape,  delay  tiae, 
peak  intensity  and  teaporal  duration  can  be  altered.  Thus,  deterministic  control  of  the  characteristics  of 
the  evolving  SF  pulse  is  deaonstrated  by  selecting  appropriate  characteristics  of  the  injected  pulse  signal 
at  a  different  frequency. 

Introduction 

Superfluorescence[l]  (SF),  is  the  dynaaical  radiation  process  which  evolves  froa  a  collection  of  atoms 
or  aolecules  prepared  initially  in  the  fully  inverted  state,  and  which  subsequently  undergoes  collective, 
spontaneous  relaxation (2 J .  Since  Dicke's  early  vork(2],  much  theoretical  and  experiaental  effort  has  been 
devoted  to  this  subject(3]. 

With  the  exception  of  the  more 'recent  work  of  Bowden  and  Sung[4] ,  all  theoretical  treatments  have  dealt 
exclusively  with  the  relaxation  process  froa  a  prepared  state  of  complete  inversion  in  a  two-level  aanifold 
of  atoaic  energy  levels,  and  thus  do  not  consider  the  dynaaical  effects  of  the  puaping  process.  Yet,  all 
reported  experimental  work(5-10]  has  utilized  optical  puaping  on  a  minimum  aanifold  of  three  atoaic  or 
aolecular  energy  levels  by  laser  pulse  injection  into  the  nonlinear  medium,  which  subsequently  superfluo- 
resces. 

It  was  pointed  out  by  Bowden  and  Sung[4]  that  for  a  systea  otherwise  satisfying  the  conditions  for 
superfluorescent  emission,  unless  the  characteristic  superradiance  tiae[l],  tR,  is  much  greater  than  the 

puap  pulse  teaporal  duration,  T  ,  i.e.,  t_  >  >  T  ,  the  process  of  coherent  optical  puaping  on  a  three-level 

p  K  p 

systea  can  have  draaatic  effects  on  the  SF.  This  is  a  condition  which  has  not  been  realized  over  the  full 
range  of  reported  data.  Also,  Bowden  and  Sung's  analysis  was  restricted  to  the  uniform  plane  wave  regime; 
it  cannot  account  for  the  inevitable  spatial  and  temporal  beaa  energy  redistribution  (as  in  physical 
systea).  Transverse  fluency  is  associated  with  radial  density  variations  and  diffraction  coupling,  it  leads 
to  coaaunication  among  the  various  parts  of  the  beaa. 

In  this  paper,  we  present  calculational  results  and  analysis  for  the  effects  of  coherent  puap  dynamics, 
propagation,  transverse  and  diffraction  effects  on  SF  emission  froa  an  optically-puaped  three-level  system. 
The  full,  nonlinear,  co-propagational  aspecta  of  the  injected  puap  pulse,  together  with  the  SF  which  evolves 
are  explicitly  treated  in  the  calculation.  Not  only  do  our  results  relate  strongly  to  previous  calculations 
and  experiaental  results  in  SF,  but  we  introduce  and  demonstrate  a  new  concept  in  nonlinear  light-natter 

*  Jointly  supported  by  the  US  Army  Research  Office  DAAG29-79-C-0148.  the  Office  of  Naval  Research 
N000-14-80-C-0174,  and  Battelle  Coloabua 


interactions,  which  we  call  light  control  by  light.  We  show  how  characteristics  of  the  SF  can  be  controlled 
by  specifying  certain  characteristics  of  the  injection  pulse. 

Equations  of  notion 

The  aodel  upon  which  the  calculation  is  based  is  coeprised  of  a  collection  of  identical  three-level 
atoMS,  each  having  the  energy  level  scheme  shown  in  Figure  1.  The  1  3  transition  is  induced  by  a  coher¬ 

ent  electromagnetic  field  injection  pulse  of  frequency  iuq  nearly  tuned  to  the  indicated  transition.  The 

properties  of  this  pumping  pulse  are  specified  initially  in  terms  of  the  initial  and  boundary  conditions. 
The  transition  3  *■*  2  evolves  by  spontaneous  emission  at  frequency  ui^.  It  is  assumed  that  the  energy  level 

spacing  is  such  that  »  e  j  so  that  the  fields  at  frequencies  uig  and  ut  can  be  treated  by  separate 

wave  equations.  The  energy  levels  2  «-*  1  are  not  coupled  radiatively  due  to  parity  considerations,  and 
spontaneous  relaxation  from  3  **  2  is  simulated  by  the  choice  of  a  small ,  but  nonzero  initial  transverse 

-4 

polarisation  characterized  by  the  parameter  4  -  10  Our  results  do  not  depend  upon  nominal  deviations  of 

this  parameter.  The  initial  condition  is  chosen  consistent  with  the  particular  choice  of  bo,  with  nearly 

all  the  population  in  the  ground  state,  and  the  initial  values  of  the  other  atomic  variables 
chosen  consistently (4, 11], 


We  use  the  electric  dipole  and  rotating  wave  approximations  and  couple  the  atomic  dipole  moments  to 
clasical  field  amplitudes  which  are  determined  from  Maxwell's  equations.  The  Hamiltonian  which  describes 
the  field-SMtter  interaction  for  this  system[4]  comprising  N  atoms,  is, 
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The  first  term  on  the  right-hand  side  of  Eq.  (1)  is  the  free  atomic  system  Hamiltonian,  with  atomic 
level  spacing!  ,  r  *  1,2,3;  j*l,2,...,N.  The  second  term  on  the  right-hand  side  describes  the  interac¬ 
tion  of  the  atomic  system  with  the  fluorescence  field  associated  with  the  3  «-*■  2  transition,  whereas  the 
last  term  on  the  right  in  (1)  described  the  interaction  between  the  atmmic  system  and  the  coherent  pumping 

field.  The  fluorescence  field  and  the  piaaping  field  have  amplitudes  and  ui^ ^ ,  respectively,  in  tents 
of  Kabi  frequency,  at  the  position  of  the  atom,  r j .  The  respective  wave  vectors  of  the  two  fields  are  k 
and  kQ  and  the  carrier  frequencies  are  m  and  ui^.  It  is  assumed  that  the  electromagnetic  field  amplitudes 

vary  insignificantly  over  the  atomic  diamnsions  and  that  all  of  the  atoms  remain  fixed  during  the  time  frame 
of  the  dynamical  evolution  of  the  system. 

The  atomic  variables  in  (1)  are  the  canonical  operators  [4]  r£;P  which  obey  the  lie  algebra  defined  by 
the  commutation  rules  [12-14]  “ 
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.  The  Rabi  rates, 

respectively,  and  the  matrix 


and  are  given  in  tents  of  the  electric  field 

elements  of  the  transition  dipole  moments,  and 


(3a) 


rU)  pU) 

•q  m31 
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where  we  have  considered  only  one  linear  polarization  for  the  two  fields  and  propagation  in  the  positive  z 
direction. 

It  is  convenient  to  canonically  transform  (1)  to  remove  the  rapid  time  variations  at  the  carrier  fre¬ 
quencies  ut  and  is  and  the  rapid  spacial  variations  in  the  wave  vectors  k  and  k  .  We  assume  that  the  field 

(1)  0  (1)  -1  -1  0 
envelopes  (1  J  and  vary  much  more  slowly  than  the  periods  u>  and  u>  ,  respectively.  In  the  trans- 


332 


formed  representation,  we  are  thus  dealing  with  slowly  varying  field  amplitudes  and  atomic  operators, 
desired  transformation  U  is  unitary  and  is  described  in  ref.  12. 


U  H  U 


The  equations  of  notion  for  the  atomic  variables  are  calculated  from  the  transformed  Hamiltonian  ac¬ 
cording  to 


*  R^5  *  tUx* 


*<i>i 


(5) 


The  following  hierarchy  of  coupled  nonlinear  equations  of  motion  is  obtained  for  the  atomic  variables: 
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(6c) 

(6d) 

(6e) 

(6f) 


la  Eqs.  (6),  we  have  added  phenomenological  relaxation  Yjj  and  dephasing  y,  and  taken  these  to  be  uniform 
iters  for  each  transition.  *—  ♦*“  ' 


i.e.,  the  same  par 

designated  as  R^ ,  '.he  same  for  all  atoms 


for  the  diagonal  terms,  Rj£  ,  the  equilibrium  values  are 


,(J) 


Since  the  equations  (6)  are  linear  in  the  atomic  variables  R^' ,  they  are  isomorphic  to  the  set  of 

equations  of  motion  for  the  matrix  elements  of  the  density  operator  4*.  We  shall  treat  the  Eqs.  (6)  from 
this  point  as  c-number  equations.  Further,  we  issume  that  all  the  atoms  have  identical  energy  level  struc¬ 
ture  and  also,  we  drop  the  atomic  labels  j,  so  it  is  taken  implicitly  that  the  atomic  and  field  variables 
depend  upon  the  special  coordinates  as  well  as  the  tine. 


It  is  convenient  to  Introduce  a  new  set  of  variables  in  terms  of  the  old  ones.  We  let 
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where  U^,  V^,  and  Wu  are  real  variables,  and  «  UJk, 
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where  X.  Y,  X  and  Y  are  real  variables, 
o  o 


The  resulting  equations  of  motion  for  the  real  variables  {W^, 
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The 


This  set  of  equations  constitutes  the  equation  of  an t ion  for  the  density  operator  t(i  for  the  system  in  the 
slow-varying  operator  representation.  By  imposing  the  canonical  unitary  transformation,  we,  in  fact,  trans¬ 
formed  to  a  slow-varying  operator  representation  which  is  consistent  with  the  slowly-varying  enveloped 
approxiMtion  to  be  imposed  later  on  in  the  Maxwell's  equations  coupled  to  the  hierarchy  of  nonlinear, 
first-order  equations,  (S). 
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In  obtaining  Eqs.  (8),  we  have  aade  uac  of  the  iavarient,  tr  i|r  =  I, 


I  s  ♦  R^}  ♦  ag1  (9) 

It  ia  noted  that  !  *  0  ia  satisfied  identically  in  (6a)-(6c)  for  Yjl  •*  0.  For  Yll  t  0,  the  condition  (9) 
together  with  (6a)-(6c)  conatitutes  the  statesMmt  of  conservation  of  atonic  density,  i.e.,  particle  nuaber. 

The  Eqs.  (8)  are  coupled  to  Maxwell's  equations  through  the  polarizations  associated  with  each  transi¬ 
tion  field.  It  ia  easily  deterained  that  the  Maxwell's  equations  in  diaensionless  fora  in  the  slowly- 
varying  envelope  approxiaation  and  in  the  retarded  tiae  fraae  can  be  written  in  the  following  fora 


^  i 


<1  •<<-!*)  • 


In  the  above  equations,  we  have  assuaed  cylindrical  synaetry,  thus  the  transverse  Laplacian  which  accounts 
for  diffraction  coupling  is: 

•  5  fc  t*  fc  >  <»> 

The  first  tera  on  the  left-hand  side  in  (10a ,b)  accounts  for  transverse  coaaunication  effects  across 
the  beaa  with  noraalixed  radial  coordinate  p  *  r/r  where  r  is  the  radial  distance  and  r  is  a  character- 

P  P 

istic  spatial  width.  In  (10),  ■  z  aett  where  aeff  i»  the  on-axis  effective  gain. 


{m  Hm  I 
o  m31 


where  l  *p  )  are  characteristic  tiaes  for  the  systea,  N  is  the  atonic  nuaber  density  (assuaed  longitudinally 

homogeneous )  and  n  is  the  index  of  refraction  (assuaed  identical  for  each  transition  wavelength).  The 
quantity 


governs  the  relative  radial  population  density  distribution  for  active  atoas  and  is  taken  as  either  Gaussian 
with  full  width  r  or  unifora,  in  which  case  r_  corresponds  to  p  =1.  The  Gaussian  distribution  would  be 

p  p  nax 

associated  with  an  atonic  or  aolecular  beaa  with  propagation  along  the  beaa  axis  For  the  cases  treated 
here,  it  was  found  that  there  is  no  significant  difference  in  the  results  for  a  unifora  density  distribution 
with  injection  pulse  of  initial  radial  width  at  half  aaxiaua,  rQ,  and  a  Gaussian  radial  density  variation 

with  ro  *  r  .  For  the  latter  case,  the  effective  gain  ge^j  is  appropriately  adjusted  such  that  both  the 
rsdielly  integrated  gain  and  the  total  effective  gain,  g^^L,  renain  invariant  between  the  two  cases,  where 

1  it  the  length  of  the  nediua  ia  the  direction  of  propagation.  In  obtaining  (10-13),  we  have  extended 
Natter  et.  al  (14)  Theoretical  analysis  for  two-level  SF.  Equations  (10)  are  written  in  the  retarded  tine, 
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t,  f rase  where  x  *  t-nz/c.  Fro*  this  point  on,  *  in  Eqs.  (8)  is  taken  to  be  •  =  3/dt.  Finally,  the  first 
factors  on  the  first  terns  in  (10)  are  the  reciprocals  of  the  "gain  length"  Fresnel  numbers  defined  by 


s 


where 


«eff  * 


(14) 


(is)  ; 
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It  is  seen  fron  (10)  that  for  sufficiently  large  Fresnel  nuaber,  F,  the  corrections  due  to  transverse  ef¬ 
fects  becoae  negligible.  Hote  that  F  corresponds  to  a  gain  to  less  ratio.  The  "gain  length"  Fresnel  nun¬ 
bers  F  are  related  to  the  usual  Fresnel  nunbers  7*  jir^/XL,  where  L  is  the  length  of  the  nediun  by 

P 

F/7  *  g#ff  L  .  (16) 

i.e.,  the  total  gains  of  the  nediun.  In  the  conputation,  diffraction  is  also  explicity  taken  into  account 
by  the  boundary  condition  that  p  a  Piij  corresponds  to  conpletely  absorbing  walls. 


The  initial  conditions  are  chosen  to  establish  a  snail,  but  nonzero  transverse  polarization  for  the 
3  *■*  2  transition  with  alnost  the  entire  population  in  the  ground  state.  This  requires  the  specification  of 

-4  -4 

two  ssmII  parameters ,  t  -  10  ,  for  the  ground  state  initial  population  deficit,  and  6  -  10  for  the  tip¬ 

ping  single  for  the  initial  transverse  polarization  for  the  3  «■*  2  transition.  The  derivation  for  the 
initial  values  for  the  various  matrix  elements  is  presented  elsewhere  [12],  and  the  results  are  as  follows: 
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where  n  a  cos  (2e-l)  aod  the  phase  ♦  is  arbitrary,  and  we  have  chosen  the  phase  ^  to  be  zero. 


numerical  Results 


Calculational  methods  applied  to  this  model  and  discussed  elswehere[l3,13]  were  used  to  compute  the 
effects  on  SF  pulse  evolution  for  various  conditions  for  the  injection  signal,  thus  demonstrating  control  of 
the  SF  signal  by  control  of  the  input  signal.  Some  examples  follow. 


In  Figure  2  is  shown  the  transverse  integrated  SF  pulse  intensity  vs.  retarded  time  x  (curve  2)  to¬ 
gether  with  the  transverse  integrated  pump  pulse  intensity  vs.  X  (curve  1)  for  a  gain  and  propagation  depth 
chosen  so  that  the  pulses  temporally  overlap.  Under  these  conditions  the  two  pulses  strongly  interact  with 
each  other  via  the  nonlinear  medium,  and  the  two-photon  process  (resonant  coherent  Raman  -  RCR)  which  trans¬ 
fers  population  directly  between  levels  2  and  1,  makes  strong  contributions  to  the  mutual  pulse  develop¬ 
ment^].  The  importance  of  the  RCR  in  SF  dynamical  evolution  in  an  optically-pumped  three-level  system  was 
pointed  out  for  the  first  time  in  reference  4.  Indeed,  in  the  extreme  case,  the  SF  pulse  evolution  demon¬ 
strated  here  has  greater  nonlinearity  than  SF  in  a  two- level  system  which  has  been  prepared  initially  by  an 
uapulse  excitation.  What  is  remarkable  is  that  this  is  an  example  where  the  SF  pulse  temporal  width  x  is 

■such  less  than  the  pump  width  Xp,  i.e.,  the  ST  process  gets  started  late  terminates  early  with  respect  to 
the  pump  time  duration.  Pulses  of  this  type  have  been  obscrved[l6]  in  COg-pumped  CH^F. 

Figure  3  is  a  comparison  of  the  radially  integrated  SF  pulses  at  equal  propagation  depth  for  three 
different  values  for  the  input  pulse  radial  shape  parameter  v,  where  the  initial  condition  for  the  pump 

transition  field  amplitude  Xo(p)  is  Xo(p)  *  Xo(0)  exp  [-(r/rp)v].  Since  all  other  parameters  are  identical 
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for  the  three  curves,  this  shows  that  the  peak  intensity  increases  with  increasing  v  whereas  the  temporal 
width  and  delay  time  decreases.  Also,  it  is  clear  that  the  SF  pulse  shape  varies  with  v.  In  connection 
with  each  of  the  SF  curves  shown,  there  is  less  than  ten  percent  overlap  with  the  injected  pulse.  These 
results  thus  demonstrate  the  control  of  the  SF  shape,  delay  time,  peak  intensity  and  temporal  width  by 
control  of  the  injection  pulse  radial  shape.  In  Figure  4,  we  contrast  for  different  v  (as  in  Fig.  3)  iso¬ 
metric  of  the  pump  and  superfluoresance  outputs  to  display  the  importance  of  spatial  profile  (v=l,2,3: 
exponential,  Gaussian  and  hyper-Gaussian) . 

The  effect  on  the  SF  pulse  of  variation  of  the  input  pulse  temporal  shape  parasteter  o,  is  shown  in 
Figure  5  which  compares  SF  pulses  at  the  same  penetration  depth  as  given  in  Figure  3,  for  two  different 

values  of  o.  Here  X^Cp)  =  XQ(0)  exp  [-(  ^-)CT] .  It  is  seen  that  the  variation  from  a  Gaussian,  0=2,  to  a 

P 

super-Gaussian,  0=4,  temporal  input  pump  pulse  shape  causes  almost  a  factor  of  two  increase  in  the  peak  SF 
intensity  with  a  significant  reduction  in  temporal  width  and  no  discernible  shift  in  the  time  delay.  This 
situation  is  in  marked  contrast  with  that  shown  in  Figure  3  for  the  effect  of  pump  radial  shape  variation. 
As  in  the  previous  case,  there  is  less  than  ten  percent  overlap  between  the  SF  pulses  and  the  pump  pulse. 


Figure  6  shows  the  SF  pulses  at  equal  penetration  for  various  values  for  the  initial  temporal  width 

of  the  injected  Gaussian  Jt-pulses.  All  other  parameters  for  the  pulse  propagation  are  equal.  Again,  there 
is  less  than  ten  percent  overlap  between  the  SF  pulses  shown  and  the  pump  pulse.  Thus ,  reducing  the  initial 
temporal  width  of  the  injection  pulse  causes  a  shift  of  the  SF  delay  time  and  temporal  width  to  higher 
values,  and  a  decrease  in  the  SF  peak  intensity. 


Figures  7  and  8  illustrates  the  Fresnel  dependence  of  the  SF  buildings.  Figure  7  represents  the  radi¬ 
ally  integrated  output  SF  energy  while  Figure  8  displays  isometrically ,  versus  x  and  p,  the  SF  energy.  As 
the  initial  spatial  width  of  the  injected  Gaussian  pump  increases  r^,  the  associated  Fresnel  number  de¬ 
creases,  the  delay  strengthens,  the  SF  peak  intensity  reduces  and  the  SF  pulse  gets  more  symmetrical. 


The  effect  on  the  SF  pulse  of  the  on-axis  area  of  the  Gaussian  pump  pulse  is  shown  in  Figure  9  for  the 
same  penetration  depth  as  for  Figure  3.  It  is  seen  here  that  the  effect  of  increasing  the  initial  on-axis 
area  of  the  pump  pulse  is  to  decrease  the  SF  pulse  temporal  width  and  delay  time  and  to  increase  the  inten¬ 
sity.  As  before,  the  overlap  in  this  case  between  the  SF  and  pump  pulses  is  less  than  ten  percent. 


Figure  10  illustrates  the  dependence  of  SF  output  on  the  shape  (form)  of  the  input  pump  pulse  whether 
it  is  full  Gaussian  puagj,  half-front  Gaussian  or  reflected-half  Gaussian.  The  shorter  delay  and  the 
stronger  SF  output  are  associated  with  the  full  Gaussian  followed  by  the  reflected-half  Gaussian  pump  and 
the  (rising)  front  half  Gaussian  pustp  respectively. 


In  Fig.  11,  the  effect  of  varying  N,  the  atomic  density,  on  the  SF  build-up  is  shown.  Note  that  N 
enters  in  the  definition  of  a  then  in  F  The  more  dense  N  becomes,  (the  larger  is  the  effective  gain), 

K  p* 

the  more  intense  is  the  SF  build-up  and  the  shorter  becomes  the  relative  delay.  Thus,  the  overlap  between 
the  SF  and  the  pump  pulses  increases  with  N.  Furthermore,  the  nonlinear  contribution  of  the  two-photon 
effects  increases  significantly. 

Conclusion 

We  have  shown  here  eight  ways  of  shaping  the  SF  pulse  by  controlling  corresponding  properties  of  the 
injection  pulse  in  coherent  optical  pumping  on  a  three-level  system,  where  propagation,  transverse  effects 

and  diffraction  are  precisely  taken  into  account.  We  have  desw>nstrated  also,  in  Figure  1,  the  highly  non¬ 

linear  effect  of  generation  of  an  SF  pulse  of  much  narrower  temporal  width  and  larger  peak  Rabi  rate  than 
the  pump  pulse  under  conditions  where  the  two  pulses  completely  tes^>o rally  overlap  after  suitable  propaga¬ 
tion  and  pulse  reshaping.  An  additional  significant  nonlinear  to  the  SF  emission  in  this  case  is  due  to  the 
competing  two-photon  process  with  the  direct  process[4].  We  have  thus  demonstrated  by  numerical  simulation, 
the  nonlinear  control  of  light  at  one  frequency  with  light  of  another  frequency. 

By  changing  the  material  characteristics  such  is  the  dipole  SKMsent  of  species  an,  the  associated  transi¬ 
tion  frequency,  one  finds  that  the  SF  pump  dynamics  are  modified  [  12 ) .  The  effect  of  increasing  them  is 

similar  to  the  effects  associated  with  augmenting  N. 
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FIGURE  CAPTIONS 

Figure  1.  Model  three-level  atonic  systen  and  electromagnetic  field  tunings  under  consideration.  For 
the  results  reported  here,  the  injected  pulse  is  tuned  to  the  1  «-*  3  transition. 


Figure  2.  Radially  integrated  intensity  profiles  for  the  SF  and  injected  pulse  at  Z  =  5.3  cm  penetra¬ 
tion  depth.  The  injected  pulse  is  initially  Gaussian  in  r  and  t  with  widths  rg  =  0.24  aa  and 

t  -  4  nsec,  respectively,  and  initial  on-axis  area  8  =  n.  Further,  (e,-E  )/(e.-e?)  =  126.6; 
P  -i  .1  -  1  -  - 

g  =>  17  ca  ;  g  *  641.7  cm  ;  F  a  8400;  F  a  2505;  T,  =  80  nsec;  T,  a  70  nsec,  where  T,  and 

P  S.  p  S  *  4  1 

T2  are  taken  to  be  the  same  for  each  transition. 

Figure  3.  Radially  integrated  intensity  profiles  of  SF  pulses  at  a  propagation  depth  Z  =  5.3  cm  for 
three  different  values  for  the  input  radial  shape  paraaieter  v.  The  injected  pulse  ia  ini¬ 
tially  Gaussian  in  X,  and  has  radial  and  tes^orai  widths  as  for  Figure  2  with  initial  on-axis 

area  8  *  2n.  In  this  case,  g_  a  14.2  cm  *;  g  *  758.3  cm  1 ;  F  =  2960;  F  a  7017,  with  all 
,  P  *  5  P 

other  parameters  the  same  as  for  Figure  2.  Here,  curve  1,  v  =  2;  curve  2,  v  =  3;  curve  3, 
v  a  4,  (see  text). 

Figure  4.  Isometric  SF  intensity  (t  versus  p)  at  a  propagation  depth  Z  =  5.3  cm  for  three  different 
values  for  use  input  radial  shape  parameter  »/.  This  figure  complements  Figure  3. 

Figure  5.  Radially  integrated  intensity  profiles  of  SF  pulses  at  a  propagation  dept  Z  a  5.3  cm  for  two 
different  values  for  the  input  pulse  temporal  shape  parameter  a.  The  injected  pulse  is 
initially  Gaussian  in  r,  and  has  radial  and  temporal  widths  as  for  Figure  2  with  initial 

on-axis  area  8  a  3 n.  In  this  case,  gg  -  641.7  cm  *;  Fg  ~  2505  and  all  other  parameters  are 
the  same  as  for  Figure  3.  Here  curve  1,  a  =  2;  curve  2,  (J  =  4  (see  text). 

Figure  6.  Radially  integrated  intensity  profiles  of  SF  pulses  for  five  different  values  for  the  tempo¬ 
ral  width,  Xp  of  the  injected  signal:  curve  1,  xp  a  4  nsec;  curve  2,  xp  *  3.3  nsec;  curve  3, 

Xp  a  2.9  nsec;  curve  4,  xp  a  2.5  nsec;  curve  5,  Xp  =  2.2  nsec. 

Figure  7.  Radially  integrated  intensity  profile  of  SF  pulses  at  a  propagation  depth  Z  =  5.3  cm  for  five 
different  values  of  the  spatial  width  Tp  of  the  injected  pump  (thus  of  the  associated  Fresnel 

number):  curve  1,  7s  0.69;  curve  2,  7-  0.40jcurve  3,  7  -  0.24;  curve  4,  7  -  0.17  and 

curve  5,  0. 10. 


Figure  3.  Contrast  of  ST  (top  line)  and  Puap  (botton  line)  Energy  isoaetric  versus  t  and  p  at  a  propa* 
gation  depth  Z  «  5.3  cs  for  different  values  of  the  Puap  Fresnel  nuaber  (associated  with  the 
initial  spatial  width  of  the  injected  signal):  curve  1,  7  s  4.0;  cuive  2,  7=  2.26; 

curve  3,  7  **  .0;  curve  4,  7*  0.69;  curve  5,  7=  0.40;  curve  6,  7a  0-27  and  curve  7, 

7*  0.10. 

Figure  9.  Radially  integrated  intensity  profiles  of  SF  pulses  for  three  different  values  for  the  ini* 
tial  on-axis  injection  pulse  area  8^;  curve  1,8^  =  n;  curve  2,  8p  ■  2n;  curve  3,  6p  *  3n. 

All  other  paraaeters  are  the  saae  as  for  Figure  2,  except  for  g  =  291.7  ca”1  and 
F§  *  1138.7.  * 

Figure  10.  Radially  integrated  intensity  profile  of  SF  pulses  for  three  different  fora  of  the  injected 
puap:  curve  1,  front  half  Gaussian  fora;  curve  2,  full  Gausaian  and  curve  3,  reflected  half 
Gaussian. 

Figure  11.  Radially  integrated  intensity  profile  of  SF  pulses  for  three  different  atoaic  density  M. 
Froa  curve  a  to  curve  d,  the  density  ratios  are:  b/a  -  1.4,  c/a  -  1.8.  d/«  -  2.2. 
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ABSTRACT 


This  document  presents  the  system  developed  to  support  the  numerical  laser 
modeling  project  at  the  Unlversite  de  Montreal  in  conjunction  with  the  Polytechnic 
Institute  of  New  York.  This  tool  represents  a  mechanism  for  practical  parametric 
simulation  studies  of  real-life  experiments  in  quantum  Electronics.  The  goal  of 
this  system  is  to  offer  a  reliable,  adaptable  and  easy  tool  to  the  production  and 
study  of  laser  simulations,  a  study  mainly  done  through  drawings  and  comparisons 
of  functions.  Organized  around  SIMRES  and  DATSIM  type  files,  this  system  en- 
compasses  software  packages  which  control  file  access,  application  programs  and 
the  very  laser  programs.  The  SIMRES  files  are  self-descriptive  and  can  store 
in  the  same  direct  access  file  all  the  information  relative  to  a  simulation. 

The  SIMRES  package  is  used  to  generate  a  SIMRES  file  while  the  XTRACT  package 
permits  the  reading  of  the  information  stored  an  a  SIMRES  file.  The  DATSIM  files 
regroup  on  one  file,  permanently  located  on  disk,  a  summary  of  the  SIMRES  files 
(because  of  their  size  these  must  be  filed  away  on  a  magnetic  type).  The  DATSIM 
package  permits  the  reading  and  the  writing  procedures  of  the  DATSIM  files.  This 
document  also  presents  three  of  the  principal  application  programs:  the  DEFFARM 
program  which  helps  the  user  to  construct  parameter  games  for  the  simulation  pro¬ 
grams,  Che  DESRES  program  which  plots  the  simulation  results,  and  the  SYNTH 
program  which  oakes  the  comparisons.  Finally,  the  document  presents  the  different 
laser  programs. 


*  Jointly  supported  by  F.P.Mattar,  the  U.S.  Army  Research  Office,  the  U.S.  Office 
of  Naval  Research,  the  U.S.  Science  Foundation  Research  Corporation,  Battelle 
Colombus  Lab.  and  the  Canadian  Defense  Research  Establishment  at  Valcartier. 


INTRODUCTION 


The  laser  numerical  nodsling  project  begin  over  three  years  ago  at  the  University  of 
Montreal.  A  first  production  system,  which  oeraitted  generation  of  laser  simulations  and 
graphic  representation  of  the  results  was  then  see  up. 

This  first  system  was  based  on  a  fixed  structure  of  the  result  files,  and  the  programs 
using  this  structure  were  conseauently  not  very  flexible. 

Eventually,  new  needs  aopeared  (catalogs  and  comparisons)  and  their  implementation 
made  the  system  more  complex  and  less  efficient  as  these  new  possibilities  could  not  always 
be  adequately  integrated.  einally,  new  models  were  introduced  to  the  system  for  which  the 
fixed  format  was  not  adequate. 

A  second  system,  more  flexible  and  more  powerful,  was  undertaken  in  May  1981.  The 
object  of  this  document  is  to  present  this  new  system.  It  consists,  on  the  one  hand,  of 
a  nucleus,  made  of  general  nackages,  which  neraits  the  creation  and  manioulation  of  result 
files  consisting  of  functions  of  arbitrary  dimensionality;  and  on  the  other,  of  a  set  of 
programs  adapted  to  precise  tasks  (graphic  renrensentation  of  the  results,  comparisons). 

The  order  of  the  sections  goes  from  the  general  to  the  particular. 

Section  two  presents  the  objectives  which  oriented  the  design  and  implementation  of 
the  system. 

Section  three  gives  a  comprehensive  view  of  the  system. 

Section  four  presents  the  different  packages  forming  the  nucleus. 

Section  five  presents  the  programs  which  generate  the  various  products  (drawings, 
catalogs)  of  the  laser  modeling' project. 

The  conclusion  returns  to  the  objectives  presented  In  section  two  and  discusses  to  wha 
extent  they  have  been  attained. 


u  -  QB.recTr'-s 


The  design  of  the  different  packages  composing  the  production  system  tor  the  laser 
numerical  nodal lag  project  has  been  elaborated  from  tha  following  goals: 

-  nodularity 

-  flexibility 

-  raliability 

-  efficiency 

-  transportability 

-  adequate  documentation 

2.1  MOOPLARITY 

Modularity  iaplies  that  a  job  is  divided  into  tasks  and  that  execution  of  a  given  task 
is  confined  within  a  set  of  routines. 

By  proceeding,  such  a  task  is  isolated  from  the  rest  of  the  program.  The  use  of 
packages  is  modular  since  they  are  indenendent  from  the  programs  and  can  therefore  be  used 
in  various  ways  in  various  programs. 

2.2  FLEXIBILITY 

Flexibility  is  the  Quality  of  a  software  which  not  only  answers  a  precise  need  but 
also  adapes  to  a  range  of  similar  problems. 

Software  products  must  therefore  be  given  a  maximum  of  generality  and  flexibility  in 
view  of  current  end  future  needs.  Ideally,  a  software  should  handle  the  general  case. 

But  in  reality,  it  is  often  neither  possible  nor  desirable;  and  restrictions  are 

necessary. 

In  such  cases,  flexibility  is  then  measured  by  the  facility  with  which  the  software 
can  be  modified  in  order  to  bypajs  its  limitations  or  restrict  their  impact. 

2.3  RSI I ABILITY 

Reliability  combines  two  major  aspects. 

The  first  aspect  is  that  a  software  must  give  the  control  back  tc  the  operating  system 
only  if  it  wishes  to  do  so.  This  means  that  a  software  must  prevent  conditions  (such  as 
memory  ovorflow)  whore  tho  eporating  systom  would  otherwise  force  it  to  stop. 

The  second  aepect  is  that  when  a  routine  or  a  program  does  return  results,  these  must 
be  correct;  otherwise  so  results  are  produced  and  ah  error  message  is  returned. 

2.4  ZFFICIgMCY 

When  designing  a  software,  the  limited  and  often  costly  resources  given  by  an  operating 
system,  often  shared  by  many  users,  must  be  taken  into  account. 

Techniques  which  minimite  factors  such  as  computation  time,  memory  requirements  and 
disk  access  are  thus  essential.  Moreover,  reduced* use  of  the  resources  may  have  a  positive 
impact  on  the  turnaround  time,  and  then  again,  these  optimisations  will  directly  benefit 
the  user. 

2.5  TRAXS7C3TAB It ITY 

It  is  often  difficult  to  produce  perfectly  transportable  software  products.  Neverthe¬ 
less,  techniques  can  be  used  to  increase  software  transportability.  Thus,  machine  dependent 
and  installation  dependent  features  must  be  binned.  In  some  cases,  it  is  impossible  to  do 
so  (such  as  in  I/O  routines)  and  critical  actions  must  be  isolated  in  routines  which  tan 
easily  be  modified  to  adapt  to  other  environments . 

2.3  AflZOUATE  TOCLTfBMTATIOM 

Three  types  of  documentation  ar#  necessary  to  describe  i  given  system  adequately: 

Comments  within  the  source  cade  are  necessary  to  maintain  ana  modify  the  software. 

A  separate  technical  manual  complements  the  internal  documentation  with  a  higher  level 
description  jiving  the  overall  design  philosophy  and  indicating  the  global  structure  and 
interdependencies  betveen  the  various  procedures  or  programs. 

Finally,  a  user’s  guide  is  needed  to  indicate  clearly  how  the  software  is  to  be  used. 


Ill  -  A  COMPREHENSIVE  VISM  OF  THE  SYSTEM 


/ 


The  syitn  supporting  the  laser  modeling  project  has  been  developped  on  a  pair  of  C3C 
CY3SA  ITS  computers  at  the  Centre  de  Calcul  of  the  Universit*  de  Montreal.  It  consists  of 
programs  and  packages  written  In  FORTRAN  IV.  The  three  major  tasks  accomplished  by  the 

system  are: 

-  generation  of  simulation  results, 

-  drawings  of  the  results  of  an  individual  simulation, 

-  comparisons  of  results  between  simulations. 

3.1  GENERATION  OF  R2 SUITS 


The  study  of  lasers  is  done  with  programs  simulating  the  special  and  temporal  evolution 
of  a  laser  impulse,  in  conformity  with  a  given  numerical  model.  Initially,  there  was  only 
one  program  which  was  using  a  single  laser  cylindrical  model.  Eventually,  with  developments 
in  the  physics  theory,  the  initial  model  was  improved  fit  now  takes  into  account  Doopler 
effects,  oscillatory  phenomena,  ...)  and  new  models  were  developped  (2-laser  model,  Cartesian 
model).  There  are  now  many  laser  simulation  programs,  each  being  the  starting  point  of  a 
data-base  of  results  associated  with  the  model. 

Each  simulation  is  controlled  by  a  set  of  oarameters  defining  the  material  and  the  field 
through  which  the  laser  impulse  propagates.  These  parameters  are  given  to  the  laser  programs 
as  FORTRAN  NAMELISTs.  For  each  model,  simulations  are  identified  through  a  unique  number. 

This  number  is* included  in  the  NAMELISTs  as  a  special  parameter.  The  results  of  a  simulation 
are  written  on  SIMRSS  type  files  (Simulation  RSSults) .  Each  file  is  identified  through  a  root 
to  which  a  suffix  is  added;  the  root  corresponds  to  the  identifier  of  the  program  which  pro¬ 
duced  the  simulation,  and  the  suffix  is  the  simulation  number. 

SIMRSS  files  contain  general  information  (name  of  the  originating  program,  version  number 
of  the  program,  creation  date  of  the  file,  ...),  the  list  of  the  simulation  parameters,  and 
the  results  of  the  simulation.  The  way  results  of  a  simulation  are  handled  can  be  summarized 
in  the  following  manner: 

-  The  programs  evaluate  functions  of  varying  dimensionality  and  the  parameters  of  the 
simulation  determine  at  what  points  these  functions  must  be  evaluated. 

-  Values  of  the  functions  are  kept  in  SIMRSS  files  for  a  given  sample  of  evaluation  points. 

As  can  be  seen,  all  the  information  relative  to  a  simulation  is  kept  on  a  single  entity, 
i.e.  the  S IMRES  file.  In  this  basic  scheme  (NAMELISTs,  sisnilation  programs,  SIMRSS  files), 
DATSIM  type  files  and  the  program  OEFFARM  were  added.  The  program  DEFPARM  (OEFinition  ?ARa- 
Meters)  is  used  to  assist  the  user  in  writing  NAMELISTs.  It  is  an  interactive  program  which 
allows  the  user  to  describe  a  simulation  of  a  family  of  simulations  by  using  a  compact  syntax, 
and  in  return  produces  the  corresponding  NAMELISTs.  Although  this  program  may  not  be  essential, 
its  advantage  is  to  relieve  the  user  of  the  chore  of  writing  often  repetitive  NAMELISTs. 

It  also  avoids  trivial  errors  such  as  syntax  errors  in  NAMELISTs  and  errors  in  parameter 
names . 

The  emergence  of  DATSIM  files  is  linked  to  a  context  or  intense  production.  Moreover,  to 
be  efficient  at  a  production  level,  it  is  necessary  that  any  information  concerning  anr  given 
produced  simulation  be  available.  SIMRES  files  being  too  large  and  too  numerous  to  be  all  keot 
on  disk,  a  mechanism  has  been  laid  to  transfer  data  between  disk  and  tape.  This  archival  sys¬ 
tem  is  essential,  but  it  considerably  slows  the  access  to  information.  'To  be  efficient,  we 
must  then  compromise  and  keep  on  disk  some  high  priority  informations  concerning  all  produced 
simulations . 

The  informations  are  gathered  in  a  data  base  consisting  of  DATSIM  type  files  (2 AT a  SIMul- 
ation) .  DATSIM  flies  contain,  for  every  simulation  produced  by  the  orogram: 

-  general  informations,  identical  to  those  on  SIMRES  riles, 

-  values  of  the  simulation  parameters, 

•  evaluation  points  and  values  of  the  functions  used  in  comparisons. 

The  program  MAJOTS  (Mise-A-Jour-updats,  DsTSim)  reads  useful  informations  on  a  SIMRES  fils 
and  writes  them  on  the  SIMRSS  file.  It  is  noteworthy  that  the  information  contained  in  the 
DATSIM  file  is  used  by  the  program  3EFPARM  to  get  the  numbers  to  be  assigned  to  new  simulations. 

The  configuration  of  the  system,  as  regards  to  :he  production  of  simulations  is  riven  at 
figure  3.1. 

The  suffixes  1CFS,  ICFS,  1?S,  1?1S  refer  to  :he  different  laser  models  (these  will  be 
explained  in  Section  3). 


Consider  model  1CF5  (I-laser  Cylindric  Frequency  Sticij:i:i  .model) .  The  program  DEF7ARM 
takes  the  specifications  front  the  user,  validates  then  and  writes  on  the  file  5X1CFS  (Siaul- 
atioas  to  be  executed)  the  data  needed  to  produce  the  simulations  requested.  Then,  the  program 
UUCFS  (LaseR)  reads  the  appropriate  date  on  the  file  SX1CF3 ,  generates  the  simulation  and 
produces  a  S IMRES  file  whose  identifier  is  LRICFS  (no)  ((no):  simulation  nuaber) . 

Finally,  the  file  LR1CFS  (no)  jives  the  program  MAJDTS  the  inforaation  needed  to  register 
the  simulation  on  the  file  DT1CFS  (DaTsim)  which  contains  a  sumary  of  the  siaulations  carried 
out  with  the  aodel  1C?S. 

3.1  DRAWINGS  0?  A  SIMULATION 

The  study  of  the  simulation  results  requires  graphic  support  in  order  to  visualize  the 
profiles  of  the  functions  evaluated  by  the  simulation  prograas.  The  prograa  DESRES  (dessin- 
drawing,  simres)  has  been  designed  to  offer  such  assistance.  This  prograa  can  be  used  either 
in  batch  or  interactive  mode. 

Drawings  needed  are  specified  by  using  a  syntax  whose  structure  is  similar  to  that  of  a 
prograa  and  allows  inner  loops  on  siaulations,  functions,  selection  criteria,  etc.  The  user 
can  thus  indicate  in  a  short* way  what  drawings  he  wishes  to  have. 

The  coaaands  given  by  the  user  are  analysed  by  the  program  DESRES,  which  breaks  thea  up 
in  single  units,  using  the  package  XTRACT.  The  SIMRES  files  then  give  all  the  inforaation 
needed  to  identify  and  produce  the  drawings.  There  are  four  types  of  drawings  available: 

-  2 -dimensional  representation  of  a  function, 

-  3-dimensional  representation  of  a  function, 

-  2-diaensional  projection  of  a  3-d  representation. 

The  3-0  projections  and  the  level  curves  are  performed  by  the  prograa  TRASURF  (CACM 
sept  / 74) . 

Figure  3.2  presents  the  portion  of  the  system  which  carries  out  the  production  of 
drawings . 

3.3  COMPARISONS  0?  RESULTS  3ETVE5N  SIMULATIONS 

The  prograa  SYNTH  (SYNTHesis)  has  been  designed  to  allow  comparisons  of  results  'oeeveen 
siaulations.  A  comparison  is  done  by  superposing  on  one  drawing  2-diaensior.al  representations 
of  either  functions  coming  frss  different  siaulations  or  functions  for  which  each  point  comes 
from  a  different  simulation.  The  prograa  SYNTH  is  a  powerful  tool;  it  can  be  used  in  both 
interactive  and  batch  aode  and  its  scope  includes  the  three  following  applications: 

-  Coaparison  inside  one  simulation. 

-  Comparisons  between  siaulations  of  a  same  aodel,  bringing  out  the  role  of  certain 
parameters  in  2  or  aore  laser  models,  and  the  role  each  laser  plays. 

-  Comparisons  between  the  different  models  to  demonstrate  their  impact.  The  user  speci¬ 
fies  the  work  to  be  done  either  by  defining  the  objects  to  be  compared  and  the  comparison 
criteria  or  by  indicating  where  to  search  for  the  objects  to  be  compared  and  how  to  organize 
the  comparison.  In  this  last  case,  part  of  the  search  procedure  needed  for  the  definition 

of  the  coaparison  is  done  by  the  SYNTH  prograa. 

After  validating  and  accepting  the  request,  the  SYNTH  program  produces  the  necessary 
headings  identifying  the  comparison  (by  isolating  the  fixed  parameters  from  the  variable  ones) 
thea  effects  the  drawings  corresponding  to  the  comparison. 

The  running  of  a  comparison  requires  ail  the  information  needed  at  the  same  time  on  one 
disk.  It  is  at  this  level  that  the  DATSIM  tiles  are  useful  as  chsv  give  access  to  the  para- 
aeter  list  of  all  the  simulations  already  produced  and  to  certain  functions  often  used  in  the 
comparisons.  Nevertheless,  the  data  on  the  DATSIM  files  are  not  always  sufficient,  the  user 
therefore  must  revert  to  the  archival  procedures  of  the  needed  SIMRES  files. 

This  structure  is  presented  in  figure  3.3. 
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IV  -  THE  PACKAGES 


The  packages  are  the  lower  level  of  the  system.  3eside  answering  a  particular  applica¬ 
tion,  their  role  is  to  solve  a  problem  in  a  general  way.  Each  package  is  aade  uo  of  several 
procedures  accomplishing  a  precise  cask.  The  packages  presented  here  are  the  following: 

-  S IMRES  :  generation  of  the  SIMR £S  files; 

-  XTRACT  :  operation  of  the  SIMRES  files; 

-  DATSIM  :  generation  and  operation  of  the  QATSIM  files. 

4.1  THE  SIMRES  PACKAGE 

The  SIMRES  package  alma,  on  the  one  hand,  to  keep  on  one  single  file  all  the  information 
relative  to  a  simulation  and  on  the  ocher,  to  provide  self-descriptive  files,  or  files  that 
carry  the  necessary  information  to  describe  their  organization.  3y  proceding  this  way,  the 
integrity  of  the  information  is  insured  (all  data  relating  to  one  simulation  is  concentrated 
in  one  file)  and  the  system  is  given  a  greater  flexibility  when  faced  with  changes  (the  orga¬ 
nization  of  the  file  varies,  the  key  is  in  its  description). 

4.1.1  DESIGN  OF  THE  RESULTS  RILES 

The  different  simulation  models  describe  the  evolution  of  a  laser  pulse  in  a  space  of  n 
dimensions.  The  value  of  n,  the  number  of  dimensions,  depends  on  the  model.  To  each  dimen¬ 
sion  corresponds  an  axis  identified  by  a  name  and  by  units.  The  simulation  programs  results 
are  functions  defined  on  the  reals: 

=  tRdi  -  a 

where  i  *  1,2,...,M  (M  »  number  of  functions) 

o  <  d£  <  M  (N  3  number  of  dimensions  of  the  simulation  space) . 

For  instance,  in  the  1CFS  model  involving  a  4  dimension  space  defined  by  the  3TASTIC, 

ETA,  RHO  and  TAU  axes,  the  0  POWER  function  depends  on  the  STATISTIC,  ETA  and  7AU  axes 
(N  •  4  and  djj  P0WER  3  3) . 

The  functions  assessed  by  the  simulation  programs  corresoond  to  continuous  phenomena. 

3ut  the  fact  of  using  a  computer  makes  it  imnortant  to  make  them  discrete.  Thus,  the  points 
at  which  a  function  has  to  be  assessed  is  determined  by  associating  them  to  a  sampling  grid. 
When  only  one  sampling  grid  is  used  for  ail  the  functions,  it  can  be  said  that  this  grid 
constitutes  the  discrete  space  in  which  the  simulation  evolves. 

It  would  be  very  costly  to  keep,  for  each  value  of  a  function,  the  value  of  its  points 
of  assessments.  It  is  thus  of  prime  importance  to  find  a  mors  comoact  method  to  describe  the 
sampling  grids. 

The  simplest  sampling  grid  is  the  linear  orthogonal  grid  which  can  be  described  by  giving 
for  each  of  the  axes  that  make  up  that  grid,  a  starting  point,  an  increment  and  the  number  of 
points  on  the  axis.  Figure  4.1  shows  such  a  grid. 

However,  the  linear  orthogonal  jTid  offers  little  flexibility.  Thus,  in  order  to  follow 
more  adequately  the  phenomenon  under  study,  there  would  be  a  need  for  a  grid  where  the  dis¬ 
tance  between  the  points,  instead  or  being  uniform,  is  smaller  in  certain  areas  than  in  others 
This  will  define  a  finer  grid  where  the  phenomenon  is  more  interesting.  Such  a  grid  is  said 
to  be  "nonlinear  orthogonal”  and  can  be  described  by  keeping  for  each  of  the  axis  the  value 
of  the  chosen  point:  see  figure  4.2. 

Moreover,  there  may  be  a  need  for  a  grid  even  more  adapted  to  the  phenomenon  under  study, 
for  instance  tor  a  grid  without  the  constraints  of  orthogonality.  In  this  case,  the  coordi¬ 
nate  of  the  grid  associated  to  an  axis  depends  on  the  value  on  that  axis  and  possibly  on  the 
values  on  other  axes.  A  grid  in  &N  can  thus  be  described  by  M  sampling  functions  fes,  fa':,., 
fen  each  of  these  functions  depending  of  an  axis  or  on  several  axes  for  its  assessment.  What 
is  stored  to  describe  the  grid  is  then  the  values  of  the  functions.  Thus,  in  figure  4.3, 
which  illustrates  a  nonlinear  orthogonal  grid,  the  sampling  grid  fev,  depending  only  on  the  Y 
axis,  is  completely  described  by  a  .  points  vector  and  the  function  fex,  depending  or.  axes 
x  and  y,  is  described  by  a  matrix  of  ?x?  points. 

This  last  method  is  the  most  advantageous  and  thus,  it  i3  the  one  most  used  here. 

In  fact,  this  method  permits  the  description  of  grids  as  general  as  possible  while  avoiding 
the  redundancy  of  the  information  at  the  level  of  the  values  of  the  points  on  the  axes.  For 
ehis  method,  the  use  of  space  is  proportional  to  the  "complexity"  of  the  sampling  functions. 


The  definition  of  a  sampling  grid  often  requires  that  the  points  be  sufficiently  close 
together  snd  sufficiently  numerous  to  assure  the  stability  of  the  numerical  techniques  used. 
Thus,  it  is  possible  to  "store  aore  information  than  is  required  to  yisuaiite  the  phenomena. 
Sven  aore,  it  is  possible  that  the  results  files  aay  not  be  kept  on  the  same  disk  'unit: 
for  iastaaee,  the  comolete  Cartesian  laser  model  assures  tour  functions  for  aore  than  a 
billion  points  (T  ooints  for  ehe  STATISTIC  axis  x  300  for  the  STA  axis  x  33  for  the  X  axis 
x  03  for  the  Y  axis  x  54  for  the  7AU  axis)  which  is  far  beyond  the  space  capacity  of  a  disk. 

It  is  thus  essential  to  reduce  the  volume  of  data  to  be  put  on  file.  This  is  done  by 
introducing  a  selection  mechanism  which  chooses  chose  ooints  of  a  sampling  function  for 
which  the  data  is  effectively  being  stored.  This  selsction  is  done  by  specifying  the  number 
of  the  startiag  point  and  an  increment  in  number  of  points.  This  simple  way  of  proceding, 
together  with  an  as  precise  a  grid  as  is  required  gives  enough  flexibility  to  make  a  perti¬ 
nent  choice  of  data  for  storage. 

4.1.2  USAGE  OF  THE  STHRES  PACKAGE 

The  procedures  of  the  SUSIES  package  create  the  SIMTMP  files  (SIM  for  simulation  and 
IMP  for  temporary)  which  will  later  be  converted  to  SIMRES  files.  These  procedures  are: 

-  SIMSES  :  initialisation  of  the  package; 

-  SIMAXE  ;  definition  of  the  axes; 

-  SIMECH  :  definition  of  the  sampling  functions; 

-  SIMFCT  :  definition  of  the  functions; 

-  SIMSSL  :  definition  of  the  selectors; 

-  SIMVAL  ;  writing  of  the  values; 

-  SIMAVC  :  positioning  of  the  selectors; 

-  SIMFIN  :  end  of  processing. 

Figure  4.4  is  a  diagram  showing  the  sequence  of  the  package  procedure  calls  and  the  uses  of 
the  special  parameters,  that  is:  those  which  identify  the  axes,  the  sampling  functions,  the 
results  functions  and  those  vhich  build  the  dependencies  between  the  sampling  functions  ar.d 
the  axes,  between  the  results  functions  and  the  sampling  functions.  All  this  is  explained 
more  fully  in  the  following  paragraohs. 

The  SIMDE3  procedure  initialises  the  writing  process  of  a  SIMTM?  file  and  records  the 
Identification  and  the  aain  characteristics  of  the  simulation.  The  parameters  of  the  proce¬ 
dure  are  the  following: 

-  LTLSIM  :  unit  number  of  E/S  associated  to  the  SIMTMP  file; 

-  ULPR.NT:  unit  number  of  5/S  associated  to  the  print  file; 

*  IORI  :  name  of  the  program  creating  the  SIMTMP  tile; 

-  IVER  :  program  version; 

-  UOSTM  :  simulation  number; 

-  .V3AX5  :  axes  number; 

-  MBECH  :  number  of  the  sampling  functions; 

-  MBFCT  :  number  of  results  functions. 

Figure  4.3  shows  an  example  of  a  program  when  3  functions  in  a  2  dimension  space  is  assessed, 
•or  this  example,  the  call  corresionding  to  SIMDE3  would  be  the  following: 

CALI  SIMDE3  (1,5,  'SIMUL',  '1.0',  1,  Z,  Z,  3) 

The  SIMAXE  procedure  i3  used  to  declare  each  of  the  axes  defining  the  simulation  space. 
The  order  in  which  the  axes  are  declared  determines  the  order  in  which  the  SIMVAL  procecure 
will  receive  the  values  of  the  functions.  The  procedure  receives  in  parameter  the  following 
information: 


I3AX2  :  the  axis  identifier; 


-  NPTAXS:  eh*  number  of  points  of  the  axis; 

-  UNITAX:  th*  MXSA  units  us*d  for  th*  graduation  of  eh*  axis  (meters,  seconds,  . ..); 

-  EXPUNT:  th*  exponent  affecting  eh*  units,  for  instance:  if  UNITAX  •  'seconds'  and 

EXEUNT  *  >6,  we  hav*  microseconds; 

-  rACJNT:  the  multiplying  factor  affecting  th*  units. 

Th*  received  information  is  recorded  in  th*  SIMTMP  files.  In  exchange,  the  procedure  ini¬ 
tializes  th*  XUHAXS  parameter  (number  of  th*  axis)  which  identifies  the  axis  in  th*  SIMRSS 
and  9EPAXS  (axis  dependency)  package  which  will  mark  the  dependency  of  a  sampling  function 
with  regards  to  an  axis.  It  is  important  to  note  her*  that  the  value  given  to  the  DEPAXE 
parameter  is  in  the  power  of  two,  thus  th*  dependencies  can  be  combined  by  addition.  For 
example,  th*  calls  for  SXMAXZ  will  be  th*  following: 

SIMAX2  ('x*,  7.  'METERS’,  -2,  1.0,  NUMAXX,  3EPAXX) 

simaxe  ey,  a,  'meters*,  -2,  1.0,  nukaxy,  oepaxy) 

Th*  SIMECH  declares  to  th*  SIMRSS  package  th*  sampling  function.  Th*  procedure  t  .wes 
in  parameter: 

-  IDFECH  :  the  identifier  of  th*  sampling  function; 

•  NUMAXS  :  the  number  of  th*  axis  tp .which  th*  function  applies; 

-  DEPAXS  :  dependency  in  term  of  th*  axes  of  th*  sanoling  function,  DEPAXS  *  -  DEPAX2 

ke(i)  k 

where  k  corresponds  to  the  axes  of  which  depends  th*  function  and  (i)  is  the 
body  of  available  dependencies  for  the  axes. 

In  exchange,  th*  procedure  initializes  th*  NUMFEC  parameter  (number  of  the  sampling  function) 
which  identifies  th*  sampling  function  when  recording  its  values  and  the  OEPFEC  parameter 
(dependency  of  the  sampling  function)  which  will  be  used  to  mark  the  deoendency  of  a  results 
function  as  to  a  sampling  function.  In  the  example,  the  calls  to  SIMECH  would  be: 

SIMECH  C’XFC’,  NOMAXX,  3EPAXX  *  OEPAXY,  NUMFCX,  OEPFCX) 

SIMECH  (' YFC' ,  XOKAXY,  OEPAXY,  MUMFCY,  DEPFCY) 

The  SIMFCT  procedure  defines  a  results  function  (as  opposed  to  a  sampling  function).  The 
procedure  receives  in  parameter  th*  identifier  of  the  function  (IDrCT)  and  its  dependency  in 
term  of  sampling  functions  (sum  of  th*  value  type  OEPFEC  fedback  by  SIMECH) .  The  NUMFCT  pa¬ 
rameter  reeurns  the  number  of  th*  function:  it  is  the  number  that  must  be  used  in  the  calls 
to  SIMVAL  to  identify  th*  values  of  a  function.  Thus,  in  the  example  used  here,  the  three 
functions  would  be  defined  as  follows: 

SIMFCT  (’BNER’,  OEPFCX  •  DEPFCT,  NUMFEN) 

SIMFCT  (*?SA £X’,  DEPFCY,  NUMFPX) 

% 

SIMFCT  ('PEATY’,  OEPFCX,  NUMFPY) 

Th*  procedure  SIMSEL  changes  the  value  of  lack  of  selectors  of  an  axis  for  one  or  several 
functions.  By  their  absence,  all  the  noiats  of  an  axis  are  selected.  The  parameters  of  the 
SIMSEL  procedure  are  the  following  (there  is  no  exit  parameters): 

-  TA3FCT  :  vector  containing  the  numbers  of  the  functions;  . 

-  OIMTAB  :  give  th*  number  of  elements  in  TA3FCT; 

-  NCMAXE  :  number  of  the  axis  for  which  the  selectors  are  to  be  changed; ' 

-  DE3SSL  :  number  of  the  first  selected  point; 

-  INCSZL  :  increment  for  the  selected  points. 

It  must  be  noted  that  changing  the  selectors  of  an  axis  affects  only  those  functions  whose 
numbers  have  been  received  by  SIMSEL.  Thus,  in  our  example,  the -following  call: 

SIMSEL  (NUMFEN,  1,  NUJIAXY,  1,  2) 


imolies  that  the  values  of  function  ENER  will  be  kept  only  for  1  of  2  points  of .  the  Y  axis, 
but  this  does  not  touch  the  F1ACC  function  which  also  depends  on  the  Y  axis. 

The  SIMPAR  oroctdure  allows  the  addition  to  the  SIMTMP  file  of  the  simulation  parameters 
in  that  way,  the  data  needed  to  identify  the  simulation  always  comes  with  the  results.  The 
procedure  receives  the  following  information: 

NAME  :  parameter  identifier; 

TYPE  :  complete  code  giving  the  type  of  the  parameter  (0  for  complete,  1  for  real,  .. 

VALUE  :  list  of  values  of  the  parameter  (vectorial  parameters  are  allowed); 

MSELSM  :  number  of  elements  in  VALUE  array. 

Thus,  in  our  example,  there  will  be  the  two  following  calls: 

SIMPAR  ('PHI',  1,  20.0.  1) 

SIMPAR  ('THETA',  1,  4S.0,  1) 

The  SIMVAL  procedure  writes  the  values  of  the  sampling  functions  or  results  functions. 
The  SLMRES  package  awaits  the  values  of  the  functions  in  an  order  which  is  induced  by  the 
axes  declaration,  the  last  declared  axis  varies  first.  As  there  is  no  order  among  the  func¬ 
tions,  and  as  each  function  can  evolve  at  its  own  rytha,  it  is  expected  that  the  values  of 
a  same  function  are  dispersed  in  the  SIMTMP  file.  It  is  thus  necessary  that  the  SIMVAL 
procedure  precedes  each  block  of  values  by  a  label  identifying  the  function  and  the  length 
of  the  block.  It  is  also  the  SIMVAL  procedure  which  controls  the  application  of  the  selec¬ 
tors  (thus  it  may  happen  that  SIMVAL  is  called  and  that  nothing  is  written  on  the  SIMTMP 
file).  The  parameters  of  the  procedure  are  the  following  ones: 

-  MOFCT  :  number  of  the  sampling  or  result  function; 

-  TABVAL:  list  of  values; 

-  NBVAL  :  number  of  values  in  TABVAL. 

Figure  A. 4  gives  a  valid  scenario  far  one  example  showing  the  use  of  the  SIMVAL  procedure. 

The  SIMAYC  procedure  was  conceived  to  make  nre-oositionlng  and  in  that  way  contravene 
the  order  imposed  by  the  writing  of  the  values  of  the  functions.  The  procedure  changes  the 
context  of  the  required  functions  by  replacing  the  numbers  of  the  last  points  of  the  axes 
that  have  been  recorded  by  numbers  entered  in  oarameters.  This  "skip”  is  noted  in  the  SIMTMP 
file  by  a  special  label.  Thus  this  procedure  avoids  loading  the  SIMTMP  file  with  unusable 
values  where  it  is  impossible  to  correctly  assess  one  or  several  functions.  The  parameters 
of  this  procedure  are  as  follows: 

-  TA3FCT  :  list  of  functions  numbers  for  which  the  context  is  to  be  changed; 

-  NBFCT  :  number  of  functions; 

-  TAB IMD  :  list  of  the  numbers  of  the  points  on  the  axes  for  each  declared  axis; 

-  MB IMD  :  number  of  values  in  TA3IND. 

The  SIMFIN  procedure,  which  has  no  parameter,  must  be  called  on  to  terminate  the  genera¬ 
tion  of  the  SIMTMP  file.  This  procedure  adds  an  end  of  file  mark  to  the  SIMTMP  file. 

4.1.3  CONVERSION  OF  SIMTMP  TO  S IMRES 

The  SIMTMP  file  is  a  sequential  file  in  which  the  position  of  the  values  associated  to 
the  different  functions  depends  on  the  order  in  which  they  are  written.  The  dispersion  of 
the  information  in  the  SIMTMP  file  makes  the  sesrch  for  the  values  of  a  function  quits  long 
and  complex.  The  SIMNET  program  (SIM  for  simulation  and  NET  for  cleaning)  has  thus  been 
created  to  convert  a  SIMTMP  file  to  a  direct  access  file  in  which  the  values  of  a  same  func¬ 
tion  will  be  in  consecutive  locations.  This  new  file  format  is  the  SIMR2S  format. 


Figure  4.T  shows  the  functioning  of  the  SIMNET  program.  It  is  possible  to  treats  a  file 
where  the  values  of  each  function  are  pooled  because  the  S IMRES  program  knows  the  .number  of 
values  of  each  function  and  can  thus  assess  the  locations  where  the  writing  is  to  be  mace. 

For  this,  a  memory  tone  is  divided  in  as  many  buffers  as  there  are  functions  on  the  SIMTMP 
file.  The  site  of  each  buffer  is  determined  ir.  such  a  way  as  to  minimize  the  number  access 
to  the  disk.  The  program  reads  the  SIMTMP  file  sequentially,  pools  the  "bits”  of  functions 
in  the  appropriate' buffer  and,  when  the  buffer  is  full,  it  is  written  at  its  place  in  the 


/ 


The  siz*  of  tho  memory  zono  required  for  proper  functioning  has  sad#  ic  necessarv  to 
ope  for  a  special  coavtrsion  program  rather  chan  directly  writing  tho  rtsults  in  the  SIMRES 
format.  Ie  has  ehus  boon  doomed  praforablo  eo  have  a  prograa  using  a  large  working  area 
during  a  shore  else  spread,  rather  chan  adding  this  tine  eo  simulation  prograas  already 
quite  loaded  and  using  already  too  such  else. 

i.Z  THS  TTRACT  PACKAGE 

The  XTRACT  package  allows  the  extraction  of  infornation  from  the  SIMRES  file.  The 
package  procedure  can  be  divided  into  three  sub-groups.  The  first  sub-group  includes  the 
3XTDEB  procedure  which  initializes  the  XTRACT  package.  The  second  includes  the  procedures 
which  extract  the  descriptive  information,  that  is  the  infornation  written  by  the  5IMAXE, 
SIMECH,  SUffCr  and  SIMPAft  procedures.  These  are  procedures  that  work  aore  or  less  alone. 
Finally,  the  procedures  of  the  last  sub-group  extracts  the  values  of  the  function  of  a 
SIMRES  file,  that  is  the  infornation  written  by  tho  SIMVAI.  procedure.  These  procedures 
are  interdependent  and  they  follow  a  rigorous  sequence. 

a.l.l  THE  EXTSBB  PROCEDURE 

The  EXTDEB  procedure  initializes  the  package  and  opens  the  5  IMRES  file  on  which  the 
other  procedures  will  work.  It  is  thus  essential  to  call  the  EXTDEB  procedure  before  trying 
to  extract  any  infornation  from  the  SIMRES  file.  The  procedure  gets  as  paraneter  the  nane 
of  the  SIMRES  file  and  the  number  of  logical  unit  of  E/S  associated  to  the  printing  file. 

In  exchange,  the  procedure  gives  the  following  infornation:  the  name  of  the  progrsa  gene¬ 
rating  the  SIMRES  file,  the  version  nuaber  of  this  prograa,  the  sequential  number  of  the 
file  and  the  computer  on  which  this  file  has  been  generated. 

<•2.2  PROCEDURE  OF  EXTRACTION  OF  THE  DESCRIPTIVE  INFORMATION 

This  sub-group  is  composed  of  the  following  procedures: 

-  EXTT1M  :  gives  the  date  and  the  hour  of  the  generation  of  the  SIMRES  file; 

-  EXTMOM  :  gives  the  axes  identifiers,  the  sampling  functions,  the  result  functions 

or  of  the  parameters; 

-  EXTAX2  :  gives  the  characteristics  of  an  axis; 

•  EXTECH  :  gives  the  characteristics  of  a  sampling  function; 

-  EXT7CT  :  gives  the  characteristics  of  a  results  function; 

-  EXTPAR  :  gives  the  characteristics  of  a  parameter. 

It  is  important  to  note  here  the  particular  role  played  by  the  SXTNOM  procedure,  which  provides 

the  identifiers  of  different  objects  (axes,  functions,  parameters).  Ths  characteristics  of 

those  objects  could  be  later  called  up  by  the  appropriate  procedure. 

The  running  of  each  procedure  is  relatively  easy.  The  input  parameters  identify  the 
needed  information.  This  information  is  extracted  from  the  SIMRES  file  and  returned  to  the 
caller  through  the  output  parameters.  Figure  *. 3  gives  a  list  of  the  parameters  of  each 
of  procedures  of  this  sub-group. 

i.Z. 5  PROCEDURE  FOR  THE  EXTRACTION  OF  THE  RESULTS  FUNCTIONS 

The  procedures  which  extract  the  values  not  only  locate  and  retrieve  the  infornation  on 
the  SIMRES  file  but  they  also  have  a  mechanism  which  splits  the  data  to  be  extracted  in  sub¬ 
groups  or  pages.  Ac  this  ooint,  the  extraction  loop  allows  the  routine  to  receive  data  rage 
by  page.  This  mechanism  has  three  steps. 

The  first  stsp  consists  in  establishing  the  field  of  extraction,  i.e.  the  set  of  eva¬ 
luation  points  for  which  a  value  of  a  given  function  is  needed.  This  specification  is  done 
by  indicating  the  name  of  the  function  and  by  giving,  for  each  of  the  axes  on  which  the  func¬ 
tion  depends,  a  list  of  selection  intervtis.  Each  selection  interval  is  defined  by  the  number 
of  the  first  and  the  last  point  of  the  interval  and  by  an  increment.  Ths  soecial  value,  in 
this  case  0,  allows  us  to  choose  all  the  points  of  an  axis.  For  instance,  for  function  A 
which  depends  on  axis  X,  we  can  choose  the  points  1  to  10  by  sets  of  3  and  the  points  11  to 
30  by  sets  of  2.  The  order  of  the  presentation  of  the  axes  is  important  because  it  induces 
the  nesting  order  of  the  extraction’ loons .  Moreover,  the  choice  of  the  selection  intervals 
must  take  into  account  the  points  for  which  the  requested  function  has  beer,  assessed  and 
written  in  the  SIMRES  files. 

The  second  step  establishes  the  segmentation  of  the  extraction  field  and  the  specifica¬ 
tion  of  the  tuples  configuration  needed.  The  segmentation  of  the  extraction  field  is  done 


by  giving  the  number  of  axes  that  suit  vary  to  form  a  page.  These  varying  axes  ara  always 
the  lass  to  ba  declared,  and  ehay  ara  callad  the  internal  axas.  It  is  thus  the  external 
axas,  those  laft  aside,  which  will  dafina  tha  loops  axtracting  tha  diffarant  pagas.  Figure 
a. 9  gives  an  exaspla  showing  tha  extraction  field  and  tha  sagaantatioa  of  a  function. 

Tha  information  fedback  by  an  "elementary”  extraction  has  a  list  of  tuples  of  tha  form 

(<value  of  the  results  functions  <valua  of  tha  sampling  function  1> . <value  of  tha 

sampling  function  M>)  and  a  list  giving,  for  each  nan-identified  axis  in  tha  tuple,  tha  value 
of  tha  point  where  tha  extraction  has  taken  place.  In  tha  case  of  orthogonal  grids,  tha 
tuples  must  ba  composed  of  tha  value  of  the  function  followed  by  tha  value  of  the  internal 
axas  points.  Tha  list  of  tha  axas  points  should  give  tha  value  of  tha  external  axes  points. 
Thus  tha  varying  data  is  separated  from  tha  fixad  data,  this  avoids  redundancies.  However, 
this  is  not  always  tha  case.  In  fact,  whan  the  grids  ara  not  orthogonal,  it  is  possible 
that  even  the  internal  axas  may  have  different  points  for  each  of  tha  values  of  the  results 
function.  In  order  to  hold  the  possible  diffarant  cases  and  to  permit  a  maximum  of  flexibi¬ 
lity,  the  XTRACT  package  works  either  by  the  explicit  snecification  of  the  composition  of  a 
tuple  or  by  a  specification  by  default  where  all  happens  as  if  in  an  orthogonal  grid.  The 
explicit  specification  of  a  tuple  is  done  by  giving  a  list  of  the  axes  for  which  we  need  the 
values  of  the  point  in  the  tuple.  In  this  case,  the  identification  of  the  points  of  the 
other  axes  is  done  when  possible  in  the  list  of  the  axes  points  (i.e.  as  this  list  gives 
only  one  point  per  axis,  if  1  axis  varies,  the  value  is  indicated  as  1S300) .  Figure  J.10 
shows  the  example  of  figure  4.9  and  the  organization  of  the  tuples  and  the  list  of  axes 
points. 

The  third  and  last  step  consists  in  calling  the  extraction  procedure  as  many  times  as 
needed  by  the  segmentation.  The  role  of  the  package  here  is  to  control  the  evolution  of 
the  loops  dealing  with  the  external  axes,  to  retrieve  the  data  making  up  a  page  on  the  SIMRES 
file  and  to  organize  the  tuples  and  the  list  of  axes  points  according  to  the  required  confi¬ 
guration. 

One  option  of  the  XTRACT  package  gives  as  an  added  information  the  minimums  and  the 
maximums  of  the  functions  and  axes  making  up  a  tuple. 

Indispensable  for  graphic  applications,  this  piece  of  information  can  easily  be  obtained 
if  the  minimums  and  maximums  can* be  assessed  on  one  page.  3uc  this  is  not  always  the  case. 
There  may  be  a  need  for  the  minimums  and  maximums  for  a  larger  set  of  values:  for  examole, 
for  the  field  of  extraction  or  even  for  all  the  SHARES  file.  In  these  cases,  the  aoplication 
program  must  make  a  special  extraction  run  to  assess  the  minimums  and  maximums.  This  task 
has  therefore  been  given  to  the  XTRACT  package  which  will  do  it  in  the  most  efficient  way. 

In  terms  of  application,  by  obtaining  the  minimums  and  maximums,  it  is  possible  to 
establish  a  scale  to  express  the  values  obtained  in  the  tuples.  The  XTRACT  package  can 
assess  the  minimums  and  maximums  on  three  specific  fields  defining  three  types  of  scales: 
the  global  scale,  the  local  scale  and  the  standard  scale.  The  global  scale  is  defined 
by  all  the  values  whether  selected  or  not  from  an  axis  or  a  function.  The  local  scale  is 
defined  by  the  values  of  an  extraction  page.  And  finally,  the  standard  scale  is  defined 
by  the  field  of  extraction  either  by  taking  the  whole  field  or  by  taking  a  sub-set  of  this 

field.  In  this  latter  case,  the  sub-set  is  delimited  by  an  axis,  and  each  time  the  counter 

of  the  axis  is  incremented  (i.e.  there  is  a  change  of  point),  the  minimums  and  maximums  of 

the  points  covered  by  the  interior  axes  must  be  reassessed.  Figure  4.11  gives  an  example 
of  the  different  scales. 

The  EXTRAC,  EXTSEL,  EXTDEF  and  EXTHi?  procedures  show  how  the  work  described  above  can 
be  processed. 

The  extraction  process  starts  with  the  EXTRAC  procedure.  This  procedure  specifies  the 
function  from  which  we  would  like  to  extract  the  values.  It  gets  in  parameter  the  identifier 
of  the  function.  It  outputs  NBAXES  a  complete  parameter  giving  the  number  of  axes  on  which 
depends  the  function  and  ISRR  indicating,  and  if  it  exists,  the  number  of  the  detected  error. 

Second,  the  EXTSEL  defines  the  field  of  extraction.  A  call  on  the  EXTSEL  procedure 
indicates  far  an  axis  on  which  the  function  depends,  the  number  of  the  points  for  which  we 
need  the  values  of  the  function.  This  procedure  must  be  called  H3AXE5  times  and  the  order 
in  which  the  axes  are  presented  is  important  for  the  definition  of  the  extraction  loops. 

The  procedure  receives  the  following  parameters: 

-  HAMS  the  axis  identifier; 

-  SELAXE  :  list  of  selection  intervals,  one  selection  interval  is  made  up  of  either 

3  values  (the  first  selected  point,  the  last  selected  point  ar.d  an  incre¬ 
ment)  or  the  value  0  (all  points  are  selected) ; 


N35EL  : 


gives  the  number  of  intervals  in  SELAXE. 


The  procedure  outputs  the  following  data:  / 

-  MPTSEL  :  indicates  the  total  nuaber  of  points  chosen  on  the  axis; 

-  FIXE  :  the  boolean  value  which  is  realized  if  the  value  of  the  points  on  the  axis 

does  not  depend  on  other  axes,  i.e.  if  the  grid  is  orthogonal  in  relation 
to  that  axis; 

-  IERR  :  in  ease  of  error,  writes  the  nuaber  of  the  error. 


Third,  coses  the  BXTDE?  procedure  which  defines  the  configuration  of  a  page,  the  compo¬ 
sition  of  a  tuple  and  the  type  of  scale  needed.  The  procedure  receives  the  following  data: 


-  TOD IM  :  defines  the  cut  by  giving  the  nuaber  of  axes  that  aust  be  aade  to  vary  to 

obtain  a  tuple  page  (the  innermost  axes  vary  first); 

-  TABAXE  :  explicitly  specifies  the  contents  of  a  tunle  by  giving  the  list  of  axes  which 

sake  up  the  tuple.  This  chart  is  only  used  if  TOAXE  >  0; 

-  TOAXE  :  if  this  paraaeter  is  less  than  4, then  the  option  by  default  is  applied  and  the 

tuples  are  aade  uo  of  the  value  of  the  function  followed  by  the  deepest  TOOIM 
axes.  If  not,  then  the  tuples  are  aade  up  of  the  value  of  the  function  and  of 
the  MBAXES  axes  declared  in  TABAXE; 


•  TTSECH  :  is  a  chain  of  characters  which  gives  the  type  of  the  requested  scale.  The 
possible  values  are:  none,  global,  local,  standard; 

-  AXESCH  :  specifies,  in  the  standard  scale  case,  an  axis  which  limits  the  scope  of  the 

scale:  i.e.,  the  field  of  the  standard  scale  is  then  defined  only. on  the  axes 
deeper  than  that  axis. 

The  procedure  outputs  MBEXT  the  number  of  pages  necessary  to  cover  all  the  field  of  extraction 
and  I ERR  indicating  if  an  error  has  been  detected. 


Finally,  it  is  the  EXTTUP  which  carries  out  the  extraction  of  the  information  and  the 
computations  of  the  scales.  Usually,  this  procedure  should  be  called  up  MB EXT  times  so  that 
all  the  field  of  extraction  is  covered.  The  parameters  of  this  procedure  are  the  following: 


-  TABVAL  :  the  array  containing  the  tunles.  For  a  given  extraction,  the  structure  of 

the  array  is  TABVAL  (DIJfTUP,  MPTj,  ....  MPT,,)  where  DIMTUP  is  the  number  of 
the  value  making  uo  the  tuple,  MPT^  the  nuaber  of  points  selected  on  the 
deepest  axis,  ....  MPTt,  the  nuaber  of  points  selected  on  the  least  deep  axis 
making  the  page; 

•  DIMTAB  :  input  paraaeter  giving  the  total  dimension  in  nuaber  of  TABVAL  words; 

-  TABIMD  :  gives  the  nuabers  which  identify  the  non- varying  axes; 


-  7A3VAX 

-  DIMIND 

-  TABECH 

-  DIMECH 

-  I  ERR 


gives  the  value  of  tho  points  on  the  non-varying  axes; 

input  paraaeter  giving  the  diaension  of  the  TABIMD  and  TA3VAX  arrays; 

array  giving  the  miniauns  and  aaximums  for  tho  function  and  the  axes  making 
up  the  tuole; 

input  parameter  giving  the  number  of  TABECH  columns  (there  is  always  2  lines, 
one  for  the  minimum  and  one  for  the  maximum) ; 

indicates  the  presence  of  an  error. 


Figure  4.12  shows  the  call  sequence  of  the  EXTRAC,  SXTSEL,  SXTDSF  and  EXT7UP  procedures . 
As  can  be  seen,  it  is  possible  to  define  the  cut  of  a  field  of  extraction,  the  configuration 
of  the  tuples  and  the  type  of  required  scale  and  then  to  restart  the  extraction  of  the  values. 


4.3  THE  3ATSIM  PACKAGE 


Mhen  a  group  of  entities  (or  objects)  have  the  same  information  fields,  the  DATSIM  package 
stores  these  fields,  or  a  sub-set  of  these  fields,  in  a  same  direct  access  file  thus  creating 
a  kind  of  data  bank.  In  this  data  bank,  the  model,  that  is:  the  necessary  information  needed 
to  operate  the  file,  specifically  the  description  of  the  fields  of  information,  is  keot  in  the 
file  heading.  The  recording  of  the  data  bank  is  made  up  of  the  information  field  of  one  er.titv. 
3y  giving  a  sequence  number  to  the  different  entities  and  an  identifier  to  the  different  infor¬ 
mation  fields,  it  is  possible  to  construct  keys  which  will  identify  in  a  unique  manner  the 
different  recordings. 
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In  the  DATSIM  file,  an  entity  can  then  have  as  many  recording  at  there  are  information 
fields,  When  applicable  however,  the  DATSIM  package  avoids  an  excessive  proliferation  of 
recordings  by  defining  a  value  by  default  for  an  information  field.  At  this  moment ,  ail  the 
active  entities  (an  entitv  nay  be  non-active)  of  the  data  bank  must  have  the  same  information 
fields.  If  the  recording  of  an  active  entity  does  not  show  up  in  the  data  bank,  then  it  has 
a  value  by  default. 

In  the  context  of  the  laser  modeling  project,  the  DATSIM  package  keeps  on  disk  a  summary 
of  the  SIM&SS  files.  It  is  thus  possible  to  concentrate  in  one  file,  information  which  would 
have  been  otherwise  dispersed  in  several  files  and  only  a  snail  part  of  this  information  would 
have  fit  on  disk  (the  major  part  of  the  SUMS  files  would  be  filed  away  on  magnetic  tape). 

The  summaries  of  the  S  IMRES  files  produced  by  a  laser  simulation  program  are  regrouped  in 
a  same  DATSIM  data  bank.  A  simulation  is  an  entity  at  the  level  of  the  data  bank,  and  the 
simulation  sequence  number  (which  is  also  the  SIMRES  file  number)  identifies  the  recordings 
belonging  to  a  same  simulation.  The  information  fields  written  in  the  DATSIM  files  art: 
some  general  information  on  the  simulation,  the  parameters  of  the  simulation  and  the  values 
of  the  results  functions  usually  implicated  in  a  comparison. 

The  components  of  the  DATSIM  package  can  be  divided  into  two  sub-groups.  The  first  is 
made  up  of  programs  which  generate  and  modify  a  heading  of  a  DATSIM  file.  The  second  sub¬ 
group  is  made  up  of  the  procedures  that  allow  the  running  in  reading  and  writing  mode  of  a 
DATSIM  file, 

d. 3.1  GENERATION  AMD  MODIFICATION  OF  A  DATSIM  FILE 

The  generation  ohase  of  a  DATSIM  file  is  done  in  two  steps,  first,  the  generated  file 
holds  in  ies  heading' only  the  data  needed  for  an  empty  DATSIM  file.  Next,  the  description 
of  the  data  that  can  be  recorded  in  the  file  is  added  to  the  heading.  It  is  preferable  to 
write  from  the  beginning  the  descrintion  of  all  the  information  fields,  however  it  Is  also 
possible  to  make  additions  to  an  already  operational  DATSIM  file,  that  is:  a  file  which 
contains  ocher  data  than  the  descriptive  ones. 

The  DATCR2  generates  the  base  of  a  OATSIM  file.  This  program  reads  in  the  input  file 
the  generic  name  of  the  entities  composing  the  data  bank,  namely  the  name  of  the  simulation 


is  0,  and  the  number  of  information  fields  described  in  the  heading,  which  is  also  0. 

The  OATEDI  program  adds  to  a  OATSIM  file  heading  Che  descrintion  of  the  information  fields 
chat  can  be  recorded  in  the  files.  The  iirauc  file  of  the  DATED I  program  include,  in  first 
line,  the  command  ADD  or  MODIFY.  This  command  indicates  to  the  DATED  I  program  whether  it  is 
a  first  addition  to  the  heading  (command  ADD)  or  of  a  subsequent  addition  (command  MODIFY)  . 

The  description  of  the  different  information  fields  is  found  later  in  free  form  in  the  input 
file.  This  description  includes  the  field  identifier,  the  field  class,  the  type  of  values 
of  the  field  (comnleee,  real,  boolean,  chain  of  characters),  the  number  of  values  by  default 
that  follow  (possibly  0),  and  finally  the  list  of  values  by  default  (possibly  empty).  The 
information  field  class  is  an  identifier  known  by  DATSIM  (through  an  interchangeable  table) 
which  allows  the  pooling  and  the  organitation  of  the  information. 

For  security  reasons,  the  DATEDI  program  precedes  by  two  runs.  In  the  first  ran,  the 
data  is  validated.  If  no  error  is  detected,  then  the  program  runs  the  data  one  more  tine 
and  writes  the  data  in  the  heading  of  the  DATSIM  file.  This  way,  it  is  possible  to  avoid 
situations  where  an  error  invalidates  work  already  done.  Figure  4.1.1  gives  an  example  of 
data  for  the  DATEDI  program.  It  is  to  bo  noted  that  the  number  of  values  by  default  in  no 
way  fixes  the  number  of  the  values  associated  to  a  field:  the  same  field  could  include 
a  varying  number  of  information  from  one  encicy  to  another. 

4.3.2  OPERATION  OF  A  DATSIM  ^ILE 

The  procedures  that  run  a  DATSIM  file  are: 

-  DATDE3  :  starting  of  a  DATSIM  file; 

-  DATNCM  :  returns  the  list  of  indentifier  of  the  information  fields; 

-  DATINF  :  returns  the  characteristics  of  an  information  field; 

-  DAT1IA  :  reading  of  a  recording; 

-  DAT3CA  :  writing  of  a  recording; 

-  DATACT  :  activation  or  non-activation  of  an  sr.titv; 


doo 


-  OAT? IN  :  closing  of  «  DATSIM  flit. 

The  information  and  the  snaca  necessary  for  ;he  manipulation  of  a  DATSIM  fils  aro  con¬ 
centrated  in  a  control  block  entered  as  a  parameter  at  the  different  procsdurss  of  tho 
packags.  This  way,  an  annlication  program  can  work  on  several  DATSIM  files  at  tbs  sans 
tins  on  tbs  condition  of  having  a  control  block  for  each  fils. 

Following  is  an  overview  of  the  oneration  of  each  of  the  package  procedures. 

The  OATDEB  procedure  is  called  uaon  to  start  a  DATSIM  file  and  to  initialice  the  control 
block  associated  to  this  file.  Anv  attemnt  to  work  with  a  DATSIM  file  without  starting  first 
with  DATDEB  will  be  an  error.  The  procedure  will  then  receive  as  parameter  the  name  of 
DATSIM  file  to  be  started, the  control  block,  and  the  size  in  nuaber  of  words  of  the  control 
block  (the  suggested  size  is  ZSW  words} .  The  nrocedure  returns  part  of  the  information 
composing  the  base  of  the  heading,  in  other  words,  the  generic  naae  of  the  entities  making 
up  the  file,  the  sequence  nuaber  of  the  last  recorded  entity  and  the  nuaber  of  fields  des¬ 
cribed  in  the  heading. 

The  DaTXOH  procedure  obtains  the  list  of  the  information  fields  identifiers.  This  list 
is  taken  from  the  DATSIM  file  heading.  The  parameters  of  the  procedure  follow: 

-  DATBLX  (input)  :  control  block  of  the  DATSIM  file; 

-  TABNOM  (output):  chart  containing  the  information  fields  identifiers; 

•  DIMTAB  (input)  :  size  of  TABNOM; 

-  NBNOMS  (output) :  nuaber  of  identifiers  placed  in  TA3N0M. 

The  DATINF  procedure  obtains  the  characteristics  of  an  information  field.  The  parameters 
of  this  procedure  are: 

-  DATBLX  (input)  :  control  block  of  the  DATSIM  file; 

-  NOM  (input)  :  identifier  of  field  of  which  we  need  the  characteristics; 

-  CLASSE  (output):  class  of  information; 

•  TYPE  (output)  :  type  of  value  of  the  information  field; 

-  TABDEF  (output):  chart  giving  the  values  by  default  (if  there  are  no  values  by  default 

for  the  field,  the  chart  will  be  empty) ; 

-  DIMTAB  (input)  :  size  of  TABDEF; 

-  LCDEF  (output)  :  nuaber  of  eleaents  placed  in  TABDEF; 

-  ISXK  (output)  :  gives  4  if  there  are  no  errors,  if  not,  it  gives  the  number  of  the 

error. 

The  DATLIR  procedure  reads  the  recording  of  a  DATSIM  file,  that  is,  it  gives  access  to 
the  values  contained  in  the  information  field  of  a  given  entity.  If  the  entity  exists  (i.e. 
if  its  sequence  nuaber  is  smaller  than  the  number  of  the  last  recorded  entity  in  the  file) 
and  if  it  is  active,  the  procedure  assembles  the  key  (entity  nuaber  and  field  identifier) 
and  orders  the  reading  of ' the  recording.  If  the  recording  exists,  then  mil  it  does  is  to 
transfer  it  to  the  caller.  If  not,  then  the  procedure  verifies  It'  there  is  a  value  by  default 
for  the  field,  and  if  it  faids  one,  it  returns  it.  In  case  the  data  required  does  not  exist 
at  all,  an  error  nuaber  is  returned  to  the  annlication  program.  Figure  *.l*  shows  schemati¬ 
cally  the  running  just  described.  The  parameters  are  as  follows: 

-  DATBLX  (innut)  :  control  block  of  the  DATSIM  fils; 

-  NUMSIM  (input)  :  entity  nusriier  (in  this  case,  it  is  a  simulation  number) ; 

-  NOM  (input)  :  field  of  information  identifier; 

-  TABYAL  (output):  field  of  information  values; 

-  DIMTAB  (input)  :  size  of  TABYAL ; 

-  DIMVAL  (output):  number  of  values  read  and  returned  in  TA3VAL; 

'  -  I2RX  (oueput)  :  gives  1  if  there  is  no  error.  If  not,  it  gives  the  error  nuaber. 


The  0AT2CR  procedure  can  add  a  recording  to  a  OATSIM  file.  First,  the  procedure  veri¬ 
fies  if  the  entity  at  hand  is  new,  in  this  case  it  must  update  the  number  of  the  last  recor¬ 
ded  entity  in  the  file.  If  it  is  an  already  recorded  eneitv,  it  aust  see  if  it  is  active, 
as  there  should  be  no  access  to  the  information  field  of  a  non-active  entity.  If  all  works 
well  until  this  step,  then  the  procedure  cheeks  to  see  if  there  is  no  values  by  default  for 
the  requested  field.  If  none  exists,  then  the  recording  is  written  in  (in  some  cases,  it  will 
be  a  rewriting).  If  however  there  is  a  value  by  default,  then  there  aust  be  a  comparison 
between  the  values  by  default  and  those  received  for  the  field.  If  they  are  equal,  nothing 
is  written  in  the  file,  sad  the  previous  recording  is  deleted.  If  they  are  not  equal,  then 

the  recording  is  written  into  the  file  of  the  previous  recording  is  replaced  by  the  new  one. 
Figure  a. IS  shows  schesutically  how  this  is  done.  The  different  paraaeters  of  the  procedure 
are  as  follows: 

-  DAT3LX  (input)  :  control  block  of  the  3ATSIM  file; 

-  MUMSCf  (input)  :  entitv  n under  for  which  an  information  field  is  to  be  written; 

-  MOM  (input)  :  information  field  identifier; 

-  VALEUR  (input)  :  chart  containing  the  field  values; 

-  OIMVAI.  (input)  :  number  of  values  in  the  VALEUft  chart; 

-  IERK  (output)  :  gives  0  if  there  are  no  errors,  if  not,  gives  the  number  of  the  error. 

The  OATACT  procedure  specifies  the  state  of  an  entity  in  the  DATSIM  file,  in  other  words, 
an  entity  can  be  active  or  non-active.  The  recordings  of  a  non-active  entity  cannot  be  re- 
treived  but  they  are  not  destroyed.  Thus  by  reactivating  a  non-active  entity,  we  can  have 
access  to  its  recording-.  The  paraaeters  of  this  procedure  are  as  follows: 

-  OATBLX  (Input)  :  control  block  of  the  OATSIM  file; 

-  NUMS1M  (input)  :  number  of  the  entity  that  has  to  be  modified; 

-  ACTIF  (input)  :  boolean  parameter  with  its.-true  values  if  the  entity  is  active,  and 

its  false  value  if  it  is  non-ective. 

-  I2RR  (output)  :  gives  0  if  there  are  no  errors,  if  not,  gives  the  number  of  the  error. 

Finally,  the  DATFIN  procedure  terminates  the  operation  of  the  OATSIM  file.  It  is  impe¬ 

rative  to  call  the  OATFIN  procedure  because  the  buffer  associated  to  the  OATSIM  file  aust  be 
cleared. -The- only  parameter  of  this  procedure  is  DAT3LX,  the  control  block  of  the  OATSIM  fils 
chat  is  to  be  closed. 


Axes  MB.  Points  Units  Exp.  Factor 


FIGURE  4.5  -  CONTEXT  DEFINITION  TO  ILLUSTRATE  THE  USB  OF  SIMRES  PACXAGE  PROCEDURES  IM  A  PROGRAM 


REAL  EMERY  (3). 

PEAKX. 

PBAXY  (3) , 

AXEY  (3). 

AXEX  (7), 

i 

<Establish  axis  Y> 

call  SIMVAt  (NUMFCY,  AX2Y;  8) 

DO  10  IX  ■  1.7 

<Establish  a  column  of  axi  X> 
call  SniVAL  (MUHFCX,  AXEX,  3) 
DO  20  IY  «  1,8 
EMERY  (IY]  «... 

20  continue 

call  3IMVAL  (NUKFEN,  EMBRY,  3) 

PEAXX  »  MAX  (EMERY,  J) 

call  3IMVAL  (MUMFPX,  PEAXX,  1] 

<asses  partial  PEAXY> 

10  continue 

call  SDWAL  (MUMFPY,  PEAXY,  1) 


FIGURE  4.6  -  USE  OF  SIMVAL  PROCEDURE 
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FIGURE  4.7  -  CONVERSION  OF  A  SIMTMP  FILE  INTO  A  SIMMS  FILE 


Procedure 


irrriM 

ERTNOM 


ERTARE 


ER7ECH 


ERTFCT 


ERPAR 


Parameter 


DATE  (output) 
HOUR  (outnut) 

RIND  (input) 


TA3NOM  (output) 
DIMTA3  (input) 
NBNOMS  (output) 

NAME  (input) 
UNITS  (output) 
ERPO  (output) 
FACT  (output) 
RESCL  (output) 

NAME  (input) 
AXERE?  (output) 
AREOEP  (output) 

DIMDSP  (input) 

NAME  (input) 
ECHDE?  (outnut) 

AX2SE?  (output) 

DIMDE?  (input) 

NAME  (input) 
TYPE  (OUTPUT) 

TA3VAL  (outnut) 
3IMTAB  (input) 
N3VAL  (output) 


Description 


Data  of  generation  of  th*  fila 
Hour  of  ganaration  of  tha  file 

Indicates  which  identifier  is  nseded 
ARE  *  ARES 

ECH  ®  sampling  functions 
FCT  -  results  functions 
PAR  *  naraaeters 
List  of  identifiers 
Si:*  of  TA3N0M 

Number  of  identifiers  put  in  TABNCM 

.Axis  idantifiar 
Type  of  units  of  th*  axis 
Exhibitor  affecting  th*  units 
Factor  affecting  th*  units 

Number  of  resolution  points  on  th*  axis  (not  to  be 
aistaken  with  the  nuaber  of  selected  points) 

Identifier  of  the  sampling  function 
Identifier  of  the  axis  associated  to  th*  function 
Boolean  array  giving  th*  dependencies  of  the 
function  as  to  each  of  th*  axes  Cl) 

Diaension  of  AREDE? 

Identifier  of  th*  results  functions 

Boolean  array  in  which  th*  I  eienent  indicates  whet  he 

th*  function  depends  on  the  Ith  sampling  function 

3ool*an  array  in  which  the  I  element  indicates 

if  th*  function  depends  on  the  Ith  axis 

Dimension  of  ECHDE?  and  AREDE? 

Identifier  of  th*  parameter 

Cod*  indicating  the  type  of  parameter  (0:  complete, 

1 :  actual ,  . . . ) 

value  of  th*  parameter  (can  be  a  vector) 

Dimension  of  TABVAL 

Number  of  effective  value  in  TA3VAL 


(1)  The  order  of  the  elements  is  that  in  which  they  have  been  declared. 

FIGURE  4 . J  -  PARAMETERS  OF  THE  PROCEDURES  5ETRACTIMG  DESCRIPTIVE  INFORMATIONS  FROM  A  SII'SES 
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Swept-gain  superradiance  in  two-  and  three-level  systems 
with  transverse  effects  and  diffraction  (*) 

F.  P.  Mattar  and  C.  M.  Bowden  (••) 

Aerodynamics  Laboratory,  Polytechnic  Institute  of  New  York,  Farmingdale,  New  York  11735,  U.S.A. 

(**)  Research  Directorate,  US  Army  Missile  Laboratory,  US  Army  Missile  Command,  Redstone  Arsenal, 
Alabama  35898.  U.S.A. 


Abstract.  —  Results  of  numerical  calculations  using  computational  methods  developed  earlier  to  efficiently  treat 
transverse  as  well  as  longitudinal  reshaping  associated  with  single-stream  and  two-way  pulse  propagation  and 
generation  effects  in  cooperative  light-matter  interactions,  using  the  semiclassical  model,  are  presented.  Specifically, 
the  results  are  presented  and  discussed  for  the  two-  as  well  as  three-level  system  for  a  traveling  excitation  for  both 
Gaussian  and  uniform  gain  distributions.  Conditions  are  established  for  lethargic  and  highly  nonlinear  soliton 
pulse  evolution  through  the  asymptotic  large  Z  regime. 


Summary.  —  Computational  methods  based  upon 
he  Bioch-Maxwell  semiclassical  model  were  developed 
earlier  [1]  to  efficiently  treat  transverse  as  well  as 
longitudinal  reshaping  and  diffraction  associated  with 
»ingk-stream  and  two-way  pulse  propagation  and 
generation  effects  in  cooperative  interaction  between 
he  radiation  field  and  a  medium  consisting  of  a 
jollecticn  of  two-level  atoms.  Results  of  the  calcula- 
ion  are  presented  for  pulse  evolution  as  a  function 
.)f  propagation  distance  Z  in  the  two-level  system  for 
t  traveling  excitation  with  both  Gaussian  and  uniform 
;ain  distributions  with  a  classical  initial  tipping  angle 
Jistribution.  We  present  the  conditions  under  which 
he  system  evolves  from  a  superfluorescent  condi- 
ton  [21,  where  the  atoms  are  contained  within  a 
cooperation  volume,  to  an  asymptotic  steady-state  [3] 
or  sufficiently  large  propagation  distance  Z  where 
oiiton  behavior  is  exhibited  The  steady-state  condi- 
ion  is  interpreted  in  terms  of  the  asymptotic  behavior 
>f  the  principal  mode  pulse  area  and  stabilization  of  the 
ntire  pulse  shape.  Pulse  areas  greater  than  x  are 
hown  to  occur  because  of  multiple  pulse  generation 
nd  self-focusing.  Furthermore,  it  is  shown  that 
iffraction  plays  a  much  greater  role  in  the  results  for 
ye  swept-gain  superradiance  regime  [3]  than  for  the 
onditions  for  which  superfluorescence  occurs  [2], 
"he  results  of  our  numerical  calculations  for  the 
symptotic  large  Z  regime  are  compared  with  the 
ne-dimensional  analytical  results  for  swept-gain 
j  per  radiance  [3]. 


1*1  Work  jointly  spoMorad  by  the  Reaea/ch  Corporation,  the 
ti (manorial  Dniaien  at  Mobil  Corporation,  the  University  ot 
tontreal  the  US  Army  Research  Office,  DAAG29-79-C-014&, 
it  Office  ot  Naval  Research,  NOOO-14-SO-C0174,  and  Battelk 
otnmbus  Laboratories  contract  DAAG29-76-D-0100 


The  numerical  code  was  extended  [1]  to  represent  a 
collection  of  three-level  atoms  in  the  presence  of  two 
laser  fields,  consistent  with  the  usual  parity  conside¬ 
rations  [4,  5[.  Results  are  presented  for  traveling 
excitation  corresponding  to  optical  pumping  for  both 
Gaussian  and  uniform  radial  gain  distributions  and 
several  different  temporal  functions  for  the  excitation. 
Superfluorescence  is  shown  to  occur  for  conditions 
analogous  to  those  for  the  two-level  case  [1] ;  however, 
two-photon  (coherent  Raman)  effects  play  a  strong 
role  in  pulse  delay  and  shape  characteristics,  as 
predicted  from  earlier  analytical  work  [4,  5).  Pulse 
evolution  characteristics  are  shown  to  depend  upon 
the  excitation  temporal  function  dependence  and 
radial  function  dependence  as  well  as  temporal 
duration  and  total  area. 

We  show  also  in  this  case  the  conditions  under  which 
the  system  evolves  to  an  asymptotic,  steady-state 
condition  at  sufficiently  large  Z  in  terms  of  the  prin¬ 
cipal  mode  pulse  area  and  total  pulse  shape  stabiliza¬ 
tion.  As  in  the  case  of  two-level  swept-gain  super¬ 
radiance,  strong  self-focusing  and  multiple  pulse 
generation  it  indicated 

Finally,  results  for  simulton  [6]  behavior  in  the 
three-level  system  is  presented  with  two  injection 
signals  and  also  with  one  injection  signal  (the  optical 
pump)  and  a  uniform  lipping  angle  (determined  from 
a  thermal  population  distribution)  which  allows  the 
second  pulse  to  evolve.  The  latter  conditions  cor¬ 
respond  most  realistically  in  the  large  [7]  region  with 
experimental  conditions  for  swept-gain  superradiance 
reported  in  the  literature  [7,  8].  Results  of  the  calcu¬ 
lation  are  presented  *nd  compared  with  the  experi¬ 
mental  data. 


60 


F.  P.  MATTAR  AND/C./M.  BOWDEN 


/ 


RtfoMCCt 


(1)  Matt  a*,  F.  P.,  Effects  a)  Propagation,  Transfers*  Mod*  Coupl¬ 

ing  ami  Diffraction  on  Nonlinear  Light  fab*  Eroiution, 
ia  Optical  Biuability,  edited  by  C.  M.  Bowden,  M.  Cif- 
tan  and  H.  R.  Robi  (Plenum  Pnm.  NY,  1981),  in  peat 

(2)  Matt  ah,  F.  P.  Gone,  H.  M..  McCall,  S.  Lead  Fiu>,  M.  S.. 

Transfers*  Eftects  ia  Superttuorescence.  submitted  Tor 
publication. 

(3)  Bonifacio.  R.,  Hoff,  F.  A.,  Miystm,  P.  and  Scully,  M.  O.. 

Phys.  Met.  a  12  (1973)  2368. 

(4)  Bowdcn,  C.  M.  and  Suno,  C.  C.,  Phys.  Met.  A  U  (I97S)  1338. 
(3]  Bowdcn,  C.  M.  and  Suno,  C.  C.,  Phys.  Her.  A  20  (1979)  2033. 


(6)  Konofniciu,  M.  J.,  Dcummono,  P.  D.  and  Ebuly,  J.  H., 
Theory  of  Lossless  Propagation  of  Simultaneous,  Ditlernt- 
Waeeiength  Optical  Pulses,  private  communication. 

H  Emeuch,  J.  J.,  Bowdcn,  C.  M.,  Howoatv  D.  W.,  Lwnkjc,  S. 
H.,  R OSIN au eta,  A.  T.  and  DiTcmfls.  T.  A.,  in  Cohe¬ 
rence  and  Quantum  Optics,  edited  by  L.  Mandd  and 
E.  Wolf  (Plenum  Press,  NY,  1978),  VoL  4,  p.  333. 

{8]  Rosin aae cat,  A.  T.,  DiTemfu,  T.  a.,  BowdIn,  C.  M.  and 
Sung,  C.  C,  Suptrrddiance  and  Swept -Cam  Superra¬ 
diance  in  CHtF,  in  Proceedings  of  Tenth  International 
Quantum  Electronics  Conference,  1978, 


a*4L  .iCAV>^.V:n.V.VV.V 


J'.V, 


..•aV-AaL 


Computet  Phytic*  Communications  23  (1981)  1-17 
North-HoUand  Publishing  Company 


1 


TRANSIENT  COUNTER  BEAM  PROPAGATION  IN  A  NONLINEAR  FABRY-PEROT  CAVITY  * 

FJ>.  MATTAR  **,  G.  MORETTI 

Aerodynamics  Laboratory,  Polytechnic  Institute  of  New  York,  Brooklyn.  NY  11201,  USA 

and  R£.  FRANCEOUR 

The  International  Division,  Mobil,  New  York,  NY  1001 7,  USA 
Received  10  December  1980 

By  adapting  Moretti's  self-consistent  numerical  approach  to  integrating  the  Euler  equation  of  compressible  flow,  a  uni¬ 
fied  complete  temporal  and  spatial  description  of  superfluorescence  and  optical  bi-stability  was  undertaken.  (The  simula¬ 
tion  includes  material  initialization  as  well  as  refractive  transverse  and  longitudinal  field  boundary  conditions  appropriate  to 
the  cylindrical  laser  cavity).  The  respecting  of  physical  causality  in  Moretti's  method  was  maintained;  but  by  using  an 
improved  derivative  estimator  at  both  the  predictor  and  corrector  levels,  the  overall  accuracy  was  improved. 

The  physical  model  includes  nonplanar  two-way  Maxwell-Bloch  propagation  with  spontaneous  sources.  The  problem 
of  dynamic  transverse  effects  as  they  relate  to  soliton  collisions  is  addressed.  The  calculations  are  based  upon  an  extension 
of  Matter’s  previous  semi-classical  model  for  diffraction  and  phase  effects  in  self-induced  transparency  at  thick  optical 
absorptions. 

The  computational  algorithm  relies  on  the  use  of  characteristics,  but  is  strictly  a  finite-difference  scheme.  This  explicit 
scheme  involves  the  simultaneous  integration  along  the  time  coordinate  for  both  forward  and  backward  wave.  However, 
directional  derivatives  must  be  considered  to  appropriately  take  into  account  the  mutual  influence  of  the  two  light  beams 
without  violating  the  laws  of  forbidden  signals.  Particular  case  is  exercised  to  maintain  at  least  a  second-order  accuracy 
using  one-sided  approximations  to  spatial  derivatives.  Each  forward/backward  field  derivative  will  be  related  to  its  respec¬ 
tive  directional  history.  A  numerical  approach  in  which  the  discretization  is  not  consistent  with  these  physical  facts  will 
inevitably  fail.  Thus  the  numerical  algorithm  must  discriminate  between  different  domains  of  dependence  of  different 
physical  parameters. 

The  physical  process  can  now  be  analyzed  with  a  degree  of  realism  not  previously  attainable.  Significant  agreement 
with  experimental  observations  it  reported  from  the  planar  or  time-independent  analysis  counterpart  confined  to  the  cen¬ 
tral  portion  of  the  beam. 

1.  Introduction 

The  modelling  of  longitudinal  and  transverse  coherent  pulse  reshaping  that  occurs  when  forward-  and  backward¬ 
travelling  beams  interact  coherently  with  3  medium  resonant  to  the  pulsc-carrier  frequency  and  with  each  other  is 
presented.  The  physical  system  is  characterized  by  a  pulse  duration  much  shorter  than  all  the  atomic  relaxation 
lifetimes  and  dephasing  times.  In  addition,  the  field  is  large  enough  so  that  significant  exchange  of  energy  between 
the  light  pulse  and  matter  takes  place  in  a  time  that  is  short  compared  to  a  relaxation  time. 

The  response  of  the  resonant  medium  is  not  instantaneous  but  cumulative  (i.e.,  it  is  associated  with  the  past 
history  of  the  applied  field).  Hence,  the  inertial  response  of  the  medium  is  not  describlable  in  terms  of  an  intensity- 
dependent  susceptibility.  Instead  it  necessitates  a  more  general  functional  of  the  applied  field.  The  treatment  dif¬ 
fers  from  earlier  theoretical  and  experimental  studies  where  a  rate-equation  approximation  was  considered.  Conse¬ 
quently,  a  semidassicai  formulism,  similar  to  the  one  used  by  McCall  and  Hahn  [1 1  in  their  analysis  of  self-induced 
transparency,  must  be  adopted.  The  physical  model  is  based  on  counter-propagating  travelling-wave  equations, 
derived  from  Maxwell’s  equations  including  transverse  [23]  and  transient  phase  variation  [4] ,  and  a  two-model 

*  Work  supported  in  part  by  the  Research  Corporation,  the  Army  Research  Office,  the  Office  of  Naval  Research  and  the  Interna¬ 
tional  Division  of  Mobil. 

The  concept  of  this  analysis  wu  proposed  at  ICO-l  1  Madrid  (September  1978)  ed.  1.  Buescos,  Proc.  distributed  by  the  Spanish 
Optical  Society,  Madrid. 

**  Author  is  also  presently  with  Lab.  Laser  Spectroscopy,  MIT,  Cambridge,  MA  02139,  USA. 
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[5,6]  version  of  the  Bloch’s  [7]  equations  describing  a  distribution  of  two-level  homogeneously  broadened  atomic 
systems.  Furthermore,  the  simplifying  mean-field  approximation  is  not  considered;  instead,  an  exact  numerical 
approach  that  adapts  computational  methodologies  gained  in  solving  fluid  dynamics  problems  is  developed. 

In  the  slowing-varying-envelope  approximation,  both  the  phase  and  amplitude  variations  of  a  linearly-polarized 
field  in  the  transverse  direction  are  described  by  two  scalar  wave  equations,  one  for  each  mode:  forward-travelling 
propagation.  Each  equation  is  driven  by  the  appropriate  polarization  associated  with  the  nonlinear  inertial  response 
of  the  active  medium.  The  dynamic  crosscoupling  of  the  two  waves  appears  explictly  in  the  two-mode  analogue  of 
the  traditional  single-mode  Bloch's  equations  describing  the  material  system.  The  presence  of  the  longitudinal 
mirrors  will  further  enhance  the  mutual  influence  of  the  two  beams.  Variations  in  polarization  and  population  over 
wavelength  distances  are  treated  by  means  of  expansions  in  spatial  Fourier  series.  The  Fourier  series  are  truncated 
after  the  third  or  fifth  harmonic.  As  McCall  [6]  and  Reck  [5]  outlined  it,  the  number  of  terms  needed  is  influ¬ 
enced  by  the  relative  strength  of  the  two  crossing  beams  and  the  importance  of  pumping  arid  relaxation  processes 
in  restoring  depleted  population  differences. 

Counter-propagational  studies  have  been  previously  considered  for  pulses  with  infinite  transverse  extent  (i.e., 
uniform  planes)  by  Marburger  and  Felber  [8]  in  connection  with  nonresonant  nonlinearities.  Two-mode  one¬ 
dimensional  analysis  involving  resonant  interactions  have  been  tackled  by  McCall  [5] ,  Fleck  [6] ,  Saunder  and 
Bullough  [9],  and  more  recently  by  Eberly,  Whitney  and  Konopnicki  [10].  However,  restrictive  assumptions  were 
made  relating  to  the  allowed  form  of  the  temporal  field  variations.  Since  the  experimental  arrangements  often  do 
not  satisfy  the  uniform  plane-wave  condition,  the  detailed  nature  of  transverse  behavior  (using  rigorous  Laplacian 
coupling)  must  be  worked  out.  This  present  three-dimensional  treatment  assumes  azimuthal  cylindrical  symmetry. 

Furthermore,  the  interplay  of  diffraction  coupling  (through  the  Laplacian  term),  and  the  medium  response 
will  inevitably  redistribute  the  beam  energy  spatially  and  temporally  [1 1  -14] .  This  transient  two-stream  beam 
reshaping  profoundly  affects  a  device  that  relies  on  this  nonlinear  light-matter  interaction  effect.  Several  phy¬ 
sical  effects  such  as  strong  self-phase  modulation,  spectral  broadening,  self-steepening  and  self-focusing  that  have 
been  separately  studied,  combine  here  to  affect  the  behavior  diversely  during  different  positions  and  times  of 
the  pulse  evolution.  Due  to  the  essential  complexity  of  the  governing  equations  of  motion,  only  effective  nume¬ 
rical  methods  which  are  consistent  with  the  physics  can  make  attainable  a  heretofore  unachievable  solution. 

An  extension  of  an  efficient  numerical  approach  [15-17]  was  developed  by  Mattar  to  study  the  transverse 
energy  flow  associated  with  beam  variations  in  the  single  mode  SIT  problem.  The  latter  code,  which  simulates 
the  rigorous  interplay  of  diffraction  (Laplacian  term)  and  the  inertial  two-level  atom  (Bloch  equation)  response, 
had  led  to  the  discovery  of  a  new  transient  on-resonance  self-lensing  phenomenon  which  was  subsequently  veri¬ 
fied  in  sodium  [18] ,  neon  [19]  and  more  recently  in  iodine  [20]  vapour  in  laboratory  experiments.  Accurate 
comparison  over  a  wide  domain  of  physical  dependencies  was  reported  [21].  Consequently,  the  numerics  of 
diffraction  and  Bloch  equations  will  only  be  briefly  outlined. 

In  the  standing-wave  problem,  the  two  waves  are  integrated  simultaneously  along  t  the  physical  time:  no  retar¬ 
ded  time  [22]  (or  Galilean)  transformation  as  in  SIT  will  be  introduced. 

To  ensure  proper  handling  of  the  two-stream  effect,  special  attention  must  be  exercised.  For  causality  reasons, 
as  advanced  by  Moretti  [23] ,  only  directional  resolution  for  spatial  derivatives  of  each  stream  (forward  and  back¬ 
ward  field)  must  be  sought.  This  is  achieved  by  using  one-sided  discretization  techniques.  The  forward  field  deri¬ 
vative  will  be  approximated  by  a  different  set  of  points,  than  those  used  for  the  backward  field  derivative.  The 
spatial  derivative  of  the  forward  field  is  discretized  using  points  which  lie  to  the  left  as  ail  preceding  forward  waves 
have  propagated  in  the  same  left-right  direction.  The  backward  field  is  approximated  by  points  positioned  to  the 
right.  As  a  result,  each  characteristic  (information  carrier)  is  related  to  its  respective  directive  history.  Thus,  viola¬ 
tion  of  the  law  of  forbidden  signals  is  prevented. 

Once  the  basic  effects  are  observed  and  assessed  using  straightforward  orthogonal  computational  meshes,  non- 
uniform  grids  which  alleviate  the  calculational  effort  [24-28] ,  will  be  implemented.  (The  nonuniform  grid  per¬ 
mits  greater  point  concentrations  in  the  temporal  and  spatial  regions  of  main  interest.) 

The  prime  goals  of  this  study  are  to  achieve  an  understanding  of  beam  effects  in  soliton  collision  [29] ,  and  to 
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relate  this  situation  to  the  single  stream  SIT  problem  and  to  observations  in  super-fluorescence  [30-33]  and 
optical  bi-stability  [34,35]  experiments.  Furthermore,  one  readily  investigates  the  dependence  of  the  counter-pro¬ 
pagation  transmission  characteristics  on  pulse  and  beam  shape,  on  the  relaxation  times,  the  resonance  frequency 
offset,  the  input  pulse  area(s)  on-axis  and,  the  Fresnel  number,  the  mirror  reflectivity,  the  initial  tipping  angle. 

The  outline  of  this  paper  is  as  follows:  in  section  2  are  the  standing-wave  Maxwell-Btoch  equations  and  the  initial 
and  boundary  condition.  Section  3  presents  the  law  of  forbidden  signals.  The  accuracy  of  the  predictor/corrector 
scheme  is  presented  in  section  4.  The  effect  of  improving  the  derivative  estimator  on  the  overall  numerical  scheme 
is  described  in  section  5,  while  section  6  presents  the  theory  of  approximating  linear  operators.  In  section  7,  three- 
point  estimator  formulae  for  the  first  derivative  of  a  function  are  derived.  Section  8  describes  the  treatment  of 
the  longitudinal  boundary  condition.  Section  9  presents  the  three-point  estimate  as  an  example  for  the  four-point 
estimator  for  the  Lapladan  of  a  function.  Section  10  concludes  the  paper. 

2.  Equation  of  motion 

In  the  slowly-varying-envelope  approximation,  the  dimensionless  field-matter  equations  are: 

-  iFVle*  +*+</>  exp(-i*z)> ,  (2.1) 

OT  OZ 

— iFT*T«  +j--?L-  =  +g-<p  exp(+i*z)> ,  (2 .2) 

with  g*  and  g~  the  nonuniform  gain  associated  to  the  pump  experienced  by  the  forward  (e*)  and  backward  (e-) 
travelling  wave.  The  quantities  in  the  r  Ji.s.  undergo  rapid  spatial  variations;  ( >  represents  the  spatial  average  of 
these  quantities  over  a  period  of  half  a  wavelength 

(-i(Afi)  +  rf2) P  =■  +  {W{e*  +  O)  .  (2 J) 

or 

Ul(W*  -  W)  =  -  |(F  +  F-)(e*  +  e~)  .  (2.4) 

Equivalently 

— +  (-i(Afi)  +  rf1)^*  W[e*  exp(-i*z)  +  e~  exp(+i*z)]  ,  (25) 

or 


—  +  rfHh'*  -  W)  ~  -\(Pe*  exp(i*z)  +  Pe~’  exp(-i£z)  +  c.c.)  , 


et  *  (2*iTp/n)  e*  , 

p-pm, 

E±  ■  Re{e*  exp[i(wr  +  fcz)] 


P  *  Re  {ip'  expOwr)}  .  (2.1 

The  complex  field  amplitude  et ,  the  complex  polarization  density  P1  and  the  energy  stored  per  atom  are  func- 
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tions  of  the  transverse  coordinate 

P“r/rp,  (-11 

the  longitudinal  coordinate 

z*aeffZ  (21* 

and  the  physical  time 

T=t/rp.  (2- 13 

The  time  scale  is  normalized  to  a  characteristic  time  of  the  forward  input  pulse  rp ,  and  the  transverse  dimension 
to  a  characteristic  spatial  width  rp  of  the  forward  input  transient  beam.  The  longitudinal  distance  is  norma 
lized  to  the  effective  absorption  length  [37], 

cQf  -  Sttup2  Nrp/nhc .  (2-14 

In  this  expression  to  is  the  angular  carrier  frequency  of  the  optical  pulse,  p  is  the  dipole  moment  of  the  resonant 
transition,  N  is  the  number  density  of  resonant  molecules  and  can  sustain  radial  variations,  and  n  is  the  index  of 
refraction  of  the  background  material.  The  dimensionless  quantities 

AJ2  =*(cj  -  w0)  rp  ,  (215 

Tt^Tx/Tp,  (216 

Tj  *  7j/rp  ,  (2-17 

measure  the  offset  of  the  optical  carrier  frequency  u>  from  the  central  frequency  of  the  molecular  resonance  w0 . 
the  thermal  relaxation  time  Tx ,  and  the  polarization  dephasing  relaxation  time  T2 ,  respectively.  The  dimension¬ 
less  parameter  F  (which  is  the  pin  to  loss  ratio)  is  given  by 

F-Xa^MtrrJ  (2.  IS 

and  is  the  reciprocal  of  the  Fresnel  number  associated  with  an  aperture  of  radius  rp  and  a  propagation  distance 
(a^t).  The  magnitude  of  F  determines  whether  or  not  it  is  possible  to  divide  up  the  transverse  dependences  of 
the  fields  into  “pencils”  (one  pencil  for  each  radius)  which  may  be  treated  in  the  plane-wave  approximation. 

The  diffraction  coupling  term  and  the  nonlinear  interaction  terms  alternately  dominate  depending  on  whether 
F<  1  orF>  1. 

The  presence  of  opposing  waves  leads  to  a  quasi-standing  wave  pattern  in  the  field  intensity  over  a  half  wave- 
length.  To  effectively  deal  with  this  numerical  difficulty,  one  decouples  the  material  variables  using  Fourier 
series  [5,6]  namely 

m  m 

F»exp(-i*z)  T/  tfto,nexp(-i2pfc:)  +  exp(+i*r)  £  «P<+'2p*-’)  •  <2^ 

p*0  ^  '  p  » 0 

W  ■  Wp  +  S  [WJp  exp(-i2 pkz)  +  cx.)  ,  '  2  :i 

p-t 

with  W0  a  real  number.  By  substituting  in  the  travelling  equation  of  motion  one  obtains 

*  Wo**  ♦  W2e~  ,  '  ~ 

3TF3*  +  -  W2e*  +  W4e~  . 


V 
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*  v  >  and 

(2.24) 

■  W0e~  +  Wje*  , 

(2.25) 

ff  t 

»  Wte~  +  (V«V  , 

(2.26) 

***&♦!)  +^5p*|)/Tj 

*  +  ^a(p+i)**  < 

(2.27) 

3riVo  +((V0  -  ws)in 

=  4(e-*/>r+e+*/>;  +  «.), 

(2.28) 

drWt  +  (Vj/r, 

=  -  |(e- +  e* *F?  +  e*?r •  +  e-/»,- •)  , 

(2.29) 

dr^Jp  +  (Vjp/r, 

•  -  *(*-'/?  +  eVJ,+1  *  +  • 

(230) 

The  field  propagation  and  atomic  dynamic  equation  are  subjected  to  the  following  initial  and  boundary  condi¬ 
tions. 


1.  Initial 


For  r  >  0 , 
e*  -0  , 


(231) 


W0  «  (Vo*  , 

a  known  function  to  take  into  account  the  pumping  effects.  For  SIT  soliton  collision 
foraUP’ 

while  for  the  superfluorescence  problem 


(232) 

(233) 

(234) 


is  defmed  in  terms  of  a  non-uniform  initial  tipping  angle  that  reflects  the  radial  variations  of  the  atomic  density  - 
its  value  can  either  be  deterministic  or  fluctuating. 


2.  Longitudinal 

For  z  »  0  and  z  mL  :  e*  and  e~  are  given  in  terms  of  a  known  incident  function 


*10 

(235) 

and 

*IL 

(236) 

of  r  and  p.  Should  enclosing  minors  to  delineate  the  cavity  be  considered  in  the  analysis,  one  must  deal  with  the 
following  longitudinal  boundary  equations 

e*  *V(l -«,)eI0+V«iC"  ,  at  r  =  0,  (237) 

e~  «V(1  -/?i)etL  +  .  at  2=1,  (238) 

where/?,.  /?2  and(l  -/?,),(!  -/?2)  are  the  respective  reflectivity  and  transmitting  factor  associated  with  each 
left  and  right  minor. 

3.  Transverse 

For  all  r  and  r  [9eI/9p]^0  and  [de*/3p] p~Pmtx  vanishes.  pmtx  defines  the  extent  of  the  region  over  which 
the  numerical  solution  is  to  be  determined.  To  avoid  unphysical  reflection  from  the  transverse  boundary,  one 
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must,  foi  amplifier  calculations,  use  stretched  (nonuniform)  radial  grids  (i.e.,  consider  a  quasi-infinite  physical 
domain  and  map  it  on  a  finite  computation  region)  and  confine  the  pre-excited  active  medium  by  radially- 
dependent  absorbing  shells  [17].  Note  that  this  condition  represents  an  actual  experimental  approach  in  which  the 
laser  amplifier  is  coated  to  circumvent  any  spurious  reflections. 


3.  The  law  of  forbidden  signals 

The  concept  of  the  physical  law  of  forbidden  signals  and  how  it  affects  two-stream  flow  discretization  prob¬ 
lems  was  originally  written  by  Moretti  to  handle  the  numerical  integration  of  Euler  equations.  The  method, 
referred  to  as  the  X-schemc,  was  presented  elsewhere  [38] .  However,  since  it  represents  the  basis  of  our  present 
algorithm,  we  felt  useful  to  summarize  here  its  salient  features. 

In  any  problem  involving  wave  propagation,  the  equations  describe  the  physical  fact  that  any  point  at  a  given 
time  is  affected  by  signals  sent  to  it  by  other  points  at  previous  times.  Such  signals  travel  along  lines  which  are 
known  as  the  ‘characteristics’  of  the  equations. 

For  example,  a  point  such  as  A  in  fig.  1  is  affected  by  signals  emanating  from  B  (forward  wave)  and  from  C 
(backward  wave),  while  point  A'  will  be  the  recipient  of  signals  launched  from  A  and  D. 

Similar  wave  trajectories  appear  in  our  present  problem,  but  the  slopes  of  the  lines  can  change  in  space  and 
time. 

It  is  clear  that  the  slopes  of  the  two  characteristics  which  carry  the  information  necessary  to  define  the  for¬ 
ward  and  backward  propagating  variables  at  every  point,  are  of  different  signs;  they  X,,2 ,  are  numerically  equal 
to  tc/n.  For  such  a  point,  A  (fig.  2),  the  domain  of  dependence  is  defined  by  point  B  and  point  C,  the  two  cha¬ 
racteristics  being  defined  by  AC  and  AB,  respectively,  to  a  first  degree  of  accuracy.  When  discretizing  the  partial 
differential  equations  for  computational  purposes,  point  A  must  be  made  dependent  on  points  distributed  on  a 
segment  which  brackets  BC,  for  example  on  points  D,  E  and  F  of  fig.  2.  Such  a  condition  is  necessary  for  stability 
but  it  must  be  loosely  interpreted.  Suppose,  indeed,  that  one  uses  a  scheme  in  which  a  point  such  as  A  is  always 
made  to  depend  on  D,  E  and  F,  indiscriminately  (this  is  what  happens  in  most  of  the  schemes  currently  used, 
including  the  MacCormack  method).  Suppose,  now,  that  the  physical  domain  of  dependence  of  A  is  the  segment 
BC  of  fig.  3.  The  information  carried  to  A  from  F  is  not  only  unnecessary,  it  is  also  untrue.  Consequently,  the 
numerical  scheme,  while  not  violating  the  CFL  stability  rule,  would  violate  the  law  of  forbidden  signals.  Physic¬ 
ally,  it  would  be  much  better  to  use  information  from  D  and  E  to  define  A,  even  if  this  implied  lowering  the  nomi¬ 
nal  degree  of  accuracy  of  the  scheme.  In  other  words,  to  say  that  a  given  scheme,  using  points  D,  E  and  F,  has  a 
second-order  accuracy  is  meaningless  since  a  wrong  scheme  has  no  accuracy  whatsoever. 

In  two-wave  propagation  problems  treated  by  relaxation  methods,  the  need  for  a  switching  of  the  discretization 
scheme  in  passing  from  forward  (advanced)  to  backward  (retarded)  points  is  evidently  related  to  the  law  of  for¬ 
bidden  signals. 

The  sensitivity  of  results  to  the  numerical  domain  of  dependence  as  related  to  the  physical  domain  of  depen¬ 
dence  explains  why  computations  which  use  integration  schemes  such  as  MacCormack ’s  [40,41  ]  show  a  progres¬ 
sive  deterioration  as  the  AC  line  of  fig.  2  becomes  parallel  to  the  T-axis  (Xt  -*  0),  even  if  X,  is  still  negative  [38] . 
The  information  from  F  actually  does  not  reach  A;  in  a  coarse  mesh,  such  information  may  be  drastically  diffe¬ 
rent  from  the  actual  values  (from  C)  which  affect  A.  On  the  other  hand,  since  the  CFL  rules  must  be  satisfied  and 


F.P.  Mattar  et  al.  /  Counter-beam  propagation  in  a  cavity 


F  is  due  nearest  point  to  C  on  its  right,  the  weight  of  such  information  should  be  minimized.  Moretti  s  X-scheme, 
relying  simultaneously  on  the  two  field  equations,  provides  us  with  such  a  possibility. 

Every  spatial  derivative  of  the  forward  field  is  approximated  by  using  points  which  lie  on  the  same  side  of  E 
as  C,  and  every  derivative  of  the  backward  scattered  field  is  approximated  by  using  points  which  lie  on  the  same 
side  of  E  as  B.  By  doing  so,  not  only  is  each  characteristic  related  with  information  which  is  only  found  on  the 
same  side  of  A  from  which  the  characteristic  proceeds,  but  such  information  is  appropriately  weighted  with  factors. 
These  depend  on  the  slopes  of  the  characteristic  so  that  the  contribution  of  points  located  too  far  outside  the  phy¬ 
sical  domain  of  dependence  is  minimized.  A  one-level  scheme  which  defines 


be* /to  -  (eg  -  ejj)/Ar ,  (forward  wave) ,  (3.1) 

to~/tom(tf  -e£)/Ar ,  (backward  wave) ,  (3.2) 

is  Gordon's  scheme  [42] ,  accurate  to  first  order.  To  obtain  a  scheme  with  second-order  accuracy,  Moretti  con¬ 
sidered  two  levels,  in  a  manner  very  similar  to  MacCormack’s  [40] .  More  points,  as  in  fig.  4,  must  be  introduced. 
At  the  predictor  level  following  Moretti’s  scheme  one  defines 

be* /to  •  (2e*t  -  3eJ,  +  e£)/Az  ,  (forward  wave) ,  (33) 

de  ~/bz  *  (ep  -  e£)/Ar ,  (backward  wave) .  (3.4) 

At  the  corrector  level,  one  defines 


be  * /to  •  (e*  -  e  „)/Az  , 


(forward  wave) 


de  /to  •  (-2?^  +  3ejJ  +  er~)/Az  .  (3.6) 

It  is  easy  to  tee  that,  if  any  function  /is  updated  as 

7  -/+/rAT  (3.7) 

at  the  predictor  level,  with  the  T-derivatives  defined  as  in  (2.21)  and  the  r -derivatives  defined  as  in  (3.3).  (3.4)  and 

as 

AT+m’\(f+7*fT±T)  (3.8) 

at  the  corrector  level,  with  the  /-derivatives  defined  again  as  in  (2. 1 ),  (2.2),  and  the  c -derivatives  defined  as  in  (3.S), 
(3.6),  the  value  of/  at  T  ♦  AT  is  obtained  with  second-order  accuracy.  The  updating  rule  (3.7)  and  (3.8)  are  the 
same  as  in  the  MacCormack  scheme. 

At  the  risk  of  increasing  the  domain  of  dependence,  but  with  the  goal  of  modularising  the  algorithm,  we  have 
used  three-  and  four-point  estimators  for  each  first  and  second  derivative,  respectively.  We  have  also  extended 
Moretti’s  algorithm  to  a  nonuniform  mesh  to  handle  the  longitudinal  refractive  (left  and  right)  mirrors:  the  same 
one-sided  differencing  (to  satisfy  the  law  of  causality)  is  used  for  both  predictor  and  corrector  steps.  Neverthe¬ 
less,  we  derived,  using  the  theory  of  estimation,  conveniently  presented  by  Hamming  [43] ,  second  order  deriva¬ 
tive  estimators  at  both  the  predictor  and  corrector  levels.  As  a  result,  the  overall  accuracy  of  Moretti's  scheme 
was  increased. 
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4.  Order  of  error  for  straight-tine  predictor/corrector 


We  consider  the  following  predictor/corrector  scheme  as  suggested  by  MacCormack 

predict:  7i,*i  */„  +  «/»',  (4. 

correct:  /,♦,  *  $(£♦,  +/„  +  6fn*t) ,  (4. 

where  J  indicates  predicted,/  corrected  and /exact  values.  Assume  that  the  derivative  estimator  for  prediction 
has  an  error  of  order  p  and  that  for  correction  of  order  c,  so  that: 

/;  ~fn  +0(5p)  (4. 

£♦,  •/;♦!+ 0(«*)  (4 

where  OfS1)  is  a  sum  involving  terms  in  6  to  the  power  i  or  higher.  Combining  (4.1)  with  (4 3)  and  (4.2)  with 
(4.4)  we  get: 

predict:  /„+I  =•/„  +  S/J  +  0(5P+1 )  ,  (4. 

correct:  /„♦,  +/« +8^1  +0(6C+‘)1  .  (4. 

The  Taylor  series  expansion  for  /nM  is: 

/„+.  •fn+K  *jK+0(S3).  (4. 

Combining  (4.7)  and  (4.5)  we  get  the  predictor  error  as  follows: 

=■/*♦!  ~/nr,  » fn  +fn  + +  0(63)  -/„  -6 /„'  +  0(5"+1) 

-(^)«l+0(5^‘).  (4.: 

Thus 

=0(8a) ,  for  all  p  >  1  .  (4.! 

Consider  now  the  corrector  error: 


«/«♦.  -/»♦.  -/«+«^  +  y/T  +0(53)-  \/„r,  -\fn  +0( 5^*) 


-  hfn  *  (/„'  -  i/^i)  «  +y  8  -  i  [/„  +  K  * 0(Sp+1)l  +  0(8~l) 

=  {f*  ~fn  jg  +^5a  +0(8e*')  +0(8P*‘) . 

But 

/;♦,  */>«/;  +cksj). 


(4.K 


(4.1 
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second-order  errors  effectively  cancel  out.  From  the  above,  it  is  clear  that  for  maximum  accuracy  with  the 
straight-line  predictor/corrector,  the  derivative  estimators  for  both  prediction  and  correction  should  guarantee 
at  least  second-order  accuracy.  Anything  above  second-order  accuracy,  however,  will  not  necessarily  improve 
the  results. 


5.  The  effect  of  prediction  error  on  correction  error  for  a  weighted  formula  estimator  of  the  correction  derivative 


We  investigate  derivative  estimator  formulae  of  the  type: 


fn  3  So, /„(!,). 
i 

(5.1) 

Let  5  *  max^Uj+i  -  x,\)  and  assume 

fi-K*  o(«0. 

(5.2) 

so  that  (5.1)  has  error  c. 

In  applying  a  straight-line  predictor/corrector  with  such  an  estimator  for  the  corrector,  we  observe  that  the 
error  in  the  estimated  corrector  derivative,  since  it  based  on  predicted  values,  will  also  depend  on  the  error  of 
prediction.  From  (4.9)  we  know  that  the  error  in  predicted  values  is  0(5 2)  for  any  reasonable  derivative  estima¬ 
tor.  Thus  we  may  write: 

/»+i(*r)  =/»♦,(*) +0(5 ’).  (5.3) 

Applying  formula  (5.1)  to  (5.3)  we  get: 


rn+l  -  (*i)  =  Sa*/**  ,(*,)  + 0(5*). 

(5.4) 

Thus,  using  (5.2): 

fn+i  +0(5f)  +  0(S1)=/Ui  +CX5min(c'2))  . 

(5.5) 

Therefore  the  effective  error  of  the  corrected  derivative  cannot  be  increased  beyond  2  for  a  straight-line  correc¬ 
tor  .  It  makes  no  sense  to  use  a  formula  of  type  (5.1)  with  c  >  2.  From  the  theory  of  estimation,  conveniently 
presented  by  Hamming  [43] ,  this  means  that  only  three  weighting  factors  at ,  aj ,  a3  need  be  used.  See  table  1 
for  comparison  between  weighting  coefficients. 


6.  Approximating  linear  operators 

Let  3c  3  (-*!.  x2,  x3,  ...,xm),xi<xj  fori  s*/'.  Consider  the  function/and  let/(.v)and  W  be  the  column  vectors 


•'Wi  ' 

Ax  3) 

Wj 

/(*)  = 

Ax,) 

*3 

^Axm  )v 

Let  L  be  a  linear  operator.  We  seek  a  vector  W such  that: 
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where  6  *  max,  (lx*,  -  x( |), «'  *  1 , ....  m  -  1 .  We  approximate  /by  a  polynomial  P/  of  order  m  -  l  which  agrees. 


exactly  with/at  points*,, xj.xj,  ...,xm: 

m 

Px(x)  «E  LJm(x)f(x,),  (6.2) 

where L/m  are  the  Lagrange  polynomials  for*.  It  can  easily  be  shown  that 

A*)-  W  +  R{f.x,x),  (6.4) 

where  the  remainder  term  R(f,  X:x)  is 

R(f.  J?;x)  fj  (v  _  Xi)  <0(5m) ,  (6.5) 

ml  j=i 

for  some  0  :  x,  <  9  <  xm .  Let  be  th6  coefficients  of  L/m  so  that 

m-l 

L,m(x)  *  S  Xf/x' ,  (6.6) 

1*0 

yielding 

m  m-l 

fix)  -  E  A*,)  E  \itx‘  +  /?(/,  .T; x) .  (6.7) 

/-I  /*0 

Applying  L  to  both  sides  of  (3.7),  we  get 

m  m-l 

Z./(x)«E/Uc,)S  h,Lx‘  +  LR{f.  X\x)  .  (6.8) 

/-i  <»o 

Define  the  column  vector  M„  as: 


and  let  Am(Af)  be  the  matrix  of  coefficients  of  the  Lagrange  polynomials  on  X.  Then  (6.8)  may  be  rewritten  as: 
LAx)  *  (Am(*)  •  LMm(x))T  -AX)  +  LR{f,  X  ,x)  ,  (6.9) 

where  superscript  T  represents  the  matrix  transpose  operation* .  We  propose  the  vector 

W*Am(X)-LMm{x)  (6.10) 

as  our  weighting  vector.  Note  that  this  vector  is  independent  of  the  function  /. 

Eq.  (6.9)  represents  a  formula  for  estimating  a  linear  operation  on  a  function  given  the  function’s  values  at  a  set 
of  points.  Unfortunately,  little  can  be  said  at  this  point  about  the  error  term  LR(f,  X,  x)  for  arbitrary  L.  Let  us 
concentrate  our  attention  now  on  derivative  operators.  In  this  case: 
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n  c-xj 

-Vr^^r^n  (x - Xi) +/<-»(« )(fi(x-x,)+E  n(x-Jl 

m!  L  dx  i«i  (r*2  /»i  t*  1  jj 


since  6  is  in  general  a  function  of  x.  Let  us  further  restrict  ourselves  to  cases  where  x  -  xk  for  some  k.  If  we  assume 
that  f<m)(6(xk)),f<m*l\d(xk))  and  (dd/dx)\x,Xk  are  defmed,  then  the  first  term  above  cancels  yielding 


^W.r;x)U„-^2[n  (X.  -x,)*E'ri<x,  -x,)]  . 

dx  *  ml  L/«2  /*i  /» i  J 

If  k  »  1 ,  then  all  the  terms  under  the  summation  sign  will  vanish  yielding: 


^>fnc,.-x(„E,n<x,-x,)l 

'  U«2  /»!  /=!  J 


(6.12) 


dx  1  ml  i*2 


FI  (x,  -x,). 


£*(/.  *;*)!,.„  if  (x,  -x,) 


The  absolute  value  of  this  error  term  is  clearly  <0(5m_1).  Thus  if  m  is  the  order  of  approximation  of  formula 
(5.7),  then  m  -  1  is  the  order  of  approximation  of  formula  (5.9)  for  the  first  derivative  operator.  Similarly,  it  can 
be  shown  under  suitable  conditions  on  0(x)  and/^ffKx))  that 

Ul/?(r,.r;x)|  <0(6m-").  (6.15) 

|dx"  I*-** 


7.  A  three  point  estimator  formula  for  the  first  derivative  of  a  function 

From  the  results  of  section  6,  we  know  that  a  three  point  formula  of  type  6.9  should  yield  an  error  of  order 
2.  To  define  the  Lagrange  coefficient  matrix,  define  the  fundamental  polynomials  as: 

,  3 

»/(*)*  n  (x-x4).  (?. 

/•*! 

Then  the  three  point  Lagrange  coefficient  matrix  is 


x,x3 

-Xj  -  x3 

1  ^ 

ffl(*l) 

ffl(*l) 

t  (•*  l ) 

x,x3 

— X 1  -  Xj 

1 

tfj(jfj) 

*j(*2> 

*2(*j) 

x,x, 

-X,  -Xj 

1 

'Tj^j) 

tfj(*j)  J 

LetDi.Dj  andZJj  be  the  weighting  vectors  of  formula  (6.10)  for  the  derivative  at  points  x, ,  x:  and  .v3 ,  respec¬ 
tively.  Since 

d  r°i 

— A/3(x)=  1  !,  (12 

**  KlxJ 
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we  have 


r<n 

D( - Aj  •  1  j , 

l2xj 


A,-rnr/fei. 


which  yields  the  forward,  central  and  backward  differencing  estimators,  respectively. 


Xl  -*s  *1  ~Xj\ 

’  ViiXi))’ 


_(x2  -x3  2x2  -X,  Xj  x2  -x, 

2  *1  *,(*,)’ 


x2-x2  x3-x. 


2x3  -x,  -xj 


To  simplify  the  expressions,  we  introduce  the  following 
5,  *x3 -x,  ,  Sj-Xj-Xj,  5*|(x3 -x,)=4(5t  +&2), 


The  fundamental  polynomials  then  become: 

«,(*,)  =  (*,  -x2)(x,  -x,)-6,(6l  +6,),  itj(x2)  =  (xj  -xt)(x2  -x3)=-$,6 
*j(*j)*(*s  -x,)(x3  -Xj)*(6,  +5,)5j  . 

The  weight  vectors  for  our  estimation  formulae  then  become: 


5,(5,  +  6,) 


,4' 
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8.  Treatment  of  longitudinal  boundary 

When  treating  any  point  within  the  cavity  or  at  either  longitudinal  boundary  (where  a  partially  reflecting  mirror 
is  situated)  there  is  no  problem.  But,  for  example,  at  2  =  0,  e*  is  determined  by  eq.  (235)  and  not  through  pre¬ 
vious  predictor/corrector  formulae  (7.1 1) — (7.13)  as  only  e~  is  calculated  at  z  *  0  in  that  manner.  However,  for  a 
point  one  increment  (5  *  Ac)  from  the  left  mirror,  one  encounters  difficulties  calculating  the  forward  wave.  The 
second  needed  point,  which  is  vital  to  the  formulae,  would  fall  outside  the  cavity.  An  identical  difficulty  arises 
from  the  counterpart  backward  wave  with  respect  to  the  right  hand  mirror.  The  field  traveling  from  the  right  is 
defined  at  z  =  L  by  eq.  (236). 

To  deal  with  this  situation  one  has  to  modify  the  predictor/corrector  schemes  so  that  an  increment  6 2  is  used 
instead  of  6.  The  loss  of  that  second  point,  which  reduces  the  accuracy  of  the  derivative  estimator  maintains  near 
the  mirror  the  same  order  accuracy.  One  must  compensate  this  loss  by  locally  reducing  the  mesh  size. 


9.  A  three  point  estimator  formula  for  the  Laplacian  of  a  function 
We  seek  a  weighting  vector  L  =  j  such  that 


/ 


(9.1) 


Because  of  the  linearity  of  all  operations,  this  may  be  rewritten: 

where  D  is  the  weighting  vector  for  the  first  derivative  derived  in  the  previous  section,  and  ‘D  is  the  weighting  vec¬ 
tor  for  the  second  derivative.  To  find  2D,  we  note: 


(9.2) 


'  1  1 

r°i 

2D 

*2 

3 

0 

<  X  - 

1 2. 

(93) 


so  that  our  equations  become,  using  the  notation  of  the  previous  sections: 


'  ,  fl  ]>  /  2  _2  2  \ 

uJJ  ='5<(5i+5:)’  Ml’  (5,  +  5j)5j) 


(9.4) 


Note  that  this  formula  is  independent  of  x.  Combining  (9.4)  with  previous  results,  we  get  the  following  weighting 
vectors  for  our  Laplacian: 


-  *(■  -fm('  -  £)-(*■ -£))•  ■  4£)  -2  (■  -0  ■  * 

W('-i£K('-sr). 


n  i 
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IS 


( * ) 

i+£l  I 

f1+  J_\\ 

\2xJ 

'  2  ' 

2xj// 

If  we  introduce  the  variables 


(9.7) 


The  formula  simplifies  to: 


.  3  d 

-a- 

‘-{fA'-DY 

,  1  d 

1  2x,  'al 

Xj/7  ’ 

,  1  d 

'-£))• 

(9.8) 

(9.9) 
(9.10) 

(9-11) 

(9.12) 

(9.13) 


It  should  be  noted  that,  since  the  Laplacian  involves  a  second  derivative  and  only  three  points  are  used,  the  above 
formulae  will  lead  to  error  term  of  first  order  in  S  (or  d). 

This  section  can  be  readily  extended  to  a  four-point  estimator.  The  details  of  the  derivation  can  be  found  in  ref. 
[44], 


10.  Concluding  remarks 

Most  features  of  the  numerical  model  used  to  study  temporal  and  transverse  reshaping  effects  of  short  optical 
pulses  counter-propagating  in  a  nonlinear  Fabry— Perot  entry  have  been  presented.  The  derivation  of  the  differen¬ 
cing  formulae  was  summarized.  The  experiment  strives  to  achieve  a  rigorous  analysis  of  this  nonlinear  interaction 
with  maximum  accuracy  and  minimum  computational  effort.  The  applicability  of  Moretti  X-scheme  developed  in 
gas  dynamics  to  this  laser  physics  problem  has  been  demonstrated.  Extension  of  his  method  to  nonuniform  grids 
were  carried  out.  To  facilitate  the  legibility,  maintainability  and  portability  of  the  program,  as  well  as  the  imple¬ 
mentation  of  further  extensions  of  the  planar  wave  theory,  structural  modular  programming  techniques  have  been 
used.  The  resultant  code  is  concise  and  easy  to  follow.  Results  of  this  algorithm  will  be  presented  elsewhere. 
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The  complete  mathematical  modeling  of  nonlinear  light-matter  interaction  is  presented  in  a  hydrodynamic  context.  The 
field  intensity  and  the  phase  gradient  arc  the  dependent  variables  of  interest.  The  resulting  governing  equations  are  a  gener¬ 
alization  of  the  Navier -Stokes  equations.  This  fluid  formulation  allows  the  insights  and  the  methodologies  which  have  been 
gained  in  solving  hydrodynamics  problems  to  be  extended  to  nonlinear  optics  problems.  To  insure  effective  numerical  treat¬ 
ment  of  the  anticipated  nonlinear  selNensing  phenomena,  a  self-adjusted  nonuniform  redistribution,  along  the  direction  of 
propagation,  of  the  computation  points  according  to  the  actual  local  requirements  of  the  physics  must  be  used.  As  an  alter¬ 
native  to  the  application  of  adaptive  rezoning  techniques  in  conjunction  with  Eulerian  coordinates,  Lagrangian  variables  are 
used  to  provide  automatically  the  desired  nonlinear  mapping  from  the  physical  plane  into  the  mathematical  frame.  In  this 
paper  we  propose  a  method  suitable  for  the  solution  of  the  described  problem  in  one-dimensional  cases  as  well  as  in  two- 
dimensional  casus  with  cylindrical  symmetry.  To  overcome  the  numerical  difficulties  related  to  the  inversion  of  the  Jacobian, 
an  analytical  algorithm  based  on  the  paraxial  approximation  was  developed. 


1.  Introduction 

When  sufficiently  strong  optical  beams  propagate  through  nonlinear  media,  significant  self-action  phenomena 
[1]  can  occur  and  the  propagation  characteristics  are  significantly  altered  from  the  vacuum  propagation  [2].  In 
particular,  self-letuing  associated  with  the  nonlinear  index  of  refraction  of  the  medium  appears.  The  correspond¬ 
ing  nonlinear  beam  distortion  due  to  the  nonlinear  interaction  can  be  rigorously  solved  only  by  using  appropriate 
numerical  methods  ace  the  equations  are  far  too  complicated  to  be  handled  by  any  known  analytical  techniques. 

Should  the  beam  focus  along  the  direction  of  propagation,  its  transverse  dimensions  will  drastically  change  at 
the  focal  point  from  what  it  was  at  the  aperture.  It  becomes  necessary  that  the  transverse  dimensions  of  the  three- 
dimensional  grids  shrink/expand  in  size  as  the  focal  point  is  approached/passed  [3-8,17]. 

For  the  nonlinear  interaction,  the  actual  desired  shrinkage/expansion  of  the  transverse  mesh  cannot  be  guessed 
a  priori;  it  must  be  locally  determined  by  the  solution  to  the  problem  itself.  It  is  therefore  necessary  to  have  the 


*  A  numerical  algorithm  aseociated  with  tha  hydrodynamic  analogy  of  quantum  mechanics  was  previously  developed  by  the 
same  anthort,  using  explicit  finite  differencing  methods  in  Eulerian  coordinates  as  well  as  splitting  and  self-adaptive  rezoning. 
Tha  paper  was  presented  at  the  Second  International  Symposium  on  Gas  Flow  and  Chemical  Lasers,  Western  Hemisphere 
(1979)  hatd  on  1 1  -IS  September  1978,  at  the  Von  Karman  Institute  of  Fluid  Dynamics  in  Belgium. 

**  Partially  supported  by  the  Research  Corporation,  the  Army  Research  Office,  the  Office  of  Naval  Research  and  the  Interna¬ 
tional  Division  of  Mobil.  Present  address:  Laser  Spectroscopy  Laboratory.  MIT,  Cambridge,  MA,  USA. 
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three-dimensional  space  grid  changing  concomitantly  with  the  actual  beam  shape  and  size  and  the  local  wave-front. 
To  avoid  oscillatory  behavior  associated  with  the  decomposing  of  the  electric  field  into  its  real  and  imaginary 
parts,  it  is  necessary  to  describe  the  field  using  the  modulus  and  the  phase  [9-12]. 

The  present  paper  deals  with  the  hydrodynamic  analogy  [1 1,12]  of  the  problem  of  nonlinear  propagation. 

In  this  approach,  the  evolution  of  the  beam  is  interpreted  in  terms  of  a  flowing  fluid  whose  density  is  propor¬ 
tional  to  the  gradient  of  the  phase.  This  description  allows  the  treatment  of  more  slowly  varying  dependent 
variables  and  yields  equations  of  motion  that  are  similar  and  equivalent  to  those  obtained  by  the  method  of  mo¬ 
ments  used  for  the  average  description  of  the  beam  propagation  characteristics  [1,13-15],  Furthermore,  this 
scheme  could  allow  even  larger  and  coarser  marching  mesh  sizes  if  it  were  used  simultaneously  with  an  auto¬ 
matically  adaptive  nonuniform  rezoned  coordinate  system.  The  set  of  governing  equations  thus  obtained  is  a 
generalization  of  the  Navier-Stokes  equations  [16-18]  that  describe  a  compressible  fluid  subjected  to  an  internal 
potential  which  depends  solely  and  nonlinearly  upon  the  fluid  density  and  its  derivatives.  This  internal  potential 
is  often  referred  to  as  the  quantum  mechanical  potential. 

A  further  transformation  of  the  dependent  variable,  namely  the  use  of  the  natural  logarithm  of  the  density,  is 
also  introduced  [17]  to  simplify  the  numerics.  To  generate  an  effective  and  reliable  computational  code  with 
modest  storage  requirements,  one  usually  introduces  mapping  techniques  which  consist  of  various  function  and 
coordinate  transformations.  An  alternative  method  to  this  systematic  is  the  adoption  of  Lagrangian  coordinates. 
The  Lagrangian  approach  [19]  operates  with  the  displacement  of  a  fluid  element,  following  the  temporal  evolu¬ 
tion  of  its  trajectory.  In  this  way,  one  easily  finds  the  evolution  of  the  phase  and  the  energy  in  the  plane  trans¬ 
verse  to  the  direction  of  the  beam  propagation.  Hence,  the  system  of  Lagrangian  trajectories  corresponds  to  the 
automatic  self-adaptive  nonuniform  rezoning  and  mapping  techniques  used  in  the  usual  Eulerian  system;  it 
should  also  ensure  an  optimum  redistribution  of  the  computational  points  during  the  calculation  in  the  various 
regions  of  interest.  Furthermore,  the  number  of  equations  is  reduced  (in  comparison  to  the  Eulerian  description), 
and  the  coupling  between  the  different  variables  is  strengthened,  thus  accelerating  the  rate  of  convergence  of  the 
algorithms. 

The  organization  of  this  paper  is  as  follows:  section  2  presents  the  equations  of  motion.  Section  3  is  devoted 
to  the  energy  conservation  and  the  motivation  for  an  identification  of  physical  variables.  Section  4  introduces 
the  fluid  description.  Section  5  reviews  the  method  of  moments.  Section  6  summarizes  the  proposed  algorithm 
based  on  the  Lagrangian  formulation.  Section  7  presents  the  conclusion. 


2.  Equations  of  motion 


For  the  class  of  problems  describing  the  propagation  of  optical  signals,  the  slowly  varying  envelope  approxi¬ 
mation  is  usually  adopted,  namely  [1] 


£(r,r)  =  Re 


(1) 


where  z  designates  the  propagation  direction.  Assuming  that  the  complex  amplitude  e(r,  t )  changes  by  a  small 
fractional  amount,  temporally  in  the  optical  period  2n/u0  and  spatially  in  the  optical  wavelength  2zc/w0.  the 
field  equation  becomes  first  order  in  z  and  t  and  reduces,  for  a  linearly  polarized  light,  to  the  quasi-optics  equa¬ 
tion 


-2  3  Ho  8  i  2 1 

7\e  +-r-e  + —  —e  *  y|eJ|e. 


(2) 


Here,  n0  is  the  linear  index  of  refraction  of  the  background  material,  7  is  proportional  to  the  nonlinear  part  of 
the  refractive  index  nt ,  n  *  n0  +  n2  M*  e.  The  differential  operator  Vj  is  the  transverse  Laplacian  in  Cartesian 
coordinates.  The  time  scale  is  normalized  to  a  characteristic  time  of  the  input  pulse  and  the  transverse  dimen- 
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sion  scales  to  a  characteristic  spatial  width  rp  of  the  input  pulse.  The  input  beam  is  supposed  to  have  azimuthal 
symmetry.  By  introducing  a  moving  frame  of  reference, 


t?  *  z,  t  m  t  —  (n0/c)z 

the  quasi-optics  equation  (2)  reduces  to  the  nonlinear  Schrodinger  equation: 
i 


(3) 


c  rrl  3 

- - V\e+—e> 

2oj0  n  o  dr? 


7k*l 


e. 


(4) 


3.  Energy  relations 

By  multiplying  eq.  (4)  by  e*  and  adding  the  complex  conjugate,  one  obtains  (with  7  *  +  i72) 

J_  ±  -  e'V\e)  *  27,I*4I  (5) 

2ug  n  0  or? 

or  equivalently 

VT  •  Jr  +  a/t/3n  *  27,  |e4|,  (6) 

where *  |eJ|  mA2, 

/r*(2w0«o)"‘cVT  •  (eVTe*  -e’VTe)*  (c/mocjo)[/1I(^t0)]- 

In  the  last  relation,  the  polar  representation  of  the  complex  envelope  was  used: 

em  A  exp(i0),  (7) 

where  A  and  0  are  the  real  functions  of  coordinates. 

The  components  and/T  represent  the  longitudinal  and  transverse  energy  density  flow.  Thus,  the  existence 
of  the  transverse  energy  density  current  is  related  to  the  transverse  gradient  of  the  phase  <t>  of  the  complex  Held 
(7).  When  Jj  <  0  (i.e.,  VT0  <  0),  self-induced  focusing  dominates  the  spreading  due  to  diffraction  [20] .  The 
choice  of  the  intensity  A2  and  the  gradient  of  the  phase  <t>  as  new  variable  is  physically  enlightening  and  elimi¬ 
nates  most  of  the  oscillatory  phase  difficulties  [2]  associated  with  the  use  of  real  and  imaginary  parts  of  the 
electric  field. 


4.  Fluid  description 


Let  the  nonlinear  polarization  on  the  r.h.s.  of  eq.  (4)  be  written  as 
PNt  "  (Xr  +  iXi)e  a  Xnl*. 


(8) 


where  xr  and  Xi  are  real  functions  of  A.  Using  eq.  (7),  one  obtains  from  eq.  (4)  the  transport  the  the  eikonal 
equations  (n0  *  *o^/w0)  [21  ] : 


*0  A 2  +  VT  •  [A2  VT0]  *  - ^j2-  xi<4: 5 , 


(9) 


*.$**[<*# «io> 

The  transport  equation  (9)  expresses  the  conservation  of  beam  energy  over  the  transverse  plane.  When  xi  =  0.  the 
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total  power  is  conserved  along  the  direction  of  propagation.  The  eikonal  equation  (10)  describes  the  evolution  of 
the  surface  of  constant  phase.  It  has  the  form  of  the  Hamilton-Jacobi  equation  for  the  two-dimensional  motion 
of  particles  having  unit  mass  and  moving  under  the  influence  of  potential  [1  ]  given  by 

VM~lk<VU)A"  "tXR’  (U) 

if  kfrZ  is  regarded  as  time  coordinate  and  k0xx,k0yy  as  spatial  coordinates.  Furthermore,  if  one  adopts /4 2  and 
VT0  as  new  dependent  variables,  the  equations  of  motion  become  similar  to  the  continuity  and  momentum 
transport  equations  of  ordinary  hydrodynamics. 

By  defining 

u**5lVT0,  p*A*  (12) 

and  supposing  Xi  *  0,  eqs.  (9)  and  (10)  can  be  written  as 

£+(«  •  vT)«-^r  VtIp-'^^v^)]  +~(Vtp),  (13) 

<77?  ZJCq  Kq 

rj+ VT  •  (pu)  *  0.  (14) 

drj 

These  equations  are  the  momentum  and  continuity  transport  equations  of  a  fluid  with  a  pressure  P  = 

It  should  be  emphasized  that  this  pressure  depends  here  solely  on  the  “fluid  density”  and  not  on  the  “velocity”. 
Eq.  ( 1 3)  can  be  rearranged  into 

-^•(pu)+  VT  •  (P»»)  7t  *  [l(VrP)l  --^(vtPXvtP)]  +~7P(VTp),  (15) 

where  I  is  the  unit  tensor. 


5.  The  averaged  description  of  wave  beams  in  nonlinear  media,  the  method  of  moments 

The  existence  of  constants  of  motion  and  conservation  laws,  even  in  a  limited  number,  is  very  useful  for 
obtaining  insight  into  the  dynamics  of  the  self-action  phenomena  associated  with  the  propagation  process.  To 
analyze  the  nonlinear  quasi-optic  propagation,  Vlasov  et  al.  [  1 3  J  extended  the  method  of  moments,  originally 
developed  in  connection  with  the  transport  theory.  In  this  theory  the  problem  of  finding  a  certain  distribution 
/($)  is  replaced  by  that  of  determining  the  moments  M„  m  $',/[|)  d£  of  this  distribution,  which  are  usually 
more  easily  calculated  than  the  function  /($)  itself.  (Cnowledge  of  all  the  moments  allows  the  use  of  known 
methods  to  reconstruct  the  form  of  the  function  /(£).  A  simple  expression  for  estimating  the  width  of  the  dif¬ 
fracted  beam  is  derived  in  terms  of  the  zero,  flrst-order  moment  and  second-order  centrifugal  moment  integrals 
of  the  incident  field.  These  moments  are  integrated  over  the  full  beam  cross-section  and  are,  therefore,  functions 
of  the  propagation  coordinate  only.  The  theory  of  moments  only  holds  when  the  susceptibility  is  a  function  of 
lei* ,  (i.e.,  when  the  nonlinear  index  of  refraction  is  a  cubic  or  fifth-order  power  in  the  field). 

The  starting  point  of  the  method  of  moments  is  the  recognition  that  the  existence  of  a  hierarchy  of  conserva¬ 
tion  equations  [13,15] 

srtwM-v-e.  0‘) 

implies  a  relation  between  the  conserved  quantities  and  the  time  derivatives  of  the  moments  of  w.  Here,  w  is 
scalar,  J  and  Q  are  vectors  aid  T  is  a  symmetric  tensor  of  second  rank  having  the  trace  Tr(T).  The  first  three 
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moments  of  w  »re  defined  as  follows: 

W-/dKw,  S*+-fdVrw,  (QHtf  - +7  fdVr'w.  (17) 

V  w  V  W  V 

The  integrals  are  taken  over  the  volume  in  which  the  field  quantities  are  defined,  and  r  is  the  position  vector. 
Using  the  Gauss  theorem,  it  can  readily  be  shown  that 

d W  d 2S  dJ  -  .  . 
dT’d^'d?®^*0' 

In  deriving  these  results,  it  was  assumed  that 
*•/»«•<?*«•  T*0 

on  the  closed  boundary  2  with  normal  k  of  the  volume  V.  If  £  is  at  infinity,  all  integrals  converge.  It  thus  follows 
that 

W*  V0,  S*S0  +  vt  and  (Qtti)*Qo  +  2ci/  +  Cjf1,  (18) 

where 50  *S(f  *0),  Qo  *  Qfto)  and 

5iVJw  '>--K/dl'T-<r»u- 

The  relations  (18)  have  a  simple  physical  meaning:  the  energy  W  of  the  field  is  conserved,  the  energy  center  5 
moves  along  a  straight  line  with  a  constant  speed  u  and  the  square  of  the  effective  radius  of  the  bunch,  Qiff, 
varies  according  to  a  parabolic  law  (for  t  •*  «■,  Q#ff  t).  It  can  readily  be  verified  that  the  conserved  quantities 
satisfy 

■  fdVrw  and  cj  fdVi*w.  (19) 

The  hierarchy  of  conservation  laws  is  satisfied  by  Maxwell’s  vacuum  equation  when  V  is  the  density  of  electro¬ 
magnetic  energy,  /  is  the  Poynting  vector  and  T  is  the  Maxwell  stress  tensor. 

Using  the  transformation  (7)  and  introducing  the  fluid  quantities  (12),  one  obtains  for  the  quasi-optics  equa¬ 
tion  (4)  where  r  -+ 17,  V  -*•  VT  and  7j  *  0 

w-p,  7*pti, 

T*0  •  [^V«pX70P)  -  PVaVff  ^5a(J(V}p)  +  5^] ,  a,0  «  x.y, 

Tr(T)»-^j  [C7^p)-ip-‘(7Tp)J  -TkJpfu-uJ  +  ^oTjP1], 

Qm~7  (vt  [7t  •  (pu)]  -  (VTp)(VT  •  u)  +  u[(V^p)  -  ip-1  (VTp)2  -  2 Ar|p(o  •  »)]}  +  7-71P1  .  (20) 

The  equation  of  the  effective  beam  radius  is  now 

(Sfr-0j  +  2c,Tj+c2qJ  (21) 

with  the  following  constants  of  motion: 

Vo  - /dopl„.0 
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]  r  -  V* 

Cl3io  Jdar'(pv)l’>-o  ifrX 

I 

Cia— “  ■£xfdo{(yb>)-b~,(VTfi)2  -2*oP(»,»*)  +  27iA:oPJ}lI1=0-  (22) 

The  beam  quantities  (20)  verify  the  conservation  relations  (16).  The  invariant  c  i  is  related  to  the  transverse 
energy  current.  In  terms  of  amplitude  and  phase,  the  integrand  is/4*(r  •  Vx<£).  This  shows  that  when  the  trans¬ 
verse  current  of  energy,  which  is  proportional  to  the  transverse  gradient  of  the  phase  <j>,  is  negative  (Vx<£  <  0), 
self-induced  Iensing  dominates  diffraction  spreading.  It  should  be  pointed  out  that  these  results  only  are  valid  for 
a  nonconfined  beam  of  finite  power.  The  integrals  in  thex.y  plane  around  the  outside  boundary  of  the  beam 
cross-section  can  only  vanish  if  both  e  and  Vxe  vanish.  This  is  not  possible  on  a  fmite  boundary  unless  e 
vanishes  everywhere.  For  a  finite  beam  the  boundary  should  recede  to  infinite.  In  the  numerical  solution  it  is 
necessary  to  introduce  a  perfect  conducting  wall.  The  surface  integrals  remain  finite,  although  small.  For  this 
reason  numerical  solution  will  disagree  with  the  average  mean  square  radius  calculated  from  the  method  of  mo¬ 
ments  by  a  small  finite  difference. 

A  similar  hierarchy  of  moments  was  derived  via  the  quasi-particle  approach  [22] .  An  alternative  to  the 
Schrodinger  picture  [13]  discussed  here  is  the  Heisenberg  picture  proposed  in  ref.  [23].  Although  both  methods 
give  the  same  expectation  values,  the  Heisenberg  picture  is  believed  to  be  simpler. 

The  method  of  moments  as  outlined  here  represents  a  local  check  to  the  numerical  analysis  giving  the  average 
estimate  for  quantities  related  to  e 1 . 

6.  The  Lagrangian  formulation 

Let  us  summarize  the  fluid  equations  taking  the  quasi-optics  relation  (4)  with  the  nonlinear  polarization  term 
in  the  form  (9).  One  has  for  xi  ^  0  (nonzero  gain  or  absorption) 

^-p  +  VT -(pu)*^-xiP,  p[^-»  +  («- VX)J]  =^7pVT[p-,/lV^(p,/I)  +  xR].  (23) 

The  second  equation  can  be  rewritten  as 

P\lvV  +  ^  “  4*J  7T^7T(ln  P)]  +  VxXR 

or,  by  analogy  with  usual  “fluid"  equations,  as 

p[^  +  (w,7t)]w"Vt/>+^VtXr'  (24) 

where  the  scalar  function  P  is  defined  as 

(P^TUnp)]-  (25) 

To  elaborate  the  appropriate  computational  code,  we  transform  eqs.  (23)  and  (24)  into  the  Lagrangian  coordi¬ 
nates  [19]. 
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The  two  hydrodynamic  equations  (23)  may  be  rewritten  in  the  Eulerian  coordinates  (xi  =  0)  in  the  form 


D 
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p  — 


where  D/Dtj  ■  3/dq  +  u  •  7T  is  the  Eulerian  derivative  describing  the  motion  of  the  fluid  element  in  a  given  point 
of  the  laboratory  frame  of  reference.  Let  us  transform  eq.  (23)  into  Lagrangian  coordinates  in  which  the  observer 
moves  with  the  fluid  element.  In  this  way,  the  local  derivative  3/3r?  becomes  equal  to  the  total  derivative  D/Dtj 
although  the  new  coordinates  will  be  related  to  the  initial  position  of  the  fluid  element  (24]. 

6.1.  The  one-dimensional  case 

Let  X,  tj  be  the  Eulerian  coordinates  and  X  =  0?  =  0  define  the  Lagrangian  coordinate  X0.  The  speed  u  is 

defined  in  the  one-dimensional  case  as  v  *  dX/dt). 

The  transformation  relations  are  as  follows: 


X ■  X(X0,riL)mXo  +  f  dT?'Lu(A'o,i?'L),  tj  =  t}l. 


It  thus  follows  that 


3  /  3X  \~‘  3  3  _  3  <  dX  3 

dX  ~\3X0/  3X0’  dvL  =  *V  +  3tj  3X  ' 


The  first  equation  (23)  gives  for  Xi  *  0 
3 p  t  3  3 Jf 

dfjL+PW0j  3JT0  3nu*0, 

which  integrates  to  the  mass  conservation  law 

p  -  p0(bX/3X0yl  • 

The  second  equation  (24)  transforms  with  the  help  of  (27)  into 


3*X  3  „  1  (3 XV1  3 

Po  3nl  "ajr0?  +  2*5 PoW0/  bx0  XR '  ( 

Using  eq.  (27),  the  scalar  function  P  reads  in  Lagrangian  coordinates 

and  eq.  (28)  gives,  using  eq.  (29), 

3*X  1  f  /  3X  yffjrfj  3X  Yl/31X\2  _ /i^l 

3ul  3  4*J  (  \3Jf0/  1 3X\  A.2l 3^o  /  \  3*o  /  1 3X\ / J 

The  system  of  fluid  equations  (23)  reduces  to  a  single  equation  in  X  which  has  a  second-order  derivative  in 
variable  tj  and  derivatives  in  X0  up  to  fourth  order. 

For  a  nonlinear  media  with  a  nonvanishing  xi,  the  first  equation  (23) 

3  3  3  1 

^P  +  WdFP  +  PSF^X,P 


.  .  .  -  -V 
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is  transformed  into 

which  by  integration  gives 


©■'•“'fe/  <",L’4 


With  this  dependence  of  p  on//L ,  the  second  equation  (24)  reads 


Po  exp 


1  rL  .  \#X  3  1  (*XY'(  3  \  1 


d.2.  Two-dimensional  case  in  cylindrical  geometry 
In  cylindrical  coordinates,  the  system  (23)  reads 


3  3  13  1 


/  3  3  \  1  3  I  1  3  f  3  /t  1 


,  P  3 
2*5  3r  Xr' 


Introducing  the  Lagrangian  variables  r0L,  V l 
*  ^e(T0L»  *?!.)•  lE^ll, 

We  find  the  solution  of  the  first  relation  (38)  in  the  form  (for  Xi  =  0) 

p,p.(*s.r2k. 

\3r0L  /  rE 

Let  us  define  the  fluid  “pressure”  by  analogy  with  previous  cases  as 
i»«-4  (p— —  [rE  —  (In p)  }. 

4*5  1  ^e  3/t  L  3rE  Jf 

The  scalar  ?  is  explicitly 


r- 1  ^ 

4*0  W0L/  L  \dr0L/  \3roL  /  W0L  /  \3r5iV  '’e'S^l/J 

Finally,  the  eq,  (36)  becomes 

3^e  ^  1  fr_/3re  \':/3Ve\  _  / 3rE  \~3/< 

3nl  4*1  IL  W0L/  \3r5L/  rE Jl“\3r0L/  \3r5L/  \3r0L/  \t 


+  / 3rE  Y1  f7( *rE  y3( *3rE \/3ve\  /3rEV 

rE  drQL'  V3r5L/J  \dr0L/  L  \dr0L/  \drlL/\driJ  \dr0LJ 


_  (±L  V2fe\  +_5_/'_^e.\2  _  1  3VeV 

\dr0t_/  \3roL/  t\\SrQL)  rE  'S^oi./  rE\dr0L/  l  br^i ,  _ 


.  ■  -  -t-  ■  ■  .  A  >  .  •r.  i  .  •  •  A <i  .  '  <•  ■  •  -  ■ 


1L 

/  3j7l  Xi 
o  J 


2*6  3r ol 
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In  the  case  of  the  imaginary  part  of  x,  Xi  *  0  we  have  by  analogy  with  eq.  (32) 

^*(p”^)'“p{^/  stXR-  m 

Details  of  the  two-dimensional  case  in  Cartesian  coordinates  can  be  found  in  ref.  [25] . 

The  evolutional  equations  (30)  and  (38)  are  rather  complex  due  to  the  presence  of  the  inverse  displacement 
gradient  Jacobian  Jy.  In  order  to  obtain  the  evolutional  equation  more  accessible  to  numerical  analysis,  we  limit 
ourselves  to  the  paraxial  approximation,  assuming  that  the  beam  convergence  or  divergence,  respectively,  due  to 
the  nonlinear  polarization  remains  small.  Let  us  introduce  the  Lagrangian  displacement  t  [26] 

x  =  x0  +  5,  l%l<l*ol.  ■/</sT7L  =  5//+T1T‘-  (4°) 

oaq)  Mo  / 

The  value  of  any  function  (field)  defined  on  x,  resulting  from  the  displacement  £  may  be  expanded  in  power 
series  of  t  either  in  form  of  Eulerian  expansions  defined  at  x(t}),  either  in  form  of  Lagrangian  expansions  defined 
at  x0(r?).  Introducing  the  Eulerian  expansions 

p(x)  *  p0(*)  +  5!P(jc)  +  5 ip(x)  +  ....  u(x)  =  i>o(*)  +  5  ,t>(x)  +  5 2u(x)  +  ... 

into  the  system  (23)  and  expressing  the  first  and  second  order  changes  6  as  functions  of  the  displacement  we 
obtain  the  following  hierarchy  of  evolutional  equations  [24] .  (We  assume  d/drj  v0  -  0,  Xj  =  Xr  =  0): 

0th  order:  (u0  •  VT)u0  = VT  {p5wl  V^-pV1} ;  (41) 

IKq 

1st  order: 

t"  +2(w0  •  VT)V  +  (»o  *  VT)[(u0  •  Vx)t~(t  •  Vx)t>0]  +  {[(t)0  •  Vx)t  -(f  VT)u0]  •  VT;>u0 

=  ~T  VT  {po3/i  [Vx  •  (Po^lVU'1  -P5l/IV|[p5‘/:!Vx  .  (p0^)]>;  (42) 

•  ® 

2nd  order: 

( Vx)[t  +(»0  •  Vx)f  -  *  Vx)«0]  +  " 

0^0/  ^0/ 

+  {[($•  Vx)u0]  ’  Vx}[$+(o0*  VT)t-($’  Vx)u0]  +  {($*  Vx)(t'  +  (»o  *  Vx)*-«  •  VT)«0]  •  Vx}u0 


+  i(«o  •  dX<udXo/  +  * {[W/ 3*0,  dXoi]‘  7t)U° 

-  gj|  vT jp3,/J  [[VX  •  (poW  v*T  [p;,/5  vx  -  (p*)]  ♦  Po[g~^-  +  (VT  •  4)j] 

+  [2(5-  VX)[VX  •  (p„t)]  -^~^--2p°  det^VtPo]  *  p'ol,t^r[p'o’1  [-(Vx  • 

-&&]  -  7t)[7t  **'"*A;**''  deWli; 

for  dispersive  media  Xt  *  0.  Xr  *  0  and  the  integration  of  the  first  equation  (23)  results  in 
p  =  p0(det  ///)■'  exp|n/*o)  J  dr?'  Xi  J- 
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The  rJi.s.  of  the  second  evolution  equation  should  then  be  completed  by  an  additional  term 

{?tXr  -  (VT  •  5)?tXr}  •  (45) 

In  case  of  an  azimuthally  symmetric  beam  we  introduce  cylindrical  coordinates  assuming  that  the  azimuth  <f>  is 
ignorable.  Then 


.  ,  r  dr 

det  J = — — —  . 
r0  or0 


Under  the  assumption  of  the  paraxial  approximation,  r  =  ra  + 1  the  hierarchy  of  evolutional  relations  reads 
(Xi  *Xr  =  0): 


A  generalization  of  these  equations  for  the  dissipative  case,  xi  ^  0,  xr  ^  0  is  straightforward. 

In  the  two  methods  presented,  the  set  of  starting  transport  equations  is  combined,  via  the  Lagrangian  displace¬ 
ment  X  on  ?  in  the  case  of  paraxial  approximation,  into  one  equation  for  X  or  £,  respectively.  This  equation  [eqs. 
(30)  or  (38),  eqs.  (47),  (43)  or  (47),  (48)]  is  further  elaborated  using  a  suitable  differencing  scheme.  The  virtue  of 
the  present  analysis  consists  in  the  fact,  that  only  one  variable  has  to  be  calculated.  This  differs  our  method  from 
Lagrangian  analysis,  carried  out  in  the  past  [24] . 


7.  Conclusion 

By  writing  the  paraxial  scalar  wave  equation  in  a  conservation  form,  one  finds  that  it  has  the  structure  of  the 
hydrodynamics  equation.  On  the  basis  of  this  analogy,  the  intensity  of  the  laser  beam,  |e|J ,  can  be  interpreted  as 
the  density  p,  while  the  phase,  0,  as  the  velocity  potential  (u  =  grad  0)  of  a  hydrodynamic  flow  process  subjected 
to  a  pressure,  which  -  in  contrast  to  classical  hydrodynamics  -  depends  on  derivatives  of  the  fluid  density. 

It  is  noteworthy  that  this  hydrodynamic  approach  to  intense  laser  propagation  in  nonlinear  media  removes  the 
rapid  numerical  oscillations  encountered  when  the  field  is  described  by  its  real  and  imaginary  parts:  the  new 
independent  variables  change  much  more  slowly. 
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During  the  nonlinear  interaction,  significa.it  reshaping  and  beam  distortion  take  place.  To  achieve  accuracy  and 
efficiency  simultaneously,  one  must  resort  to  ncnuniform  grids  which  self-adjust  according  to  the  local  require¬ 
ments  of  the  physics.  Thus,  the  Lagrangian  description  -  as  opposed  to  the  Eulerian  description,  which  would 
have  required  mapping  and  adaptive  rezoning  techniques  -  is  adopted. 

The  continuity  and  velocity  equations  reduce  to  only  one  evolution  equation  for  the  Lagrangian  displacement. 
The  resulting  governing  equation  involves  derivatives  brlbr0  up  to  the  fourth  order.  To  overcome  the  numerical 
difficulties  associated  to  the  inversion  of  the  Jacobian,  an  analytical  algorithm  valid  in  the  paraxial  limit  was 
further  presented. 

The  object  of  this  communication  was  to  illustrate  a  novel  transfer  of  effective  computational  techniques 
gained  in  fluid  and  aerodynamics  to  optical  physics  [8]  by  emphasizing  the  fluid  equivalency.  The  main  goals  of 
this  study  were  to  (1)  propose  an  algorithm  which  is  totally  consistent  with  the  subtle  physics  requirements;  and 
(2)  to  readily  gain  additional  physical  insights  in  this  essential  nonlinear  light-matter  interaction. 

It  is  noteworthy  that  a  recent  independent  research  effort  also  dealt  with  the  hydrodynamic  analogy  in  a 
Lagrangian  description  for  nonlinear  propagation  in  the  atmosphere.  However,  an  explicit  algorithm  was  adopted 
[26]. 
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Abstract 

Results  of  numerical  calculations  are  presented  and  analyzed  for  pulse  generation  and  subsequent  stabili¬ 
zation  in  large  propagation  distance  z  ,  for  a  collection  of  two-level  absorbers  which  are  swept-exclted  by 
an  Impulse  Inversion  along  the  z-dlrectlon  at  the  speed  of  light  in  the  medium.  The  calculation  Is  performed 
using  the  coupled  Maxwell-Bloch  formalism  and  for  the  conditions  that  T2  ■  T|  ,  T2  >  >  tc,  g/<  >  >  1,  where 
T2  Is  macroscopic  dipole  moment  dephasing  time,  T]  Is  the  longitudinal  relaxation  time  for  the  absorber,  rc 
Is  the  characteristic  superradiant  cooperation  time  among  the  absorbers  and  g/<  is  the  linear  gain,  g  ,  to 
diffraction  loss,  k,  ratio.  Results  of  the  calculation  for  nonlinear  pulse  evolution  and  propagation  for  one 
spaclal  dimension  (planar  case)  Is  compared  with  the  results  for  the  comparable  case  where  transverse  mode 
coupling  Is  Included. 

Introduction 

In  1975,  Bonifacio,  Hopf,  Meystre  and  Scully1  (hereafter  referred  to  as  BHMS)  predicted  the  conditions  for 
which  steady-state  pulses  having  characteristics  of  superradiance  (intensity  _p2,  temporal  width  _  1/p  ,  where 
p  Is  the  density  of  absorbers,  and  pulse  envelope  varying  in  time  as  hyperbolic  secant  with  characteristic 
delay  of  the  peak  from  the  excitation)  can  be  generated  in  swept-gain  amplifiers.  They  obtained  and  analyzed 
steady-state  solutions  of  the  coupled  Maxwell-Bloch  equations  in  the  retarded  time  frame  In  one  spacial  di¬ 
mension  z  In  the  limit  z  ♦  <■  ,  fdr  the  Initial  condition  that  Impulse  Inversion  occurs  at  t  •  0,  where  r  *  t 
-  z/c.  In  the  retarded  time.  Exact  analytical  results  under  these  conditions  were  obtained  by  BHMS  for  hom¬ 
ogeneously-broadened  systems  for  two  special  cases,  T2  <  <  T^  and  T|  »  T2,  where  T2  and  Tj,  are  the  transverse 
and  longitudinal  atomic  relaxation  times,  respectively. 

1 

Subsequent  theoretical  work  which  followed  the  initial  work  of  BHfB  addressed  to  the  quantum  mechanical  as¬ 
pects  of  pulse  buildup  from  noise  and  the  role  of  spontaneous  emission  in  the  small  signal  regime  for  a  sys¬ 
tem  with  small  Doppler  width2  and  for  a  homogeneously-broadened  system.5  Further  theoretical  work  analyzed 
the  effects  of  coherent  pumping,  for  the  excitation,  on  pulse  buildup,  both  numerically*  and  analytically5’*’7  . 
The  first  reported  detailed  experimental  study  of  swept-gain  superradiance*’5  was  for  C0z-pumped  CHjF. 

Since  Olcke's  Initial  prediction*  for  the  circumstances  under  which  a  macroscopic  volume  of  atoms  can 
radiate  collectively  (collective,  spontaneous  relaxation),  a  large  amount  of  theoretical  and  experimental 
effort  has  been  devoted  to  the  subject  of  superradlance.’  Experimental  arrangements  for  the  study  of  super¬ 
radiance  has  been  Identical  with  that  for  swept-gain  superradlance.’’19  Even  though  the  two  phenomena  stem 
from  entirely  different  physical  processes,  the  same  physical  model  should  account  for  both,  each  being  a 
limiting  case  essentially  In  terms  of  the  length  of  the  active  volume  of  atoms.  Indeed,  the  first  reported 
experimental  study  of  swept-gain  superradiance4  also  constituted  a  study  of  the  evolution  from  superradiant 
response  of  the  system  through  swept-gain  superradiance  as  a  function  of  the  length  of  the  active  volume 
along  the  propagation  axis.1’  The  experimental  results  Indicate  a  continuous  transition  from  conditions 
supportive  of  superradiance  or  super fluorescence  through  swept-gain  superradiance  In  the  asymptotic  regime 
of  large  propagation  length  z. 

In  this  paper  we  analyze  numerically,  and  Interpret  analytically,  the  evolution  of  the  response  of  a 
collection  of  two-level  absorbers  to  swept  impulse  excitation,  from  the  small  volume,  superradiant  regime, 
through  the  asymptotic,  steady-state  propagation  at  sufficiently  large  propagation  distances  z.  We  also  de¬ 
termine  the  effects  of  transverse  mode  coupling  on  the  pulse  generation11’12  and  propagation.15 

•Work  partially  supported  by  ARO,  ONR,  8attelle,  University  of  Montreal,  and  Research  Corporation. 
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The  model  Is  presented  in  the  next  section  and  the  analytical  results  for  swept-gain  superradiance  In  the 
planar  regime  obtained  previously  by  8HMS1  are  briefly  reviewed.  A  comparison  Is  made  between  conditions 
for  the  observation  of  single  pulse  superfluorescence1*  and  swept-gain  superradiance.1  Results  of  the  nu¬ 
merical  calculations  are  presented  and  discussed  In  Section  III  for  the  evolution  of  pulse  area  with  propa¬ 
gation  distance  z  for  the  single  special  dimension.  The  evolution  from  superradiance  to  steady-state 
swept-galn  superradiance  and  their  connection  Is  explicitly  analyzed  and  discussed.  Results  for  a  compar¬ 
able  case  Incorporating  transverse  mode  coupling  with  a  Guasslan  gain  profile  are  presented  and  compared 
with  results  for  the  planar,  one  special  dimension  calculation.  It  Is  shown  that  the  effects  of  self-focus¬ 
ing  can  be  much  more  important  In  the  swept-galn,  steady-state  condition  than  for  the  particular  correspond¬ 
ing  conditions  for  superradiance.  The  results  of  our  calculation  are  summarized  In  the  last  section  and 
future  work  connected  with  these  results  Is  outlined. 

II.  Coupled  Max we 1 1 -Bloch  model  for  swept-galn  superradiance 

BHMS  showed1  that  If  a  volume  of  two-level  absorbers  Is  gain-swept  at  the  speed  of  light  in  the  active 
medium  by  a  traveling  impulse  excitation,  a  solitary  pulse  is  generated  from  noise  amplification  in  the 
amplifying  medium  and  reaches  a  steady-state  at  sufficiently  large  propagation  distance  z,  provided  the 
gain,  g,  to  loss.ic,  ratio  satisfies  the  condition  g/*  >  1.  The  solitary  pulse  is  characterized  by  super¬ 
radiant-like  features  with  respect  to  pulse  shape,  intensity,  temporal  width,  and  delay  of  the  peak  of  the 
pulse  envelope  from  the  Impulse  excitation. 

They  considered  the  coupled  Maxwell-Bloch  equations  In  the  retarded  time  frame,  which  is  a  frequently 
used  model  for  pulse  propagation  and  generation  In  nonlinear  media, 

rz  <2-» 

ft  *  -eP  -  T7  <2*2> 

If-  *  a  P  -  ic e  .  (2-3) 

In  the  above  equations,  P  Is  the  dimensionless  macroscopic  transverse  polarization  per  atom,  A  is  the  Inver¬ 
sion  for  the  two-level  atom,  T2  and  T-j,  are  the  dephasing  and  relaxation  times  for  the  polarization  and  atom¬ 
ic  inversion,  respectively.  The  third  equation, (2-3) ,  Is  the  linearized  Maxwell  equation15  in  the  retarded 
time  frame  In  the  slowly  varying  envelope  (SVEA)  and  rotating  wave  approximation  for  the  pulse  envelope  E. 
Here,  the  electromagnetic  field  envelope,  E  ,  Is  normalized  to  give  the  Rabi  frequency15  e  , 


where  u0  Is  the  matrix  element  of  the  transition  dipole  moment  between  the  pair  of  atomic  energy  levels  and 
E  Is  the  electromagnetic  field  envelope  which  Is  a  function  of  the  propagation  coordinate  z  and  retarded 
time  t  , 

t  •  t  -  z/c  .  (2-5) 

The  other  quantities  involved  In  Eqs.  (2-1)  -  (2-3)  are 

0  "  ^  (2*6) 

where  g  Is  the  gain  and  X  Is  the  wavelength  of  the  carrier  frequency  of  the  single  mode  radiation  field  en¬ 
velope,  p  Is  the  atomic  density  and  t0  is  the  spontaneous  atomic  relaxation  time.  The  loss  term  in  (2-3) 
defined  by  k  Is  the  linear  loss  which  arises  because  of  diffraction  as  well  as  other  dissipative  processes. 

BHMS  considered  the  steady-state  solutions  of  (2-1)  -  (2-3),  i.e.,  the  solutions  under  the  condition 


c(z-»«,t) 


*  11m) 
z-»  ( 


e(0.f)e‘ 


+  ct  f  dz'  e‘<(z*Z  1  P(z' 


and  the  initial  condition 


&  (t*  0)  *  1 . 


Equation  (2-7)  leads  Immediately  to  the  adiabatic  relation  between  the  field  and  polarization. 


•(z—.t)  «  |  P(z-»,t)  . 
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This  last  expression  can  be  used  to  eliminate  P  from  (2-1)  and  (2-2)  and  steady-state  solutions  are  found  by 
solving  the  resulting  pair  of  nonlinear  differential  equations. 

Exact  analytical  results  were  obtained  by  BHMS  for  two  distinct  cases,  T, <  <  T,  and  T-  »  T, .  For 

t  <  <t  •  c  1  *  1 

t2  V 


sech  -3-r 


(2-10) 


Ts'  *  T2 


j(g-<)/*j 


(2-11) 


Ftar  g  >>*,  we  see  from  (2-10),  (2-11),  and  (2-6)  that  the  Intensity  I  of  the  steady-state  pulse,  I  -  E2, 
varies  as  the  density  squared,  I-p1,  whereas  (2-10)  and  (2-11)  Indicate  that  the  width  varies  inversely 
as  the  density  tJ  -  1/p.  Also,  from  (2-11)  the  pulse  width  is  always  less  than  T,  whenever  g  >  «c .  For 

T2  "  T1 ' 

The  set  of  equations  (2-1)  -  (2-3)  reduces  to  the  generalized  sine-Gordon  equation1 


(2-12) 


is  the  reduced  time  and 


C  •  i  0  -  .-YT) 


(2-11) 


The  angle  $  is  the  Bloch  angle. 


Y.  f-J- 

'2  f1 


e  -  |i 

3t 


(2-14) 


In  the  asymptotic  regime,  the  space  derivative  term  In  (2-12)  vanishes  and  the  resulting  solution,  using 
(2-H),  is 


e(r)  «  ^ -  e'YT  sech  £e(t)  - 


(2-15) 


(2-16) 


and  the  time  delay  between  the  impulse  excitation  and  the  peak  of  the  steady-state  pulse  CQ,  is  given  by 


-  rs  log  [cot  wj  . 


(2-17) 


Here,  d0  is  the  Initial  Bloch-angle  at  t  *  0  to  account  for  quantum  noise  which  drives  the  atomic  excitation 
away  from  the  completely  inverted  metastable  state. 

Again,  from  (2-15)  It  is  seen  that  the  intensity  I  -  p2  whereas  the  pulse  width  tw  -  1/P  .  It  was  shown1 
by  BHJ6  that  such  pulses  will  evolve  provided  g/<  >  1.  The  area  of  the  pulse  6  is  defined  as  the  Bloch  angle 
$  at  infinite  time  t  ,  and  is  obtained  by  Integrating  (2-14).  From  (2-12)  in  the  asymptotic  regime,  i.e., 
neglecting  the  first  term  on  the  left. 


tan  ** 9  ■  (tan  4dQ)  e9^  . 


(2-18) 


Thus,  given  an  initial  81och  angle  p0,  for  g/<  sufficiently  large,  the  area  9  approaches  *  ,  i.e.,  as  large 
as  it  can  be  for  a  single  pulse.  The  threshold  for  9  -  it  was  determined  to  be 


I  threshold 


(i) 


(2-19) 
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Any  further  Increase  In  the  gain-to-loss,  g/<,  does  not  increase  the  pulse  area  since  it  is  saturated  above 
threshold.  However,  from  <2-15)  the  intensity  continues  to  vary  as  the  square  of  the  density  and  the  pulse 
width  as  inverse  density. 

The  criteria,  therefore,  for  the  generation  of  steady-state  pulses  is  that  the  active  medium  be  swept- 
excited  at  the  speed  of  light  in  the  medium  and  that  g/<  >  1.  The  resulting  pulses  have  characteristics 
of  superfluorescence1*,  although  for  different  physical  reasons.  The  major  difference  in  realizing  the 
two  phenomena  is  that  to  produce  superfluorescence  the  medium  responds  as  though  it  were  uniformity  excited, 
i.e.,  the  atoms  are  contained  within  a  certain  cooperation  volume,  whereas  for  swept-gain  superradiance, 
the  medium  "sees"  an  impulse  excitation  traveling  at  the  velocity  of  light  in  the  medium.  Table  1  compares 
the  conditions  for  single  pulse  super  fluorescence  in  ti‘‘  mean  field  limit  ,  with  the  corresponding  con¬ 
ditions  for  pulse  generation  in  swept-gain  superradiance  in  the  asymptotic  regime.  It  is  to  be  pointed  out 
that  the  essential  physical  difference  between  what  has  been  called  super fluorescence' ”  and  what  is  termed 
swept-gain  superradiance1  is  that  the  atomic  relaxation  for  the  former  occurs  by  collective,  spontaneous 
relaxation*,  whereas  for  the  latter,  individual  atomic  relaxation  occurs  by  stimulated  relaxation  due  to 
pulse  propagation  in  the  medium. 

Table  1.  Comparison  of  Conditions  for  Superfluorescence  in  Mean  Field  Approximation  with  Sweet-Gain 


totic  Approximation 


Superfl  uorescence 
Mean-Field  Approximation 


Swept-Gain  Superradiance 
Asymptotic  Approximation 


•  ctp(t)  -  K'e(t) 


3el^,T  ■  *  aP(z,t)  -  ke(z,t) 

t  =  t  -  z/c 


p  .  __e 


p  *  —  e 
a 


tE<tc<tR<t0<TT  T2’T2 


g/ic  >  1 


te  »  L/C 


t'  *  (ac)*1 


Ts  "  g 


T0  *  TR  1o9 


Hi) 


log  jeot 


<W” 


Here,  tr  is  the  characteristic  superradiance  time1”  for  z  *  L,  t0  is  the  oelay  time1”  of  the  pulse  peak  from 
the  excitation,  and  tc  Is  the  cooperation  time11  corresponding  to  the  cooperation  length  tc,  tc  *  ctc.  Note 
that  for  l  «  tr  =>  tc.  tq  is  the  delay  time  of  the  peak  of  the  superradiant  pulse  from  the  impulse  ex¬ 

citation. 

He  have  calculated  the  evolution  of  pulse  area  for  swept-gain  superradiance  as  a  function  of  propagation 
distance  z  according  to  the  relations  (2-1)  -  (2-3)  for  the  conditions  Ti  *  Tj,  g/<  >  log  (1/do)  an<^  for 
tr  <  <  T2  where  tr  Is  the  characteristic  superfluorescence  time.  Thus,  we  have  determined  the  evolution  of 
pulse  area  from  the  superfl  uorescence  regime  (small  z)  through  the  asymptotic  swept-gain  regime  (large  z). 
These  results  we  compare  with  correspondi ng  calculations  taking  into  account  transverse  mode  coupling  and 
diffraction  for  a  Gaussian  gain  profile.  In  this  case,  the  Maxwell  equation  (2-3)  takes  the  three-dimen- 
sfonal  form 

*  »T2**1  F  *  d  P  (2-20) 


where  d  «  radial  function  describing  nonuniformity  of  gain  profile. 
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sr. 


4trr' 


(2-21) 


*9 


Is  the  Beer's  length  dependent  Fresnel  number  relevant  to  propagation  effects.  Here  rp  Is  the  Gaussian  gain 
width  at  half  maximum.  The  transverse  effects  arising  from  (2-20)  are  related  to  the  planar  case  using 
(2-3)  by  taking  the  linear  field  loss  <  In  the  latter  to  be  entirely  diffraction-loss,  l.e. 


X 

<aT 


(2-22) 


where  A  *  nr*  .  Thus,  the  Fresnel  number  & ,  (2-21),  Is 


(2-23) 


the  galn-to-loss  ratio.  The  results  of  the  calculation  and  related  discussions  are  presented  In  the  next 
section. 


III. 


numerical  results  for  propagation  and  transverse  effects:  Evolution  from  superfluorescence  to 

swept -gain  superradiance 


First  we  present  the  results  of  numerical  Integration  of  (2-1)  -  (2-3)  for  the  Initial  condition  (2-8) 
and  fbr  Tj  »  T».  He  have  also  chosen  the  values  for  the  system  parameters  such  that  the  superradiance  co¬ 
operation  t1me/*T-  ,  satisfies  the  condition  xc  <  <  T2  (see  Table  1),  where  *  ctr  Is  the  maximum  length  of 
the  sample  over  wfilch  the  atoms  can  cooperate  to  produce  superradiant  emission.  Also,  the  gain,  g  ,  to  loss, 
■c  .  ratio,  9/0  >  log  (1/B0),(see  (2-19)),  so  that  results  of  the  last  section  predict  steady-state  pulses 
of  area  8  •  e  .  Eq.  (2-18), 


The  absolute  pulse  area  |9| 


|e| 


OB 

i 


1*1  dt 


(3-1) 


Is  shown  as  a  function  of  propagation  length  Z  In  Figure  1.  There  are  three  distinct  regimes  evident  In  the 
pulse  area,  lei  .  propagation  evolution.  These  are  determined  by  the  characteristic  times  for  the  system 
(Table  1),  and  Ts.  (2-16). 


The  first  regime,  characterized  by  the  smallest  values  of  the  propagation  distance  z.  shows  a  rapid  rise 
of  the  pulse  area,  (3-1),  with  propagation  distance  z.  The  area  proceeds  In  z  through  |0|  »  *  ,  correspond¬ 
ing  to  single  pulse  buildup,  to  values  je|  >  n  ,  which  eventually  corresponds  to  subsequent  ringing,  and 
finally  peaks  out  at  |e|  ;  3ir  .  This  behavior  Is  described  by  the  slne-Gordon  equation  (2-12),  with  the 
values  of  the  parameters  used  In  the  calculation  (see  Figure  1).  He  have,  for  this  particular  small  z  re¬ 
gime. 


ic  <  <  asln  d. 


(3-2) 


so  (2-12)  becomes 


"  as1n  ♦  • 


(3-3) 


where,  from  (2-13),  5  *  t  since  In  this  case  yT£  <  <  1.  This  Is  just  the  Bumham-Chlao  propagation 
equation17  ,  which  yields  the  well-known  solution  for  pulse  buildup  from  gain  with  subsequent  undamped 
ringing. 


From  (2-6)  and  Table  1,  we  have 


2c  Tc 


(3-4) 


where  tc  Is  the  Arecchl-Courtens  superradiant  cooperation  time  which  corresponds  to  the  superradiant  co¬ 
operation  length  z  ■  *  ctc,  the  maximum  length  over  which  the  atoms  can  cooperate  collectively  to 

produce  superradiant  emission.  Equation  (3-3)  yields 


z/l, 


d6  ,  1 

d7  H7 


sin  <p  . 


(3-5) 


Here, 
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v  «  t/t r  ■  z/tc  and  6  ,  as  In  (3-1),  Is  related  to  the  Bloch  angle  $  ,  by  9  *  $(t»  z/c ) .  Thus,  the  initial 
pulse  buildup  in  Figure  1  is  governed  by  the  superradiance  time  tr  (Table  1)  where  tr  -z*1  and  tr*  tc  when 
z  »  tc.  and  in  this  particular  case,  »  2.68  cm.  The  region  corresponding  to  0  <  [ 9 i  <  it  we  call  the 
single  pulse  superradiant  regime,  z  <  lc,  which  is  subsequently  followed  by  Bumham-Chiao  ringing.  This 
Initial  superradiant  pulse  buildup  occurs  in  this  case  because  rc  <  <  Tg. 

After  several  diffraction  lengths  k*  ,  the  area  (3-1}  reaches  a  maximum  and  then  decays  as  e  to  the 
asymptotic  steady-state  8  *  ir  pulse  predicted  analytically  in  the  last  section,  and  shown  in  Figure  1.  This 
regime  1$  governed  by  the  characteristic  time  ts,  (2-16). 

The  results  shown  in  Figure  1  exhibit  the  pulse  area  evolution  from  pure  superradiance, |e|  <  ir,  through 
Bumham-Chiao  ringing,  each  governed  by  tr,  to  pulse  area  instability  which  subsequently  decays  by  linear 
field  loss  <  to  the  asymptotic  steady-state  w  pulse.  The  necessary  and  sufficient  conditions  for  evolution 
from  superradiance  to  ir-pulse  swept-gain  superradiance  are  that  g/<  >  log  1/$Q>  1,  tc<<  Tj. 

The  effects  of  changes  In  the  value  of  the  linear  field  loss  <  ,  all  other  parameters  remaining  the  same, 
are  shown  in  Figure  2  for  four  other  values  of  tc  and,  hence  g /<.  It  is  seen  that  asymptotic  stability  In 
the  pulse  area  is  reached  for  lower  z  values  the  higher  the  value  for  the  loss  ic  ,  as  one  would  expect.  Also, 
the  higher  loss  and  lower  galn-to-loss  reduce  the  amplitude  of  the  pulse  area  instability  peak,  again  as  one 
would  expect.  This  further  suggests  that  the  transition  from  superradiance  to  asymptotic  swept-gain  super- 
radiance  can  occur  without  intermediate  ringing  If  («)•'  <  <tc. 

When  transverse  effects  are  taken  into  account  in  the  calculation,  Eq.  (2-3)  is  replaced  by  (2-20).  The 
transverse  mode  coupling  is  generated  through  the  first  term  in  (2-20),  and  its  contribution  Is  governed  by 
the  Fresnel  number  ,  (2-21)  and  (2-23).  This  is  not  the  conventional  Fresnel  number  used  in  discussions 
of  superradiance  and  superfluorescence11,  but  it  is  the  one  which  is  meaningful13  throughout  the  entire  pro¬ 
pagation  regime.  Generally,  the  larger  the  Fresnel  number  ,  (2-21),  the  less  the  importance  of  contribu¬ 
tions  from  transverse  effects,  (2-20),  i.e.,  large  $•  means  more  nearly  plane  wave  propagation  behavior. 

We  use  the  values  of  the  parameters  and  the  conditions  which  gave  rise  to  the  one-dimensional  results  of 
Figure  1,  but  choose  the  cross-sectional  area  A  for  a  Gaussian  initial  gain  profile  from  (2-22)  and  the  value 
of  <  used  to  obtain  the  results  of  Figure  1,  where  rp  is  the  radial  Gaussian  width  for  the  gain  distribution, 
and  obtain  the  calculational  results  shown  in  Figure  3.  Here,  we  show  the  pulse  area  (3-1)  as  a  function 
of  propagation  distance  z  and  radial  dimension  p  .  Energy  which  intersects  the  boundary  p  *  o^AX  is  ab¬ 
sorbed  in  the  calculation;  thus  diffraction  as  well  as  transverse  mode  coupling  is  explicitly  treated  in  the 
calculation  consistent  with  the  conditions  imposed  by  (2-20),  (2-21)  -  (2-23).  Thus,  the  calculation  giv¬ 
ing  the  results  shown  in  Figure  3  is  the  three-dimensional  extension  of  the  calculation  which  gave  the  re¬ 
sults  shown  in  Figure  1.  The  pulse  area  (3-1)  as  a  function  of  z  for  the  on-axis  mode  is  displayed  in  Fig¬ 
ure  4. 


It  Is  noted  by  comparing  Figures  1,  3,  and  4  that  the  transverse  effects  almost  completely  wash-out  the 
instability  in  the  pulse  area  buildup  which  occurs  in  the  one-dimensional  calculation.  Figure  1.  Further¬ 
more,  Figures  3  and  4  indicate  a  different  kind  of  pulse  area  instability  at  higher  z  values  which  is  due 
to  self- focusing.  The  qualitative  effects  of  self- focusing  on  pulse  propagation  can  be  seen  in  Figure  5. 
The  results  of  the  three-dimensional  calculation  indicate,  therefore,  that  a  true  steady-state  may  not 
exist,  at  least  in  the  sense  of  the  analytical  predictions  of  Section  II. 

Similar  one-spacial  dimension  calculations  for  pulse  area  evolution  in  sw|jt-gain  superradiance,  but 
under  the  influence  of  lethargic  gain  conditions,  have  been  reported  by  BHMS  . 


Summary  and  conclusions 


We  have  demonstrated  the  pulse  evolution  in  one-dimensional  propagation  from  superfluorescence  to  asymp¬ 
totic  swept-gain  superradiance  for  ideal  conditions  supportive  of  superfl uorescence1  l*»u  and  ir-pulse  swept 
gain  superradiance.  The  results  are  shown  in  Figures  1  and  2.  Transverse  effects  tend  to  wash-out  the 
early  pulse  area  instability  which  occurs  for  the  one-dimensional  case  as  seen  by  comparing  Figures  1  and  2 
with  Figures  3  and  4.  However,  as  noted  in  Figures  3  and  4,  the  pulse  area  shows  an  instability  in  the 
asymptotic  region  of  large  z  when  transverse  effects  are  taken  into  account.  This  evidently  arises  from 
sel f- focusing.  Figure  5.  Thus,  In  this  case,  a  true  steady-state  does  not  exist  due  to  transverse  mode 
coupling  effects. 


This  work  is  in  process  of  being  extended30 ,31  to  the  calculation  of  the  effects  of  coherent  optical 
pumping  and  propagation  as  well  as  transverse  effects  for  three-level  systems’*'  for  three-level  super¬ 
fluorescence  and  swept-gain  superradiance  and  coherent  pulse  shaping  due  to  specified  pulse  injection  and 
propagation  in  three-level  systems. 
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Figures 


Figure  1.  Pulse  area  9  *  {  ( e [ <1t  vs.  propagation  dis¬ 
tance  z  for  numerical  Integration  of  Eqs.  (1-1)  -  (2-3). 
Values  for  the  parameters  used  In  the  calculation  are: 
g  «  291.6  cm-',  k  -  2.60cm-1 .g/*  -  112.15,  Ti-T2«70  nsec, 
«  9.42  X  10-4,tc  »  89.4  psec. 


Figure  2.  Pulse  area  9  *  1  |e|dr  vs.  propagation 
distance  z  for  numerical  integration  of  Eqs.  (2-1) 
-  (2-3).  Values  of  the  parameters  used  are  those 
of  Figure  1  except  for  c  l)ic*  5.2  cm*1,  g/tc  = 
56.08;  2)  pc  •  10.4  cm'1,  g/ic  •  28.04;  3)  ic  =  20.E 
g/ie  *  14.02;  4)  k  »  41.6  cm'1,  g/<  =  7.01. 


12.«  2*.l 


Figure  3.  Pulse  area  6  vs.  propagation  distance  z 
and  radial  dimension  p  for  numerical  integration  of 
Eqs.  (2-1),  (2-2),  and  (2-20).  Values  of  the  param¬ 
eters  used  are  those  of  Figure  1,  with  the  Fresnel 
number  ^  chosen  according  to  (2-23)  and  a  Gaussian 
Initial  gain  profile  determined  from  (2-21), (2-22). 


Figure  4.  Pulse  area  9  vs.  propagation  distance 
z  for  the  on-acis  mode.  Values  of  the  parameters 
are  those  of  Figure  3. 


Figure  5.  Temporal  and  radial  dependence  of 
pulse  intensity  at  large  z. 
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Abstract:  The  effective  computational  methods  developed  to 
efficiently  tackle  transverse  and  longitudinal  reshaping,  associated 
with  single-stream  and  two-way  propagation  effects  ia  cooperative 
light-matter  interactions,  using  the  semi-classical  model  are 
described.  The  mathematical  methods  are  justified  on  physical 
grounds.  Typical  illustrative  results  of  propagation  in  resonant 
absorbers,  amplifiers  and  superfluorescence  systems  are  presented. 


I.  INTRODUCTION 

This  paper  reviews  the  unified  mathematical  methods  developed 
for  three-dimensional  simulation  of  several  physical  phenomena  pre¬ 
viously  studied  independently.  The  same  basic  algorithm  with  some 
alterations  will  simulate  both  superfluorescence1 ’*  and  optical  bi¬ 
stability*’4.  With  extra  modifications,  it  can  also  analyze  four- 
wave  mixing3  and  phase  conjugation6  systems.  Further  applications 
include  two-way  Self-Induced  Transparency7  and  Soliton  Collision3 
studies . 

The  proposed  model  evolved  as  a  result  of  close  collaboration 
with  the  experimentalists,  H.M.  Gibbs9"13,  S.L.  McCall11"13  and 
recently,  M.S.  Feld13,  enhancing  the  rate  of  progress  in  the  re- 


orx  jointly  sponsored  by  the  Research  Corporation,  the  Inter¬ 
national  Division  of  Mobil  Corporation,  the  University  of  Montreal, 
the  U.S.  Army  Research  Office,  DAAG29-79-C-0148  and  the  Office  of 
Naval  Research,  NQ00-14-80-C-0174. 


F.  P.  MATTAR 


504 

search  and  leading  Co  a  better  understanding  of  basic  cooperative 
effects  in  light-matter  interactions.  Quantitative  analyses  in 
superfluorescence  were  obtained  and  are  being  developed  in  optical 
bistability. 

The  model  encompasses  propagation  that  includes  rigorous  dif¬ 
fraction1®’15,  time-dependent  phase  variation,  off-resonance16  as 
well  as  nonuniform  excitation19  and  transverse  and  longitudinal 
boundary  conditions18.  (An  additional  control  probe-beam  is  being 
developed21.) 

The  adoption  of  proven  computational  techniques,  developed  by 
Moretti22”24  in  aerodynamics,  to  solve  problems  in  the  laser  field, 
is  justified  by  the  analogy  between  fluid  and  wave  propagation 
problems  described.  The  laser  beam  evolution  can  be  interpreted  in 
terms  of  an  equivalent  flowing  fluid25  whose  density  is  proportion¬ 
al  to  the  laser  field  intensity,  and  whose  velocity  is  proportional 
to  the  gradient  of  the  field  phase.  This  description  allows  for 
the  treatment  of  more  slowly  varying  dependent  variables  and  yields 
to  governing  equations  of  motion,  which  are  a  generalization  of  the 
Navier-Stokes  equations28.  In  the  fluid  formulation,  the  equiva¬ 
lent  fluid  is  compressible  and  is  subjected  to  an  internal  poten¬ 
tial,  depending  solely,  and  nonlinearly  upon  the  fluid  density  and 
its  derivatives;  this  is  called  the  "quantum  mechanical  potential." 
Furthermore,  the  field  scalar  wave  equation  mathematically  cor¬ 
responds  to  a  complex  heat  diffusion  equation  with  a  non-uniform 
functional  source;  while  the  Bloch  equations,  in  a  rotating  frame, 
are  structurally  similar  to  the  torque  equation27.  For  two-way 
problems,  the  simultaneous  set  of  quasi-optic  field  equations  (one 
for  each  traveling  wave)  play  the  same  preponderant  role  as  Euler 
equations  in  shock  calculations  for  fluid  dynamics  problems. 

Quite  different  effects,  i.e.,  self-lensing28,  self-phase 
modulation29,  self-spectral  broadening30  and  self-steepening31, 
previously  studied  separately,  combine  here  to  modify  the  pulse 
behavior  diversely  at  different  positions  and  times.  For  example, 
the  interplay  of  diffraction  coupling  through  the  Laplacian  term 
and  the  inertial  response  of  the  non-uniform  pre-excited  medium 
will  inevitably  redistribute  the  beam  energy  spatially  and  tempo¬ 
rally32.  This  transient  one-  or  multi-beam  transverse  reshaping 
will  profoundly  affect  the  performance  of  any  device  that  relies 
upon  it.  Specifically,  this  pragmatic,  three-dimensional  analysis 
helps  in  the  interpretation  of  recent  experimental  results  in 
superradiance,  superfluorescence,  optical  bistability  and  active- 
mirror  amplifiers  for  laser-fusion.  It  also  accounts  for  deviations 
and  departures  between  recent  experimental  observations  and  predic¬ 
tions  of  planar  wave  theory  (see  Fig.  (1)). 

To  circumvent  excessive  memory  requirements  while  insuring 
adequate  numerical  resolution,  one  must  resort  to  nonuniform 
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meshes.  In  this  large  computational  problem,  the  calculational 
efficiency  of  the  algorithm  chosen  is  of  crucial  importance.  A 
brute  force,  finite  difference  treatment  of  the  governing  equa¬ 
tions  is  not  feasible.  Instead,  by  using  the  details  of  the 
physical  processes  to  determine  where  to  concentrate  the  computa¬ 
tional  effort,  accuracy  and  economy  are  achieved.  For  example,  if 
for  self-focused  beams,  a  fixed  transverse  mesh  is  used,  a  lack  of 
resolution  (see  Fig.  (2))  may  result.  A  non-negligible  loss  of 
computational  effort  in  the  wings  of  the  beam  will  also  occur. 


Coherent  Pulse  Propagation 

I.  Usual  Theory  < 

1  Dim.  4=4(p) _ _ 

'Uniform  Plane  Wave' 

II.  Usual  Experiment 

«<p)  «"pZ  i« 

A 

'Gaussian'  1  ^  r 


Fig.  1.  The  state  of  the  art 
in  coherent  pulse  propagation 
is  displayed.  The  theoretical 
effort  was  restricted  to  a  uni¬ 
form  plane  wave  prior  to  the 
work  of  Newstein  et  al;  where¬ 
as  the  usual  experiment  was 
carried  out  using  a  Gaussian 
beam.  To  simulate  a  uniform 
plane  wave,  the  smallest  possi¬ 
ble  detector  diameter  was  se¬ 
lected  as  compared  to  the  Gaus¬ 
sian  beam  diameter  (i.e., 

^detector  <C  <*beam) 


In  particular,  evenly-spaced  computational  grid  points  are 
related  to  variable  grids  in  a  physical  space  by  adaptive  stretch¬ 
ing  (Fig.  (3))  and  rezoning  (Fig.  (4))  techniques.  This  mapping 
consists  either  of  an  a  priori  coordinate  transformation  or  an 
adaptive  transformation  (Fig.  (5))  based  on  the  actual  physical 
solution.  Both  stretching  transformation  in  time  and  rezoning 
techniques  in  space  are  used  to  alleviate  the  computational  ef¬ 
fort.  The  propagation  problem  is  thus  reformulated  in  terms  of 
appropriate  coordinates  that  will  automatically  accommodate  any 
change  in  the  beam  profile34"40. 


Fig.  2  (a)  Isometric  represen¬ 
tation  of  the  beam  cross-section 
as  it  experiences  self-focusing: 
The  cross-section  decreases  as 
a  function  of  the  propagation 
distance;  (b)  An  isometric 
display  of  the  time  integrated 
field  energy  as  a  function  of  p 
and  q  to  illustrate  the  resolu¬ 
tion  limitation  associated  with 
uniform  mesh. 
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Fig.  3.  Non-uniform  pre¬ 
scribed  temporal  stretch¬ 
ing. 


The  resultant  dynamic  grid  removes  the  main  disadvantage  o£ 
insufficient  resolution,  where  uniform  Eulerian  codes  generally 
suffer.  Furthermore,  the  advantages  of  grid  sensitivity  can  be 
obtained  by  either  using  adequate  rezoning  and  mapping  in  Eulerian 
coordinates  or  by  simply  using  traditional  Lagrangian  me¬ 
thods41'42.  Thus,  the  convenience  of  moderate  memory  requirements 
can  be  combined  with  the  desirable  numerical  resolution  should  one 
rezone  the  grids.  The  techniques  due  to  Moretti33  will  economi¬ 
cally  generate  precise  results.  Although  this  appears  surprising 
because  of  the  mesh  coarseness,  his  technique 'succeeds  because  it 
discriminates  intelligently  between  the  different  domains  of  the 
critical  physical  parameters. 


Figure  4.  Two-dimensional  prescribed 
rezoning  for  p  and  r|*  As  the  beam 
narrows  the  density  of  transverse 
points  and  the  transmission  planes 
increase  simultaneously. 


Fig.  S.  Self-adjusted  two-dimensional 
rezoning  for  p  and  r)  Co  follow  more  closely 
the  actual  beam  characteristics.  The 
(normalizing)  Gaussian  reference  beam  is 
redefined  during  the  calculation. 
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For  Che  two-beam  aaalysis,  our  approach  relies  on  one-way 
nonsymmetric  discretizations  of  the  longitudinal  and  transverse  de¬ 
rivatives  as  well  as  nonuniform  grids.  Numerical  instrumentation  is 
unavoidable.  The  role  of  characteristics  as  information  carriers 
is  emphasized  and  therefore  the  law  of  forbidden  signals  cannot  be 
violated43.  The  physical  subtleties  of  the  nonlinear  problem  can 
be  adequately  implemented. 

Interactive  graphic  software  was  developed  to  simplify  the 
physics  of  extraction  from  these  complex  codes.  Structural  aradular 
programming  techniques  are  used,  making  the  program  easier  to  read, 
maintain  and  transport  as  well  as  for  further  extensions  and  gene¬ 
ralizations  of  the  planar  wave  theory.  The  resultant  code  is 
deceptively  simple  and  easy  to  follow.  This  mathematical  modeling, 
motivated  by  Gibbs'  and  McCall's  experimental  work,  is  engineering 
physics  in  its  purest  sense:  its  main  goal  is  to  obtain  a  numeri¬ 
cal  solution  to  and  insight  into  a  real  physical  problem,  instead 
of  reaching  a  neat  analytical  solution  to  an  idealized  problem  of 
limited  applications. 


II.  SIT/SUPEKFLUORESCENCE  EQUATIONS  OF  MOTION 


In  the  slowly  varying  envelope  approximation,  the  SIT  dimen¬ 
sionless,  semi-classical  field-matter  equations15  (which  describe  a 
system  in  a  cylindrical  geometry  with  azimuthal  symmetry),  are: 


ZplZX  -  eW  -  (iAfi  +  1/T 2)p 


(1) 

(2) 


3W/0t  =  -1/2 {e*P+  iP*)  -  (W-W^/tj  (3) 

where 


e  =  (2p/h)tpe',  and  P  =  (2/\i)  P' ,  (4) 

E  =  Re[e'exp{i(K/c)z-uit)}];  (5) 

with  W*  the  equilibrium  value  of  W,  subjected  to  the  initial  and 
boundary  conditions. 

1.  for  X  >  0:  e  =  0,  W  =  W P  - P ^  known  function  to  take 
into  account  the  pumping  effects  or  the  initial  tipping 
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2.  for  n  s  0:  *  is  given  as  a  known  function  of  T  and  p; 

3.  for  all  q  ud  t:  [3e/3pl  -  and  [3e/3p]  vanishes 

(with  p_  „  defining  the  extent  of  the  region  over  which 

UX 

the  nuaerical  solution  is  to  be  detenained). 
with  k/c  *  lit  (6 

and  V|e  *  l  £  fjjCp  ||  )];  (7 

after  applying  l'Hopital's  rule,  the  on-axis  Laplacian  reads: 

V*  =  2  ^  (8 

T  ap2 

P*i  Re[^'  exp{i(K/c)z-kt}].  (9 

The  complex  field  amplitude  e,  the  complex  polarization  density  P, 
and  the  energy  stored  per  atoa  W,  are  normalized  functions  of  the 
transverse  coordinate  p  *  t/t^,  the  longitudinal  coordinate  rj=zx 

°eff’  **tarded  time  t  *  (t-zn/c)xp  (see  Fig.  (6)).  The 

tiaie  scale  is  normalized  to  the  full  width  half  maximum  (FWHM) 
input  pulse  length,  x^  and  the  transverse  dimension  scales  to  the 

input  beam  spatial  width  r^.  The  longitudinal  distance  is  normal¬ 
ized  to  the  effective  absorption  length,44  where 

“eff  *  lSr]xp  (1° 

Here,  ut  is  the  angular  carrier  frequency  of  the  optical  pulse, 
p  is  the  dipole  moment  of  the  resonant  transition,  If  is  the  number 
density  of  resonant  molecules,  and  n  is  the  index  of  refraction  of 
the  background  material.  The  dimensionless  quantities  Pw=(iu-u>o)x^, 

*1  *  Tj/tp,  aa<*  *2  *  ^2/^  ®«asure  the  offset  of  the  optical  car¬ 
rier  frequency  ui  from  the  central  frequency  of  the  molecular  reso¬ 
nance  u»  ,  the  thermal  relaxation  time  Ti,  and  the  polarization 
dephasing  time  T2,  respectively. 

Sven  in  their  dimensionless  forms,  the  various  quantities  have 
a  direct  physical  significance.  Thus  0  is  a  measure  of  the  compo¬ 
nent  of  the  transverse  oscillating  dipole  moment  (p  has  the  proper 
phase  for  energy  exchange  with  the  radiation  field).  In  a  two-level 
system,  in  the  absence  of  relaxation  phenomena,  a  resonant  field 
cause  each  atom  to  oscillate  between  the  two  states. 
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W=-l  and  at  a  Rabi  frequency  fR  =  e/2xp  =  (p/R)e’.  Thus  e 

measures  how  far  this  state-exchanging  process  proceeds  in  rp' 


Fig.  6.  Graph  (a)  displays  the  retarded  tine  concept.  Graph  (b) 
outlines  the  nuaerical  approach:  a  marching  problem  along  0  foe 
the  field  simultaneously  with  a  temporal  upgrading  of  the  material 
variables  along  x. 

The  dimensionless  parameter,  F,  is  given  by  F=A.(ae^)~  /(4nr|). 
The  reciprocal  of  T  is  the  Fresnel  number  associated  with  an  aper¬ 
ture  radius  rp  and  a  propagation  distance  (aeff)~  •  The  magnitude 

of  F  determines  whether  or  not  one  can  divide  the  transverse 
dependence  of  the  field  into  "pencils"  (one  per  radius  p),  to  be 
treated  in  the  plane-wave  approximation. 

As  outlined  by  Ha  us  et  al45,  the  acceptance  of  equations 
(1-3)  implies  certain  approximations:  eq.  (3)  shows  that  the 
product  ’ep’  of  the  electric  field  e  and  the  polarization  P 
causes  a  time  rate  of  change  in  the  population  difference  leading 
to  saturation  effects.  Inertial  effects  are  considered. 


III.  IMPORTANCE  OF  BOUNDARY  CONDITIONS 

When  the  laser  beam  travels  through  an  amplifier,  the  trans¬ 
verse  boundary-  has  an  increasingly  crucial  effect  compared  to  the 
absorber  situation.  The  laser  field  which  resonates  with  the 
pre-excited  transition,  experiences  gain;  the  laser  which  encoun¬ 
ters  a  transition  initially  at  ground  state,  experiences  resonant 
absorption  and  losses.  A  greater  portion  of  the  pulse  energy  is 
diffracted  outwardly  in  the  amplifier  than  in  the  absorber46. 
Consequently,  these  boundary  reflection  conditions  play  a  substan¬ 
tial  role  in  the  amplifier  dalculations  and  obscure  the  emergence 
of  any  new  physical  effects.  Acceptable  results  are  achieved  only 
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by  carefully  coupling  the  internal  points  analyzed  with  the  bound¬ 
ary  points*7.  Special  care  is  required  to  reduce  the  boundary 
effect  to  a  minimum  such  as  using  non-uniform  grids  and  confining 
the  active  medium  by  an  absorbing  shell. 

In  practice,  the  transverse  boundary  is  simulated  by  imple¬ 
menting  an  absorbing  surface  and  mapping  an  infinite  physical 
domain  onto  a  finite  computation  region  (see  Fig.  (7)).  In  Fig. 
(8),  the  first  and  second  radial  derivatives  and  the  Laplacian  term 
are  drawn.  Figure  (9)  contrasts  in  the  stretched  radial  coordinate 
system,  the  transverse  coupling  and  the  electric  field.  The  numer¬ 
ical  domain  sensitivity  and  the  physical  dependence  on  the  boundary 
conditions  can  be  readily  assessed. 


Fig.  7.  Graph  (a)  shows  non-uniform  stretching  of  the  transverse 
coordinate.  Graph  (b)  contrasts  the  Gaussian  beam  e  dependence 
with  the  nonuniform  physical  radius  p.  Both  graphs  are  plotted 
versus  the  uniform  mathematical  radius  R. 


Fig.  8.  This  graph  illustrates  the  dependence  of  the  radial 
sapping  and  the  derivatives  on  the  different  parameters  versus  the 
uniform  mathematical  radius:  First  weighting  stretching  factor 
9R/9p;  2nd  weighting  stretching  factor,  32R/3p2;  weighted  dif¬ 
fraction  term,  7TpR. 
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Fig.  This  figure  con* 
trasts  the  Laplacian  depen¬ 
dence  ' X '  For  a  given 
Gaussian  profile  'e*  for 
various  non-unifora  radial 
point  densities. 


IV.  PRESCRIBED  STRETCHING 

The  nuaerical  grid  is  defined  by  widely-spaced  computational 
nodes  in  the  area  aost  distant  from  the  plane  of  interest  and  by 
densely  clustered  nodes  in  the  critical  region  of  rapid  change;  the 
latter  being  in  the  neighborhood  of  maxima  and  minima,  or  for 
aulti-dimensional  probleas,  in  the  vicinity  of  saddle  points. 
Resolution  is  sought  only  where  it  is  needed.  The  costs  involving 
computer  tiae  and  aeaory  size  dictate  the  maximum  number  of  points 
that  can  be  economically  employed.  In  planning  such  a  variable 
mesh  size,  the  following  aust  be  kept  in  aind: 

(A)  The  stretching  of  the  aesh  should  be  defined  analytically  so 

that  all  additional  weight  coefficients  appearing  in  the  - 

equations  of  notion  in  the  computational  space,  and  their 
derivatives,  can  be  evaluated  exactly  at  each  node.  This 
avoids  the  introduction  of  additional  truncation  errors  in  the 
computation. 

(B)  To  assure  a  maximum  value  of  AT,  the  mathematical  grid  step, 
the  ainimum  value  of  At,  the  physical  tiae  increaent,  should 
be  chosen  at  each  step  according  to  necessity.  This  means 
that  the  ainiaua  value  of  Ax  aust  be  a  function  of  the  pulse  - 
function  steepness . 

(C)  The  ainiaua  value  of  Ax  should  occur  inside  the  region  of  the 
highest  gradient  which  occurs  near  the  pulse  peak. 

For  example,  following  Moretti's  approach,32  if 

Tstanh(crx)  (11) 

and  a  the  stretching  factor  must  be  larger  than  1,  the  entire  semi¬ 
axis  x  greater  than  zero  can  be  mapped  on  the  interval  0  <  T  <  1 
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with  a  clustering  of  points  in  the  vicinity  of  Xc  =  0,  the  center 
of  gravity  of  the  transformation  for  evenly- spaced  nodes  in  t. 

This  mapping  brings  new  coefficients  into  the  equations  of 
motion  which  are  defined  analytically  and  have  no  singularities. 
It  avoids  interpolation  at  the  common  border  of  differently  spaced 
meshes.  The  computation  is  formally  the  same  in  the  "T"  space  as 
it  was  in  the  "l"  space.  Sooe  additional  coefficients,  due  to  the 
stretching  function,  appear  and  are  defined  by  coding  the  stretch¬ 
ing  function  in  the  main  program.  A  slightly  modified  stretching 
function  is  used  in  the  laser  problem.  Figure  (10)  illustrates  the 
transformation  and  its  different  dependencies  on  the  particular 
choice  of  its  parameters. 


3t 


T  /  T  r 


Fig.  10  Dependence  of  prescribed  stretching  t  and  its  derivatives 
3x/3T  on  the  point  densities  and  the  center  of  transformation 
versus  the  uniform  computational  T. 


The  derivative  of  the  mapping  function  produced  by  the  gradual 
variation  along  the  "T"  axis  is  also  defined  analytically.  In 
response,  the  computational  grid  remains  unchanged  while  the  physi¬ 
cal  grid  (and  the  associated  weighting  factors)  can  change  a  lot. 

Should  one  need  to  study  the  laser  field  buildup  due  to  ini¬ 
tial  random  noise  polarization  (for  superfluorescence) ,  or  an 
initial  tipping  angle  (for  superradiance),  oae  oust  use  a  different 
stretching22.  This  stretching  is  like  the  one  defined  for  treating 
radial  boundary  conditions.  The  mesh  points  a<.e  clustered  near  the 
beginning  (small  x);  their  density  decreases  as  t  increases. 
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V.  ADAPTIVE  STRETCHING  IN  TIME 

As  the  energy  continues  to  shift  back  and  forth  between  the 
field  and  the  aediua,  the  pulse  velocity  is  modified  disproportion¬ 
ately  across  the  bean  cross-section.  This  retardation/advance 
phenomenon  in  absorber/aaplifier  can  cause  energy  to  fall  outside 
the  temporal  window.  Also,  due  to  nonlinear  dispersion,  various 
portions  of  a  pulse  can  propagate  with  different  velocities,  caus¬ 
ing  pulse  compression.  This  temporal  narrowing  can  lead  to  the 
formation  of  optical  shock  waves.  To  maintain  computational  accu¬ 
racy,  a  more  sophisticated  stretching  is  needed.  The  accumulation 
center  of  the  nonlinear  transformation  is  made  to  vary  along  the 
direction  of  propagation.  This  adaptive  stretching  will  insure 
that  the  redistribution  of  mesh  points  properly  matches  the  shifted 
pulse.  Figure  (11). 


Fig.  11  Adaptive  stretch¬ 
ing  with  different  centers 
of  transformation. 


Here,  the  transformation  from  i  to  T  is  applied  about  a  center 
T  which  is  a  function  of  The  stretching  factor  a  could  also  be 
a  function  of  n* 

The  field  equation  is  similar  to  those  of  Section  II,  but 
contains  an  extra  term: 


The  role  played  by  the  time  coordinate  is  different:  an  ex¬ 
plicitly  time-dependent  term  is  now  included. 


VI.  REZONING 

The  main  difficulty  in  modeling  laser  propagation  through 
inhomogeneous  and  nonlinear  media  stems  from  the  difficulty  of 
pre-assessing  the  mutual  influence  of  the  field  on  the  atomic 
dynamics  and  vice  versa.  Strong  beam  distortions  should  occur 
based  on  a  perturbs tional  treatment  of  initial  trends.  One  must 


514 


F.  P.  MATTAR 


normalize  out  the  critical  oscillations  to  overcome  the  economical 
burden  of  an  extremely  fine  mesh  size.  To  insure  accuracy  and 
speed  in  the  computation,  a  judicious  choice  of  coordinate  systems 
and  appropriate  changes  in  the  dependent  variables,  which  can 
either  be  chosen  a  priori  or  automatically  redefined  during  the 
computation,  must  be  considered  (Figure  (12))33"40. 

*  This  coordinate  transformation  alters  the  dependent  variables 
and  causes  them  to  take  a  different  functional  form.  The  new 
dependent  variables  are  numerically  identical  to  the  original 
physical  amplitudes  at  equivalent  points  in  space  and  time. 

The  requirements  of  spatial  rezcainy  will  be  satisfied  by 
simultaneously  selecting  a  coordinate  transformation  (from  the 


Fig.  12.  The  concepts  of  prescribed  rezoning  are  shown  in  Graph 
(a);  Graph  (b)  is  a  close-up  of  the  nonuniform  mapped  grid  of 
Fig.  2(b). 

original  coordinates  p  and  q  to  new  coordinates  £  and  z)  and  an 
appropriate  phase  and  amplitude  transformation.  The  chosen  func¬ 
tion  transformation  will  share  the  analytical  properties  of  an 
ideal  Gaussian  beam  propagating  in  a  vacuum. 

Since  the  parameter  a,  the  measure  of  the  transverse  scale, 
shrinks  or  expands  as  the  beam  converges  or  diverges,  it  is  logical 
to  require  the  transverse  mesh  to  vary  as  "a”  varies.  However,  to 
assure  stability  and  convergence,  the  ratio  [hq/(Ap)2]  must  be 
defined  according  to  the  chosen  Fresnel  number  and  it  must  be  kept 
constant  throughout  the  calculation.  Accordingly,  a  new  axial 
variable,  z,  must  be  introduced  to  keep  this  parameter  constant  as 
p  varies.  This  should  increase  the  density  of  q  planes  around  the 
focus  of  the  laser  field  where  the  irradiance  sharply  increases  in 
magnitude  causing  a  more  extensive  and  severe  field-material  inter¬ 
action  to  occur. 

If  the  quadratic  phase  and  amplitude  variation  are  removed 
from  the  field  and  polarization  envelopes,  the  new  field  equation 
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varies  sore  slowly  than  its  predecessor;  thus,  the  numerical  pro¬ 
cedure  allows  one  to  march  the  solution  forward  more  economically 
by  using  larger  meshes. 


VII.  ADAPTIVE  REZONING 

The  foregoing  concepts  may  be  generalized  by  repeating  the 
simple  coordinate  and  analytical  function  transformations  along  the 
direction  of  propagation  at  each  integration  step.  Figure  (5)  and 
graphs  (13a)  and  (13b)  illustrate  this  self-adjusted  mapping  in 
planar  and  isometric  graphs. 

The  feasibility  of  such  automatic  rezoning  was  demonstrated  by 
Moretti  in  his  conformal  supping  of  supersonic  flow  calculations34, 
and  by  Hermann  and  Bradley  in  their  CW  analysis  of  thermal  bloom- 


Fig.  13.  Graph  (a) 
illustrates  the  self- 
adjusted  rezoned  grid; 
Graph  (b)  shows  the 
usefulness  of  adaptive 
two-dimensional  map¬ 
ping  through  isometric 
representation  of  the 
field  fluency. 


ing35.  In  particular,  the  change  of  reference  wavefront  technique 
consists  of  tracking  the  actual  beam  features  and  then  readjusting 
the  coordinate  system.  The  new  axial  coordinate  z  is  defined  as 
before.  Previously,  the  center  of  the  transformation  where  the 
radial  mesh  points  were  most  tightly  bunched  was  at  the  focus 
(z  s  n  s  0)-  Now  the  transformation  is  defined  in  terms  of  an 
auxiliary  axial  variable  z^  as  a  function  of  z,  which  is  calculated 

adaptively,  in  a  way  that  reflects  and  compensates  the  changing 
physical  situation. 


In  this  adaptive  rezoning  scheme,  the  physical  solution  near 
the  current  z  plane  is  described  better  by  a  Gaussian  beam  of  neck 
radius  a^Q  whose  point  is  a  distance  z^  3way  than  by  an  initially 

assumed  Gaussian  beam  with  parameters  a^  and  z.  In  addition,  to 
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remove  the  unwanted  oscillations,  new  dependent  variables  are 
introduced  without  quadratic  and  quartic  radial  dependence  in  the 
phases  o£  the  pulse  and  polarization  envelopes.  By  minimizing  the 
local  field  phase  gradient  the  relationship  between  the  auxiliary 
Zg  and  z  is  obtained.  Thus  the  rezoning  parameters  are  determined 

appropriately  from  the  local  field  variable  at  the  preceding  plane, 
so  the  new  variable  at  this  present  point  has  no  curvature.  Note 
that  the  new  equation  varies  less  in  its  functional  values  than  the 
original.  The  numerical  computation  is  significantly  improved. 
Notably,  the  instantaneous  local  rezoning  parameters  of  the  quad¬ 
ratic  wavefront  are  determined  by  fitting  the  calculated  phase  of 
the  local  field  to  a  quartic  in  the  nonuniform  radius.  More  speci¬ 
fically,  the  intensity-weighted  square  of  tue  phase  gradient  inte¬ 
grated  over  the  aperture  is  minimized.  Consequently,  the  curvature 
at  the  highest  intensity  portion  of  the  beam  contributes  the  most. 
Various  moment  integrals  of  the  local  field  variable  and  the  local 
transverse  energy  current  will  be  introduced,  to  specifically 
evaluate  the  adjustable  rezoning  parameters. 


VIII.  NUMERICAL  RESULTS 

This  section  outlines  basic  results  in  SIT,  obtained  with  and 
without  rezoning  and  stretching,  and  illustrates  why  the  more 
sophisticated  techniques  required  less  computational  efforts. 

The  first  part  of  this  investigation  led  to  the  discovery  of 
new  physical  phenomena  which  promise  to  have  significant  applica¬ 
tions  for  proposed'  optical  communications  systems.  It  had  been 
shown  that  spontaneous  focusing  can  occur  in  the  absence  of  lenses, 
and  that  the  focusing  can  be  controlled  by  varying  the  medium  para¬ 
meters.  The  second  part  of  this  analysis  dealt  with  amplifiers. 

The  dependence  of  the  propagation  characteristics  on  the  Fres¬ 
nel  number  T  associated  with  an  effective  medium  length,  on  the 
on-axis  input  pulse  "area,”  on  the  relaxation  times  and  on  the 
off-line  center  frequency  shift,  has  been  studied.  Furthermore, 
particular  care  was  exercised  to  ensure  a  perfectly  smooth  Gaussian 
beam  (see  Figure  (10))  thereby  eliminating  any  possibility  of 
small-scale,  self-focusing  buildup48. 

The  time-integrated  pulse  "energy''  per  unit  are3, 

x 

/|e(p,n»x')|2dx,  the  fluency,  is  plotted  for  various  values  of  the 
0 

transverse  coordinate,  as  a  function  of  the  propagation  distance 
(see  fig.  14). 


Fig.  14.  The  longitudinal  orientation  shown  in  the  left-hand 
figure  illustrates  the  gradual  boosting  mechanism  that  field  energy 
experiences  as  it  flows  radially  towards  the  beam  axis  (while  0 
increases).  The  second  orientation  displays  the  severe  beam  dis¬ 
tortion  in  its  cross-section  as  a  function  of  n* 

The  three-dimensional  numerical  calculations  substantiate  the 
physical  picture  based  on  a  perturbational  study  of  the  phase 
evolution1”’ 15 .  It  could  be  visualized  using  selected  frames  from 
a  computer  movie  simulation  of  the  numerical  model  output  data.  In 
the  left-hand  curves  of  Figure  (IS)  the  transverse  energy  current 
is  isometrically  plotted  against  the  retarded  time  for  various 
transverse  coordinates  at  four  specific  regions  of  the  propagation 
process:  (a)  the  reshaping  region  where  the  perturbation  treatment 
holds;  (b)  the  buildup  regions;  (c)  the  focal  region;  and  (d)  the 
post-focaL  region.  The  field  energy  is  displayed  for  the  specific 
regions  in  the  right-most  curves  of  Fig.  (15).  A  rotation  of  the 
isometric  plots  is  displayed  in  Figure  (16),  to  emphasize  the  ra¬ 
dially  dependent  delay  resulting  from  the  coherent  interaction. 
Positive  values  of  the  transverse  energy  current  correspond  to 
outward  flow,  and  negative  values  to  inward  flow.  The  results  of 
the  reshaping  and  buildup  regions  in  Figures  (15)  and  (16)  agree 
with  the  physical  picture  related  to  the  analytic  perturbation  dis¬ 
cussed  elsewhere. 

The  burn  pattern,  iso-irradiance  level  contours  (against  i  and 
p)  for  different  propagation  distances  are  shown  in  Figure  (17). 
Severe  changes  in  the  beam  cross-section  are  taking  place  as  a 
function  of  the  propagating  distance.  At  the  launching  front,  cbe 
beam  is  smooth  and  symmetrical;  as  the  beam  propagates  into  the 
nonlinear  resonant  medium,  the  effect  of  the  nonlinear  inertia 
takes  place. 
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The  general  format  for  presenting  three-dimensional  coherent 
pulse  propagation  in  amplifying  medium  will  be  the  same  as  for  the 
absorber  (see  Figs.  (18)  to  (21)). 


Fig.  15.  Isometric  plots  of  the  absorber  field  energy  and  trans¬ 
verse  energy  flow,  against  the  retarded  time  for  various  transverse 
coordinates  at  the  four  regions  of  interest. 


IX.  TRANSVERSE  EFFECTS  IN  SUPERFLUORESCENCE 

With  the  help  of  Gibbs,  the  outstanding  question  dealing  with 
the  strong  reduction  (and  elimination)  of  ringing  observed  in  the 
low-density  Cs  [2]  experiment  from  the  amount  predicted  in  the 
one-dimensional  calculations  [1(b)]  was  resolved.  This  was  accom¬ 
plished  by  developing  a  rigorous  two-dimensional  theory  of  Burnham- 
Chiao  ringing  [lb]  and  superradiance  and  superfluorescence  (SF)  in 
a  pre-excited  thick  medium  using  a  semi-classical  formulation  [le] 
which  includes  one-way  propagation  effects  as  in  SIT.  The  initia- 
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tion  of  the  SF  emission  process  is  characterized  by  a  tipping  angle 
8g.  When  the  small  signal  field  gain  or^^L/2  (or  equivalently,  the 

characteristic  radiation  damping  time  of  the  collective  atomic 

system)  is  sufficiently  large,  0«,  the  ratio  of  the  length  L  to  the 
coherence  length  L  ,  and  the  Fresnel  number  7  (equal  to  area/XL) 
completely  characterize  the  system  behavior.  However,  L/L  is  not 
a  critical  parameter  as  predicted  by  the  mean  field  theory. 
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Fig.  17.  Absorber  field  energy  contour  plots  for  the  four  propaga- 
tion  distances.  Notice  the  temporal  delay  associated  with  the 
coherent  exchange  of  energy  between  light  and  matter,  as  well  as 
the  beam  cross-section  narrowing. 


Neither  the  mean-field  approximations1**,  nor  the  substitution 

of  a  loss  term  to  account  for  diffraction  coupling10, 20<1,  are 
considered;  instead  self-consistent  methods  similar  to  those  devel¬ 
oped  for  SIT  studies  are  adopted3*’ 43 .  The  numerical  simulation 
takes  fully  into  account  both  propagation  and  transverse  (spatial 
profile  and  Laplacian  coupling)  effects. 

The  previously  reported  pronounced  SF  ringing  for  plane-wave 
simulation  is  reproduced  for  uniform  input  profile.  The  reduction 
of  ringing  is  studied  for  various  radial  profiles  for  the  gain 
g^=ae£j[ct^]  (equivalently,  the  population  inversion)  and  the  small 

input  pulse  area  8; 11”13. 

The  ringing  reduction  can  be  explained  by  two  physical  mechan¬ 
isms:  (a)  a  shell  (ring)  model32^:  spatial  averaging  of  uncoup¬ 
led  planar  modes,  each  associated  with  a  particular  shell  and  sub¬ 
jected  to  both  a  distinct  0^  and  a  radiation  time.  Radial  averag¬ 
ing  by  a  Gaussian  gain  profile  of  very  large  7  eliminates  most  of 
the  ringing,  resulting  in  an  asymmetric  pulse  with  a  long  tail;  and 
(b)  a  rigorous  diffraction  coupling:  through  the  Laplacian  term, 
the  adjacent  shells  interact,  causing  the  field  energy  to  flow 
transversely  across  the  beam  from  one  region  to  another. 

When  diffraction  coupling  is  considered  concomitantly  with 
radial  variations  of  0^  and  g^  (i.e.,  of  T^),  the  ringing  is  more 

subdued  (see  Fig.  (23)).  In  other  words,  reducing  7  of  a  Gaussian 
profile  does  reduce  the  asymmetry  (in  better  agreement  with  the  Cs 
data)  since  the  outer  beam  portions  are  stimulated  to  emit  earlier 
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Fig.  18.  Isoaetric  plots  of  the  amplifier  field  energy  as  a  func¬ 
tion  of  t  and  p  for  two  orientations  71/ 2  apart  at  four  locations 
along  the  propagation  direction. 


by  diffraction  froa  the  inner  portion.  Thus,  the  effect  of  the 
Laplacian  coupling  is  snail  for  large  7  but  becomes  progressively 
greater  at  about  7  <  1. 
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Fig.  19.  Amplifier  field  energy  contour  plots  for  the  four  propa¬ 
gation  regions  of  interest.  Mote  the  temporal  advance  associated 
vith  coherent  exchange  of  energy  between  light  and  matter  (the 
smaller  area  propagates  more  slowly  than  the  larger  one),  as  well 
as  beam  cross-section  expansion. 


Fig.  20.  Isometric  plots  of  amplifier  field  energy  and  transverse 
energy  flow  against  retarded  time  for  various  transverse  coordi¬ 
nates  at  four  propagation  regions  studied  for  absorbers.  Stretched 
radial  coordinate  was  adopted  for  proper  accounting  of  transverse 
boundary  condition.  When  these  results  are  compared  with  those  for 
an  absorber,  it  is  evident  that  a  focusing  phase  is  not  restricted 
to  the  absorber,  but  develops  also  for  the  secondary  pulses  in  am¬ 
plifying  media . 
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Fig.  21.  Amplifier  field  energy  contour  plots  for  four  propagation 
regions  of  interest  with  stretched  radial  coordinates.  No  severe 
reflection  or  abrupt  variation  in  the  field  energy,  at  the  wal] 
boundary,  is  observed.  The  enhancement  of  diffraction  by  pre' 
excited  two-level  medium  is  clearly  evident. 


(1)  Shell  (only 
Gaussian  av.) 

(2)  diffraction 
coupling 


Fig.  22  Contrast  the  time  dependence  of  the  energy  after  inte¬ 
grating  over  p  for  the  shell  model  (where  0R  and  XR  are  both  radi¬ 


ally  dependent)  and  the  diffraction  model  (where  the  Laplaciae- 
coupling  is  rigorously  present)  for  two  population  inversions  f~  (a) 
Gaussian  g  =  gQ  exp[-pz] ,  and  (b)  saturable  inversion  g  *  gQ  for 

P  <  Pj,*.  g  3  g0  exp[-p2]  for  Ph  <  p  <  pMX. 


-  (1) 


7  =  • 

7  =  l.o 

0.69 


Fig.  23.  Total  energy  per  atom  as  a  function  of  time  with  7  as  the 

3 

labeling  parameter.  lR  =  0.046  ns  and  L/lc  =1.95.  0R  =  3  x  IQ* 

for  all  radii,  (a)  Superfluorescence  of  uniform  cylinder  or  small- 
area  pulse  propagation  through  uniform  gain  cylinder;  (b)  Uniform 
small-area  pulse  propagation  through  Gaussian  gain  medium. 
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Computer  results  representing  the  ST  of  uniform  and  nonuni form 
cylinders  (i.e.,  snail-area  pulse  propagating  through  a  uniform 
Gaussian  gain  cylinder)  are  respectively  displayed  in  Figure  (24a) 
and  Figure  (24b)  for  different  7  .  In  Figures  (25a)  and  (25b), 
this  initial  small-area  8R  is  now  radially  dependent.  Figures 

(26a)  and  (26b)  duplicate  the  physical  situation  in  Figures  (24a) 
and  (24b),  but  for  a  saaller  initial  polarization.  The  universal 
superfluorescence  scaling  law  is  seen  not  to  hold;  the  calculated 
pulse  length  is  much  more  sensitive  to  the  magnitude  of  0R  in  the 
transverse  case  than  it  is  in  the  planar  case. 

The  ringing  predicted  by  this  two-spatial-dimensional  theory 
agrees  store  with  experimental  observations  than  that  predicted  by 
the  uniform  plane-wave  counterpart.  Detailed  isometric  graphs  of 
the  field  energy  buildup  show,  in  Figures  (27a),  (27b)  and  (27c) 
qualitative  agreement  in  peak  intensity  and  peak  delay  with  the 
ring  (shell)  model  [lc].  Figure  (28)  illustrates  the  elimination 
of  ringing  under  conditions  similar  to  the  low-density  Cs  data  for 
different  radial  density  distributions.  Figure  (29)  contrasts  the 
dependence  of  the  radial  gain  on  a  typical  7  by  various  6^;  Figure 

(30)  illustrates  the  dependence  of  the  radial  gain  on  a  typical  0R 

by  different  7.  Figure  (31)  shows  the  effect  of  varying  xR  on 

this  output  intensity.  Various  small-scale  ripples  were  introduced 
in  the  gain  profile  (see  Fig.  31). 

.  —  (l)  7-  • 

A  eee  (2)  7  ~  1.0 

,  jd  —  (3)  7-  0.69 

/  K  (b) 

X  J  I 


Fig.  24.  (a)  Propagation  of  small-area  Gaussian  profile  pulse 

through  uniform  cylinders  (xR  =  0.046  ns,  L/Lc  =  1.35  and  0R  = 

3  x  10  3  on-axis),  (b)  Superfluorescence  with  Gaussian  radial  gain 
(tR  =  0.046  ns,  L/Lc  =  1.35  and  0R  =  3  x  10~3  on-axis). 

Ringing  is  largely  removed  by  a  gain  medium  of  7  -  1,  result¬ 
ing  in  an  asymmetric  output  pulse  with  a  long  tail.  It  now  seems 
that  a  larger  0R,  see  Fig.  (33a)  (unlikely,  according  to  measure¬ 
ment  of  feedback  effects  and  estimates  of  Raman  effects  during  the 
excitation  pulse2  ),  or  smaller  7  (perhaps  0.4  consistent  with  the 
range  0.35  <  7  <  1.39  of  ref.  1(a)  which  used  a  1/e  rather  than  a 
half  width  half  maximum  (HVHM)  definition  of  Tp),  see  Fig.  (33b), 
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Fig.  27.  Comparison  of  pulse  shapes  for  situations  where  L/L  is 
similar  to  the  low  density  Cs.  Relaxation  terms  werenot 
included  in  this  analysis.  Mote  the  asymmetry  associated 
with  an  atomic  beam  of  7  -  1.  (a)  n  =  1.9  x  10u  cm’3; 

80  =  2.64  0  l<f4;  (b)  n  =  18. 24  0  1010  cm’3;  0o  =  1.37  x 

10’4;  (c},  n  »  11.9  x  io10^  6  =  1.69  x  lo’4;  (d)  n  = 

8.75  x  io  0  s  1.96  x  io  *.  0  Time  is  measured  in  nsec, 
o 


Fig.  28.  Contrast  of  the  total  energy  per  unit  atom  (versus  time) 
for  different  radiation  damping  time  tg  for  a  chosen 

7  =  0.7  and  a  uniform  8„  =  3  x  io’3  (for  different 
inversion  profiles. 


EFFECTS  OF  PROPAGATION  AND  TRANSVERSE  MODE  COUPLING 


(*)  eR*io"s 

3  uni fora 


(b)  eR*io’3 

uniform 


,(a)  eB10‘ 


Fig.  29.  Contrast 
of  the  total  en¬ 
ergy  per  unit 
atoms  (versus  time) 
for  different  in¬ 
versions  (1)  uni¬ 
form,  (2)  Gaus¬ 
sian  (3)  satur¬ 
able  Gaussian, 
and  for  particu¬ 
lar  tipping  angle 
profiles.  0R=1O  3 

non-uniform  tp  = 
0.46  ns  and  L/L_ 

=  1.95.  7  a  ®. 


non-uniform 


Fig.  30.  Contrast  of  the  total 
energy  per  unit  atom  (versus 
time)  for  different  radiation 
damping  time  TR  for  a  chosen 

7=  0.7,  and  a  fixed  tipping 
angle  0R  a  3  x  10'3.  gR  =  100, 

125,  150,  175. 


Fig.  31.  Display  of  small- 
ripple  effects  in  the  Gaussian 
inversion  of  the  cylinder  on  the 
total  energy  per  unit  atom  (ver¬ 
sus  time)  for  7-  0.7, 

=  0.46  ns,  and  L/L  =  1.95.  K 
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V  -  APPLICATION  PROGRAMS 

This  section  deals  with  tho  programs  in  eho  system  that  go  beyond  the  frame  of  appli¬ 
cation  in  tho  laser  aodel  building  project.  These  are  the  DEFPARM,  DESRES  and  SYNTH  programs 
created  eo  treat  in  a  general  way  a  specific  application.  These  also  use  the  SIMRES,  X TRACT 
and  DATSIM  software.  All  the  exaaples  in  this  chapter  derive  from  the  only  source  we  have: 
the  laser  model  building  project. 

S.l  THE  DEFPARM  PROGRAM 

The  DEFPARM  program  is  an  interactive  tool  which  defines  the  FORTRAN  NAMELISTs.  A  pro¬ 
gram  generation  of  the  NAMELISTs  is  a  good  way  to  validate  them  (syntactically)  and  to  avoid 
certain  trivial  errors.  DEFFARM  is  a  program  of  general  application  but  by  referring  to  the 
laser  aodel building  project  to  describe  its  operation,  the  explanations  will  be  more  concrete. 

In  the  DEFPARM  program,  the  NAMELISTs  are  defined  by  statements  that  follow  a  specific 
syntax.  A  set  of  statements  establishes  the  parameters  of  a  grouo  of  simulations  dealing  with 
a  particular  phenomenon.  These  simulations  differ  only  by  the  value  of  a  limited  number  of 
parameters,  all  the  other  parameters  being  fixed.  It  is  because  of  these  fixed  parameters 
that  the  information  can  be  condensed  and  the  svntax  made  more  concise. 

A  statement  specifies  the  value  or  values  associated  to  a  block  of  parameters.  A  block 
of  parameters  is  made  of  one  parameter  or  a  group  of  interdependent  parameters  (varying 
conjointly).  For  example,  A  •  0  shows  that  a  parameter  has  a  given  value.  If  the  parameter 
is  to  be  given  several  values  or  that  there  be  a  simulation  for  each  of  these  values,  the 
values  are  separated  by  a  comma,  A  •  0,1,2.  To  specify  that  a  group  of  parameters  are  inter¬ 
dependent,  forming  one  whole,  parenthesis  are  used.  The  values  associated  to  the  parameters 
are  also  put  between  parenthesis.  The  order  of  the  elements  in  such  a  group  is  of  major 
importance,  and  the  order  of  the  parameters  induces  the  order  of  the  values.  Moreover, 
there  must  be  as  many  values  in  each  group  of  values  as  there  are  parameters  in  the  reference 
group.  Thus  the  following  group  of  naraneters  can  be  defined  as:  (A, 3)  *  (0.1),  (1.1). 

Vectorial  parameters  are  put  between  brackets  and  the  different  values  are  separated  by 
a  comma:  thus  A  »  CO.1,2]  or  3  »  CU .  The  specific  values  of  the  parameters  need  not  have 
the  same  number  of  elements;  thus:  A  *  £1,3],  C2»2.3l.  Cl, 2, 3.1].  But  the  order  of  the 
values  is  important  as  it  corresponds  to  the  order  of  the  elements  in  the  vector. 

The  statements  are  separated  by  semi-co2ons  and  an  empty  statement  ends  the  specifica¬ 
tion  of  a  group  of  simulations.  Tho  following  specifications  can  be  written  as:  A  =  1; 

3  »  1,2;  C  *  0,1;; 

The  syntactic  cards  corresponding  to  the  above  mentioned  syntax  are  shown  in  figure  3.1. 
It  is  passible  to  go  from  the  specification  of  a  family  of  simulations  to  the  exhaustive  lists 
of  parameters  of  each  simulation  forming  this  family  by  making  a  Cartesian  product  between 
the  values  given  to  the  parameters,  or  a  group  of  parameters,  by  the  different  statements. 
Thus,  the  specification: 

A  »  1,2; 

(3.0  «  (0.(1),  (1,1); 

0  *  -1,1;; 

can  create  eight  simulations  (only  the  changes  in  the  values  of  a  parameter  are  noted  in  the 
following  list). 

Number  A  3  C  3 

1  10  0-1 

:  l 

3  11-1 

a  1 

5  2  0  0  -1 

6  1 

:  i  i  -i 

3  1 

There  are  four  principal  stsns  to  the  execution  of  the  DEFPARM  program.  The  first  step 
is  initialisation.  The  user  indicates  for  which  simulation  program  he  needs  the  MAMELISTs. 

The  DEFPARM  program  will  find  in  the  corresponding  DATSIM  file  the  number  or  the  last  encoded 
simulation  and  of  the  possible  parameters  for  the  simulation.  The  DEFPARM  program  will  thus 
know  which  number  to  give  to  the  new  simulation  and  can  verify  the  parameter  identificator3 
that  the  user  could  eventually  give  it. 
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For  the  drawings,  the  user  aust  indicate  the  scale  and  kind  of  drawing  needed.  The 
scale  is  specified  by  indicating  one  of  the  following  identifiers:  (TL03AL5  (the  scale  is 
for  the  whole  file),  LOCALS  (the  scale  is  for  a  given  drawing),  STANDARD  (the  scale  is  for 
the  extraction  field).  If  the  chosen  scale  is  the  STANDARD  scale,  the  user  can  also  add. 
between  sarenthesis,  the  name  of  an  axis  to  limit  the  scope  of  the  scale  to  the  axes  within 
this  axis.  For  instance,  if  a  function  depends  on  the  STAT,  ETA,  RHO  and  TAU  axes,  and  if 
the  scale  is  lisiited  to  the  standard  scale  on  the  ETA  axis,  this  scale  will  be  evaluated 
for  the  ETA,  and  TAU  axes  only  and  there  would  be  as  many  standard  scales  as  there  are 
noints  on  the  FTVT  axis.  Section  A. 2  gives  sore  details  on  the  nature  of  the  different 
scales.  The  kind  of  drawing  is  indicated  by  the  following  identifier:  FLOT  3D  (surface 
drawings),  PLOT  2D  (curve  drawings),  CONTOUR  (level  curves)  and  PROJSC  (2  diaension  projec¬ 
tion  of  a  sub-array  of  curves  describing  the  surface  of  a  2  variable  function).  The  kind 
of  drawing  requested  will  induce  a  segmentation  on  the  extraction  field.  Thus,  one  action 
can  produce  several  plots;  that  is  as' many  plots  to  empty  the  extraction  field.  An  example 
of  scale  specification  and  type  of  drawing  follows: 

SCALE:  STANDARD 
DRyVTflC:  PLOT  3D 

The  DESRSS  program  will  loop  at  the  deeosst  level,  that  of  drawing,  then  ask  the  user 
to  specify  a  scale  and  a  type  of  drawing.  To  get  out  of  a  level:  enter  an  empty  line  or 
write  the' key  word  FIN  (END).  The  user  goes  to  the  other  level  and  here,  it  is  possible  to 
define  this  level  or  getting  out  of  it.  Figure  S.S  shows  a  complete  example  of  a  specifica¬ 
tion  for  the  DESRSS  program. 

In  the  interactive  mode,  the  OESRES  program  analytes  the  user's  request  and  indicates 
as  soon  as  possible  the  syntactical  errors  (data  in  the  wrong  format)  and  the  invalid  spe¬ 
cifications  (the  requested  function  does  not  exist  ...).  The  program  then  asks  the  user  to 
hold  some  specification  in  order  to  continue  its  execution,  when  it  is  a  submission  by 
batch  mode,  when  an  error  is  detected,  the  running  is  stopped  but  the  syntactical  analysis 
can  continue. 

To  execute  a  drawing  specification,  the  SIMSES  program  must  first  localise  the  SIMRES 
files  to  be  created.  These  files  are  opened  one  at  a  time  and  the  information  showing 
the  function  to  be  plotted,  the  field  of  extraction,  the  composition  of  the  tuples  and 
the  cyme  of  scales  is  given  to  the  XT’A.CT  software.  This  information  recovered  by  the 
EX7TUP  orocsdure  is  processed  by  the  appropriate  plotting  procedure  (PLOT  3D,  PLOT  2D, 
CONTnt™,  PPOJEC) .  The  program  repeats  this  operation  until  all  the  requests  have  been 
fulfilled  or  until  a  non-retrievable  error  occurs. 

Figures  3.7  to  3.11  show  the  different  graphic  output  of  the  DESRSS  program.  Figure 
3.7  shows  the  list  of  parameters  identifying  the  plotted  simulation.  Figure  S.4  shows  the 
plot  drawn  by  PLOT  ID  far  a  2  variable  function.  Figure  5.9  shows  the  curves  set  by  the 
CONTOUR  procedure  for  the  same  function.  Figure  5.10  shows  a  projection  of  this  function 
as  produced  by  PROJEC.  And  finally,  figure  5.11  shews  the  plot  produced  by  PLOT  ID  for  s 
function  which  varies  as  to  one  axis. 


5.3  THE  SYNTH  PROGRAM 

The  SYNTH  program  permits  the  synthesis  of  the  information  of  many  distinctive  simu-  _ 
lations  in  order  to  study  a  specific  ohencmenon.  This  synthesis  is  done  by  selecting  the 
pertinent  simulations*  necessary  to  draw  out  a  specific  pnenomenon  and  by  comparing  one  nr 
several  functions  of  these  simulations.  In  its  final  version,  the  SYNTH  program  should 

allow  the  user  to  specify  the  phenomenon  to  be  studied  with  the  help  of  a  predicate  _ 

(studying  the  effect  of  a  parameter  in  function  of  another,  or  studying  the  effect  of 
such  or  such  a  model).  The  SYNTH  program  would  find  which  simulations  will  satisfy  the 
predicate.  However,  for  a  first  version  (still  being  developed),  it  is  better  to  ask  the 
user  to  identify  the  simulation  to  be  compared.  The  SYNTH  program  thus  verifies  the 

va.idity  of  the  comparison,  makes  up  the  headings  identifying  the  work  done  and  makes _ 

the  comparisons. 

There  are  three  oossible  fields  for  comparisons: 

-  inside  one  simulation, 

-  between  specific  simulation  produced  by  a  same  model  (same  simulation  program), 

-  between  simulation  produced  by  different  models. 

With  comparisons  done  inside  the  same  simulation,  it  is  the  variation  of  an  axis  which 
will  provide  the  criterion  for  a  comparison:  it  is  the  position  on  the  axis  which  is  stu¬ 
died.  Often,  the  comparison  will  deal  with  the  repetitive  axis,  in  other  words,  an  axis 
which  does  r.ot  define  the  spies  of  the  simulation  but  which  induces  repetition  of  the  stored 
information:  this  is  specifically  Che  case  with  the  models  with  several  lasers  (where  a 
"laser"  axis  will  store’ information  on  the  di"erent  lasers)  and  the  model  including  rcxrts- 
tiss  (whers  a  "statistic"  axis  will  store  the  different  repetitions  of  the  simulation). 


The  comparisons  a i  simulations  produced  by  the  sene  nodel  permits  the  study  of  the  effect 
of  perimeter  variation  on  a  given  nodel.  For  instance,  it  is  possible  to  studv  the  effect  of 
a  parameter  by  choosing  siaulatioas  that  are  distinguished  fron  each  other  only  by  the  diffe¬ 
rent  values  given  to  this  paraaeter. 

The  coaparison  o *  siaulations  produced  by  different  simulations  brings  out  the  iapact  of 
the  aedels.  This  type  of  coaparison  is  very  complex  as  the  different  models  do  not  necessa¬ 
rily  use  the  same  parameters.  The  SYNTH  program  must  thus  use  equivalence  tables  between  the 
parameters  of  the  different  model  to  ludee  the  validity  of  a  comparison  and  to  make  up  a  valid 
heading. 

The  functions  to  be  eoasared  can  either  be  vectorial  (a  siaulation  produces  a  curve)  or 
scalar  (a  siaulation  products  a  ooint  on  a  curve).  The  vectorial  function  can  be  used  with 
the  three  types  of  coaparison.  According  to  the  case,  the  curves  of  the  coaparisons  are  thus 
identified  by  the  varying  axis,  by  the  distinguishing  paraaeters,  by  the  changing  model.  The 
scalar  function  can  ba  used  only  In  coaparisons  with  siaulations  producsd  by  a  same  model. 
Thus,  the  effect  of  a  group  of  paraaeters  can  be  studied  in  terms  of  another.  In  this  case, 
the  simulations  providing  the  points  of  a  curve  are  distinguished  from  one  another  by  a  group 
of  parameters  A  defining  the  horitontal  axis  of  the  comparison.  The  comparison  thus  involves 
several  curves  distinguished  from  one  another  by  a  group  of  parameters  3,  group  B  does  not 
include  any  of  the  parameters  of  A. 

The  specification  of  the  required  type  of  comparison  is  done  in  two  steps:  first,  by 
indicating  which  function  is  to  be  compared  and  which  are  its  selectors,  second,  by  indicating 
the  simulations  involved  in  each  comparison  making  up  the  series.  A  series  is  a  group  of 
comparisons  which  have  logical  bonds  and  which  make  up  a  more  or  less  exhaustive  study  of  a 
given  phenomenon. 

In  the  first  step  of  the  specification  of  a  series  of  comparisons,  the  user  must  indicate 
the  identifier  of  the  required  function.  Next,  the  user  must  indicate  the  name  of  the  axis, 
its  type  and  the  specification  of  the  selected  points  for  each  of  the  axes  on  which  the  func¬ 
tion  depends.  There  are  four  passible  types  to  characterize  an  axis  and  each  type  is  shown 
by  a  letter  (S,  rt,  C  or  M) .  The  specification  of  the  selected  points  is  done  by  a  list  of 
point  numbers,  and  a  set  of  selection  separated  by  commas  (in  fact,  it  is  the  same  syntax  of 
the  DESRES  program,  cf.  section  5.2).  This  first  step  is  ended  when  the  user  writes  a  semi¬ 
colon  instead  of  a  name  of  axis.  For  instance: 

The  S  type  indicates  an  axis  used  to  select  points  of  evaluation  of  the  function  to  be 
compared.  This  is  the  "by  default"  type,  and  the  symbol  S  can  be  omitted.  Thus,  the  func¬ 
tion  n  PfWlp  is  selected  for  all  the  points  air  the  TAU  axis  evaluated  at  point  1  of  axis 
*>TVT  and  ae  point  71  of  axis  ETA  (what  the  SYNTH  program  writes  is  underlined) : 

FUNCTION  n  PONER  -  - 

"  *STXT  a  S,1 
ETA  «  S,71 
TAO  •  . 


The  G  type  corresponds  of  an  axis  giving  many  comparisons,  that  is  providing  comparisons 

for  each  of  the  points  selected  on  the  axis.  Thus,  the  following  specification: 

FUNCTION  O  ?0"EP 

— stxt  -  i 

ETA  •  G, 6 1,71 
TAU  «  . 

» 

indicates  that  2  comparisons  of  the  function  0  PO^ER  are  needed,  one  for  point  SI  on  the  STA 
axis  and  another  for  point  71. 

Type  C  corresponds  to  a  comoarison  axis,  that  is,  the  iapact  of  this  axis  on  the  function 

to  be  compered.  There  can  be  only  one  comparison  axis  for  a  given  function.  For  instance, 

the  specification:  FUNCTION  0  POWER 

STXT  •  C  (1,7,1) 

ETA  •  71 
tsu  «  . 


indicates  that  the  comparison  contains  the  function  0  POWER  seven  times,  once  fer  each  at  the 
points  selected  on  the  5T*T  axis. 

Finally,  type  M  shows  that  the  user  would  like  to  compare  the  arithmetic  mean  of  the  func¬ 
tion  rather  than  the  function  itself.  When  M  qualifies  an  axis,  it  means  that  the  arithmetic 
mean  of  the  'unction  for  the  ooints  selected  oh  the  axis  must  be  evaluated.  Thus,  in  the  case 
of 


FUNCTION  0  POWER 

- ST3T  *  M.U.?) 

ETA  *  71 
TAU  *  • 


the  user  sus?  compare  eh*  mni*  of  th*  s*v*a  function  0  POWER  selected  on  eh*  STAT  axis. 

By  analyzing  eh*  specification  of  eh*  firse  st*p,  th*  SYNTH  program  is  already  able  to 
know  som  of  th*  user's  intentions  and  thus  to  determine  which  informations  must  b*  provided 
at  th*  second  step.  In  other  words,  if  a  type  C  axis  is  already  known,  the  SYNTH  program 
will  automatically  know  that  th*  comparison  is  don*  inside  th*  same  simulation  and  will  ex¬ 
pect  only  on*  simulation  number  per  comparison.  Moreover,  if  th*  specification  of  the  points 
selected  determine  a  scalar  function  (i.e.  FUNCTION  WIDTH  STAT  *  M, (1,7)  ETA  :  71),  th* 
SYNTH  program  will  conclude  that  th*  user  wants  to  study  th*  impact  of  a  group  of  parameters 
on  another  group  of  paraMters.  In  this  case,  th*  SYNTH  program  must  ask  th*  user  to  specify 
a  list  of  parameters.  Each  of  th*  paraMters  on  this  list  will  be  used  on*  after  th*  other 
to  define  the  points  of  th*  horizontal  axis  (axis  x)  which  corresponds  to  th*  different 
simulations  that  make  up  the  curves  to  b*  compared.  For  instance,  in  the  following  case: 

PARAMETERS  FOR  AXIS  X:  T3PJW,  FARUSJCA,  INVFRNL 

Th*  program  will  produce  three  series  of  comparisons,  one  using  th*  values  of  the  TBRHO  para¬ 
meter  to  form  axis  x,  another  using  the  FARUSSA  parameter  and  finally  one  using  the  INVFRNL 
paraMter. 

The  second  major  step  far  the  definition  of  the  work  to  be  done  cams  when  the  series  of 
comparisons  are  specified.  A  series  includes  on*  or  several  comparisons  making  up  a  logical 
whole,  that  is  studying  th*  same  phenomenon.  The  SYNTH  program  produces  a  heading  for  each 
series  of  comparisons,  showing  the  changes  of  parameters,  of  models,  or  of  points  on  the  axes 
for  each  of  th*  involved  simulations. 

Depending  an  the  kind  of  study,  a  comparison  is  made  up  of  on*  or  many  simulations,  and 
each  simulation  is  identified  by  a  model  and  a  simulation  number  (one  or  several  blank  spaces 
separate  th*  two  elements).  In  order  to  avoid  a  repetition  of  the  name  of  the  model,  the 
SYNTH  program  lets  the  user  define,  at  th*  beginning  of  a  series  of  simulation,  a  model  by 
default. 

To  end  a  series  of  comarisons,  th*  symbol  period  is  used.  At  this  moment,  it  is  pos¬ 
sible  to  redefine  another  series  using  th*  same  function  specification,  or  even  to  return 
with  another  point  at  the  level  of  function  specification. 

What  happens  after  this  identification  by  "model  by  default"  depends  on  the  type  of 
comparison  that  th*  user  requires . 

If  th*  comparison  deals  with  th*  same  simulation,  the  program  asks  th*  user  to  indicate 
th*  simulation  used  for  each  comparison.  Th*  following  example  illustrates  a  series  of  these 
comparisons  showing  the  variations  produced  by  th*  STAT  axis. 

FUNCTION  0  POWER 

- STS 7  ■  C, (1,7) 

ETA  «  71 

LR1CFS 
100 
101 
102 


When  th*  comparison  studies  th*  impact  of  certain  parameters  or  of  the  aodel  on  a  vecto¬ 
rial  function,  th*  SYNTH  program  will  ask  the  user  to  give  the  numbers  (at  least  two)  of  the 
simulations  making  up  each  comparison  in  the  series.  In  the  following  example  is  defined  a 
series  of  two  comparisons  involving  three  simulations,  then  a  series  of  one  comparison  invol¬ 
ving  three  simulations  of  different  models. 

FUNCTION  0  POWER 
5TTT  *  M,  (l ,  7) 

TTX  »  7 
TAU  »  • 

.’tCDEL  BY  DEFAULT:  LR1C-S 

- •SWUETrmiS:  no.ioi.ic: 

t 1  ’ 


TAU  ■  • 
MODEL  3Y  DEFAULT: 

- a'Dnrnrnw: 

smrcrrrar: 

SIMUIXVJS: 
STFWnTTJS’: 
!MDEL  BY  3E7AULT : 
- FUNCTION: 


LF.1CFS 

ioo,LaiPs  s,LJU?*s  : 


MODEL  BY  DEFAULT 


Finally,  whan  the  comparison  involves  a  scalar  function,  the  SYNTH  program  asks  the  user, 
first,  to  indicate  the  simulations  making  up  the  curves,  then  to  indicats  which  curves  make 
up  the  comparison  (it  is  passible  to  define  one  curve  only).  The  following  example  shows  a 
series  of  two  comparisons  involving  three  and  two  curves  respectively. 


By  and  large,  the  SYNTH  program  functions  by  processing  the  series  of  comparisons  one  by 
one.  Syntactical  verifications  are  done  as  the  specifications  are  entered.  When  the  defini¬ 
tion  of  a  series  of  comparison  is  completed,  the  program  verifies  the  validity  of  what  is 
requested.  If  there  are  no  errors  at  this  level,  the  program  makes  up  the  heading  of  the 
series.  The  data  needed  for  this  operation  comes  on  the  one  hand  from  the  series  specifica¬ 
tion  chat  defines  the  type  of  cosqiarison  requested  and,  on  the  other,  from  the  DATSIM  files 
which  provide  the  values  of  the  simulations  parameters  to  be  compared.  A  specific  heading 
is  given  to  each  comparison  in  order  to  identify  each  plot.  Finally,  the  comparisons  are 
generated,  and  the  value  of  the  functions  to  be  compared  comes  either  from  the  DATSIM  files 
(if  it  contains  the  needed  information)  or  from  the  S IMRES  files. 


Figure  3.12  shows  the  heading  of  a  series  of  comparisons,  in  which  the  impact  of  para¬ 
meters  IGVA,  IGVB  and  IGVN  on  the  vectorial  function  E'R*DR  are  studied.  Figure  5.13  shows 
a  comparison  of  this  series.  Figure  S.14  shows  the  heading  of  a  series  of  comparisons  showing 
the  impact  of  parameter  G1A0  in  terns  of  parameter  S3  on  a  scalar  function.  Figure  5. IS  shows 
a  comparison  of  this  series. 
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SYNTACTICAL  CA3DS  FOR  T!!E  SPECIFICATION  LANGUAGE  FCP.  THE  SIMULATION  FAMILIES 


>1 


-PPCCRAM  DEPP ARM  1.0 
-HAW  TO  HELP  YOU: 

-load  the  rAXA.«nm  or  a  previous  simulation  ?  cyes/no) 

»r*i 

-GIVI  THE  NUMBS!  OF  THIS  SIMULATION 
>312 

-LOOKING  TO!  SIMULATION  312  WAIT  A  MOMENT  PLEASE 
-It  FATIINT  I’M  DOING  MY  BEST! 

•ENTER  PARAMETERS  AND  THEIR  VALUES 


•  hogra  output 
>  Door's  Input 


FIGOII  S.2  •  CSSATION  OF  A  BASE  FROM  PARAMETER  VALUES  OF  A  PREVIOUS  SIMULATION 


-PROGRAM  DIPT ARM  1.0 
•HAPPY  TO  KELP  YOU! 

-LOAD  THE  PARAMETERS  CF  A  PREVIOUS  SIMULATION  ?  (YES/XO) 

>BO 

•LOOKING  ret  THE  NUMBER  OT  THE  NEXT  SIMULATION 
•WAIT  A  MOMENT  PLEASE 
-ENTER  PARAMETERS  AND  THEIR  VALUES 
>Uiaea«  1: 

>(  ld« It so  ,  idol tab.  )  • 

»(  l.  I  )  . 

>(  0.  0  )  ; 

>toto  •  lb 
-TOTO  •  AS 
•  *««« 

•ERROR  NUMBER:  12 

-THE  GIVEN  PARAMETER  IS  UNKNOWN 

I. I.  WAS  NOT  POUND  IN  THE  LIST  OP  PARAMETERS  USED  IN  PREVIOUS  SIMULATION) 
•PLEASE  RETYPE  LINE  FROM  THE  BEGINNING 
>slaO  -  12S.0  ,  230.0,  37S.O  ; 

>tbrfcoa  •  4.230009.  8.7;; 

•  Pro fraa  output 
>  User's  input 


V 


SIM* 

IDIMBN 

IDELTAA 

IOELTAB 

G1A0 

T3RK0A 

449 

1 

1 

1 

125.0 

4.234469 

4S0 

4.7 

6S1 

2S0.0 

4.234469 

4S2 

4.7 

653 

375.3 

4.236669 

4S4 

4.7 

4SS 

0 

0 

125.0 

4.236669 

454 

4.7 

657 

250.0 

4.236669 

4S3 

4.7 

4S9 

375.0 

4.236669 

440 

4.7 

CORRECTIONS  (YSS/NO)  7 


-y«s 

-FOR  MODIFICATION  ENTER  NEW  VALUE (S3  OF  PARAMETER(S)  LISTED 
.WEANS  NO  MODIFICATION 
MEANS  END  OF  MODIFICATION 
-NUMBER  Or  THE  FIPST  SIMULATION 
>; 

-IDIMEN  • 

>; 

- ( IDELTAA , IDELT AS )  - 

>(1.1), (2, 2); 

-GUO  - 


SIM* 

IDIMEN 

IDELTAA 

I DELTAS 

G1AO 

T3RH0A 

649 

1 

1 

1 

12S.0 

4.236669 

650 

4.7 

651 

250.0 

4.236669 

652 

- 

4.7 

6S3 

375. 0 

4.236669 

6S4 

4.7 

655 

2 

12S.9 

4.236669 

656 

4.7 

657 

250.0 

4.236669 

654 

4.7 

659 

375.0 

4.236669 

660 

4.7 

> CORRECTIONS  (YSS/NO)  7 


-no 


FIGURE  S.4  -  CORRECTION  PHASE  OF  THE  CEFPARM  PROGRAM 


JDATA  NUMBER-649. 

IDIMEN-1 , 10SLTAA«1 ,  IDELTAB-1 , G1A0-12S .  0 , 
TBRHOA-4. 236669, 

S 

JDATA  NUMBER -650 , 

IDIMEH-1 .  IDELTAA-1 ,  XDELTAB-1 ,  G1A0-12S .  0 , 
T3RH0A-8 .  7 , 

S 

JDATA  HUMBER-651, 

IDIMEH-1,  IDELTAA-l,  IDELTAB-1 .G1AQ-2S9 .0 , 
TBEHOA-4. 236669, 

S 

JDATA  NUMBER-652, 

IORONn ,  IDELTAA-1 ,  IDELTAS-1  .GIAO-2SO .  9 , 
TBRHOA-6.7, 

S 

JDATA  NUMBER -65 3, 

IDIMEX-1 , IDELTAA-1 , IDELTAB-1 . G1AQ-375 . 0 , 
TBRHOA-4. 236669, 

J 

JDATA  HUMBER-654, 

IDIMEH-1 . IDELTAA-1 . IDELTAB-1 . G1AO-37S . 0 , 
TSRHOA-6.7, 

5 

JDATA  HUMBER-655, 

IDIMEH-1 . IDELTAA-2 , IDELTAB-2 , G1A0-12S . 0 , 
>  TBRHOA-4. 236669, 

5 

JDATA  HUMBER-656. 

IDIMEH-1 . IDELTAA-2 , IDELTAB-2 .G1A0-12S . 9 , 
T3RH0A-9 .7, 

J 

JDATA  NUMBER-657, 

IDIMEH-1, IDSLTAA-2, IDELTAB-2 .G1AO-2S9 .0 , 
TBRHOA-4. 236669, 

J 

JDATA  HUMBER-658, 

IDIMEH-1 . IDELTAA-2 , IDELTAB-2 .G1A0-250 . 0 , 
T3RH0A-6.7, 

J 

JDATA  HUMBER-659. 

IDIMEH-1 , IDELTAA-2 , IDELTAJ-2 .G1A0-37S . 0 , 
TBRHOA-4. 236669, 

J 

JDATA  HUMBER-660, 

IDIMEH-1 , IDELTAA-2 , IDELTAB-2 , G1AO-357 . 0 , 
TBRHOA-8. 7, 

J 


FIGURE  5.5  •  HAKE  LI STS  PRODUCTS  OF  THE  DEFFARM  PROGRAM 


PROGRAM:  LR1CFS 
"  ' SIMULATIONS;  1-5,  7,  12 
rUHUiKw:  Ea«rcr 
55I5?TSTAT  «  TOOS  (ALL) 
t'-l«ct"STA  "  *  (1,  71,  10) 
kHTT  «  (1,  •,  2) 
JKJci  T5U  -  (J.  •) 

~  '  '  ’SCALc  :  STANDARD 
~Pt'3T  :  PLOT  3D 
SCI T?  :  STANDARD 
"PLOT  :  CONTOUR 
SCUT  !  -IN  (END) 
FUNCTWT"  0  POWER 
SIR!  JTAT  *  TOUS 
li'ltci'STA"  *  (1,  71,  10) 

.rAU  s  (S.  •) 
gagS  :  STANDARD  (STAT) 
~TCS7  :  PLOT  2D 
SSI?  :  -IN  (END) 
FUNCTION':  -IN 
SIMULATIONS:  FIN 
prograh  r-Tzr- 


FIGURE  S.5  -  PLOT  SPECI-ICATION  FOR  THE  3ESPSS  PROGRAM 
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FIGURE  S.3  -  CURVES  SET  3Y  THE ' CONTOUR  PROCEDURE  FOR  A  :  VAR I AS L 


g*jr2  s.io  -  projection  c?  a  :  variasl 
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T ?  at-'.t  r^-r-rr- 
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C  0  fl  ?  A  !t  !  s  o  M 

SERIE  OS  (NUMBER  1} 
WITH  NORMALIZATION 


NUMBER 

IGVA  IGVB 

IDGM 

410. 

I.  I. 

0. 

sso. 

0.  0. 

0. 

514. 

0.  o. 

1  t 

LASSRA 

1, 

LASERB 

3 

1  < 

PHIOA 

.31417828*01, 

PHIOB 

3 

.31417825*01. 

PHI  2  A 

0.0, 

PHI2B 

3 

0.0, 

I3CA 

1, 

IBC3 

3 

1, 

I3CA2 

0. 

IBC32 

a 

0, 

CIA 

.8328*03, 

C1B 

a 

.88-01, 

GUO 

.7SE*01, 

G130 

3 

,27SE*03, 

GUFCT 

•IE-01, 

G13FCT 

3 

•1E*01, 

IGVFCTA 

0. 

IGVFCT3 

3 

0, 

T3RH0A 

.4236663E*oi, 

TBRKOB 

3 

.  4Z36669E*01 , 

IRA.VDA 

0, 

IRAMDB 

S 

0, 

SIGMA 

-.99E-00, 

SIGNS 

-.15-03, 

IDELTAA 

1. 

IDELTAB 

a 

1. 

DWNA 

0.0, 

DWB 

3* 

0.0, 

GAMMA 

.18*01, 

GAMMAS 

- 

.IE *01. 

SA 

•1B*01, 

SB 

3 

0.0, 

T8WA 

.38*00, 

TBWB 

a 

,SE*0Q. 

RJCAPPAA 

0.0, 

RJCAPPAS 

a 

0.0, 

TAUCA 

.78*01, 

TAUOB 

3 

.  7E*01 , 

tininva 

.12SE-01, 

T1NIMV3 

3 

.12SE-01, 

T2NINVA 

.142368-01, 

T2NINVB 

a 

.U286E-01, 

PHISTDA 

0.0, 

PHISTDB 

3 

0.0, 

ISTPHIA 

0, 

ISTPHIB 

• 

0. 

CURVA 

o.o. 

CURVB 

a 

0.0. 

RXPLONA 

0.0, 

RK7L0NB 

a 

0.0, 

IDISTRA 

r 

0. 

IDISTRB 

a 

0, 

EPSILNA 

.18*01. 

EPSILMB 

a 

■IE-02, 

T2MIMVC 

.142368-01, 

TAUSF 

3 

.  4E*01 , 

TAUOCT 

.08*01, 

WINDOW 

3 

.218*02 , 

IDIMEN 

3, 

JCSAVE 

3 

64, 

MSAV2 

32, 

JSAVE 

• 

300, 

JSTEP 

*. 

HR 

a 

.173S7E-01, 

HS 

.6258-03, 

NA 

a 

32, 

MAT 

S7, 

INLR 

3 

1. 

MB  RUNS 

1. 

1ST 

3 

1> 

ISR 

2, 

IPUMPSH 

3 

0, 

ILSVEL 

X, 

BETAA 

a 

.474E-02, 

SETAE 

.228*02, 

FARUSXA 

a 

.  S608E-01 , 

PARUSX3 

.  394B36013E*03 

f 

INFPNLA 

3 

.11344E-01, 

IMFRML3 

.14359498*01, 

LGPHIOA 

a 

,3723432E*01, 

lgphiob 

-.37234328*01, 

IGVNEGA 

3 

0.0, 

IGVMEG3 

0.0, 

IGVPOSA 

• 

-I, 

IGVPOSB 

-I. 

LCFHSOA 

3 

.133639435*02, 

LGPHSq* 

.138639438*02, 

ING1ASO 

3 

.  17773E-01 , 

ING1BSO 

. 13E-04, 

INVG1AO 

a 

.  133333E*00 , 

IMVG130 

.  3636E-02, 

G1AOSQ 

s 

.  562SE*02 , 

G130S0 

. 75625E«0S , 

INVCU 

3 

.1S82278481E-04 

IXVC13 

.1258*02, 

RCG1AO 

a 

.2738613E*01, 

RCG130 

.155831248*02 

AKAPPAA 

3 

.6170670064E*04 

AKAPPAB 

.48748204E*O2, 

TAURA 

3 

.713439E-00, 

TAURB 

a 

.194S9P.-01, 

TAUSA 

3 

.3227S6009E-03, 

TAUSB 

3 

.irr:6rs*oo, 

GLRA 

3 

.3S03E-01, 

GLR3 

3 

.3848360138*03 

f 

ALPHAA 

3 

.235*00, 

ALPHAS 

3 

.91S66o7E*01. 

FIGURE 


5.12  -  HEADING  OF  A  SERIES  OF  CAMPARI SONS  IN  WHICH  THE  IMPACT  OF 
PARAMETERS  IGVA.  IGV3  .AND  IGVN  ON  THE  VcCTORIAL  FUNCTION 
S*R»DR  ARE  STUDIED 


A’A-JWA  A  -VA 


* 

t 

*< 

N 

> 

*1 


■ 


V  \v:*  r- 


CAMPARIS 

0  N 

7.  GIAO  VS  S3  r£F.  COMPARISON  57] 

A)  CONSTANT  PARAMETERS 

PARAMETER 

value 

PARAMETER 

VALUE 

LAS ERA 

=  I 

USERS 

1 

PHIOA 

*  3 . 1417817 

PHIOB 

3.1417317 

PHI2A 

s  0.0 

PH  1 24 

0.0 

IBCA 

*  0 

IBC3 

2 

0 

I3CA2 

«  0 

I3CB2 

• 

0 

CIA 

*  .OS 

CIS 

a 

.000632 

:gva 

a  I 

ICV3 

s 

1 

GUO 

a  S.2S 

G1AFCT 

z 

1.0 

G1BFCT 

«  1.0 

IGVrCTA 

z 

0 

IGVFCTB 

*  0 

T3RHOA 

2 

4.236669 

T3RH0B 

=  4.236649 

IRANDA 

2 

0 

IRANDB 

«  0 

SXGNA 

s 

-1.0 

SIGNS 

•  -1.0 

DVMA 

- 

0.0 

OWNS 

=  0.0 

GA*«UA 

- 

1.0 

GAWtAB 

«  1.0 

SA 

2 

0.0 

TBWA 

»  .3 

TBWB 

- 

.5 

RXAPPAA 

*  0.0 

RJCAPPAB 

s 

0.0 

TAUOA 

a  7.0 

TAUOB 

5 

7.0 

T1NINVA 

*  .0123 

T1NINV3 

2 

.0125 

T2NINVA 

a  .0142357 

T2NINVB 

5 

.0142SS7 

PHISTDA 

a  0.0 

PHISTDB 

2 

0.0 

ISTPHIA 

=  0 

ISTPHIB 

S 

0 

CURVA 

a  0.0 

CURVB 

2 

0.0 

RXPLONA 

a  0.0 

SUPLONB 

2 

0.0 

IDISTRA 

a  0 

IDISTR3 

- 

0 

EPS ILNA 

a  .001 

EPSILNB 

2 

1.0 

T2NINVC 

a  .0142357 

IDGN 

a 

0 

TAUSF 

a  4.0 

TAUOCT 

- 

9.0  • 

WINDOW 

a  21.0 

I DIMEN 

2 

3 

XSAVE 

a  64 

MSAVE 

2 

32 

JSAVE 

a  300 

JSTE? 

2 

4 

HR 

»  .017357142857 

HS 

2 

.  00062S 

NA 

a  32 

NAT 

a 

57 

INLR 

*  1 

NBRUNS 

a 

1 

1ST 

a  4 

ISR 

3 

2 

IADRHO 

»  0 

IPUMPSH 

a 

0 

I LEVEL 

»  1 

3)  PARAMETERS  VARYING  ON  A  CURVE 

• 

GIAO 

1. 

22S.0 

2. 

27S.0 

3. 

325.0 

C)  PARAM5TER§_VARYTNG_3ETySEN_CyR^S 

CURVE 

S3 

1 

1.0 

2 

2.0 

3 

3.0 

3)  SIMULATIONS  USED  IN  CURVES 

CURVE 

SIMULATIONS 

1 

493  501  S04 

■w 

345  351  337 

3 

343  354  360 

FIGURE  3.14  - 
HEADING  OF  A  SERIES  OF 
COMPARISONS  SHOWING  THE 
IMPACT  OF  PARAMETER 
GIAO  IN  TERMS  OF  PARA¬ 
METER  S3  ON  A  SCALAR 
FUNCTION-  ■ 
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VI  -  THE  LASS'*  FROGRAMS 


So*n  though  th*  tat* r  limitation  program*  do  not  in  th*m*«l-j*t  form  ih*  eor*  or  th * 
betit  of  th *  ty*t*m  presented  here,  th*y  rtmain  nevertheless  it*  fundamental  motivation. 

I:  should  bo  noted  that  the  different  softwares  and  programs  making  up  the  system  are  general 
enough  to  process  several  different  nroblems.  The  SIMRSS  for  instance  can  process  any  pro  - 
graa  using  auaerical  integration  for  result  calculations.  Therefore,  it  seemed  necessary  to 
devote  a  whole  chapter  to  discuss  the  nroduction  and  resolution  problems  faced  in  the  laser 
simulation  programs. 

It  will  not  be  possible  to  give  hero  a  detailed  explanation  of  the  ohysics  and  the 
numerical  techniques  used  to  solve  the  diverse  differencial  equations  in  these  programs. 

These  two  aspects  will  only  be  touched  up  descriptively  in  order  to  place  the  programs  in 
their  proper  context. 

This  chapter  is  divided  in  four  oarts: 

1  -  the  first  mart  is  a  summary  description  of  the  programs  with  an  overview  of  their 

particular  techniques, 

2  -  the  second  part  deals  with  the  general  characteristics  of  the  programs:  documents* 

tion,  modularity,  etc., 

3  -  the  third  discusses  the  problems  of  validity  and  reliability  of  the  programs, 

e 

4  *  the  last  part  shows  how  the  problems  created  by  the  constraints  of  memory  were 

resolved  and  how  the  oerfomance  of  the  programs  was  increased. 

«. I  3ESCHPTI0M  QP  THE  LASER  SIMULATION  PROGRAMS 

Sven  though  each  program  is  essentially  different  from  the  ocher,  all  the  programs  use 
similar  numerical  techniques  to  solve  the  nonlinear  propagation  equations  (Maxwell)  and  the 
atomic  equations  (hloch) .  These  equations  are  solved  simultaneously  by  a  dynamic  predictor/ 
corrector  algorithm:  the  predictor  used  generally  is  the  explicit  method  of  the  middle  point 
(Euler's  modified  formula),  the  corrector  used  is  the  trapezoid. 

Moreover,  nonlinearly  defined  axes  (transverse  axes,  temporal  axes)  are  used  in  order  to 
increase  the  efficiency  of  the  nredictor/correct'or  algorithm.  These  axes  determine  a  non- 
uniform  multi-dimensional  meshing  that  show,  around  the  focal  point  along  the  prooagation 
axis,  the  interesting  phenomena  of  the  beam.  Depending  on  the  choice  and  the  nature  of  the 
phenomena  studied,  this  non-uniform  meshing  can  be  calculated  statistically  either  at  the 
beginning  of  the  simulation  or  redefined  locally  as  the  simulation  is  in  progress  (dynamic 
adaptation)  to  check  the  rapid  changes  in  self-focusing. 

The  names  of  the  laser  simulation  programs  follow  these  conventions: 

a  -  the  prefix  LR  means  laseR; 

b  -  the  number  fallowing  the  prefix  indicates  the  number  of  lasers  used  in  the  simulation; 

c  •  the  letter  immediately  fallowing  this  number  shows  the  implication  of  radial  symmetry 
(C  for  Cylinder,  thus  one  transverse  axis)  or  its  absence  (P  for  Parallelepiped,  thus 
two  transverse  axes ,  x  and  y) ;  • 

d  -  the  letters  or  numbers  that  follow  denote  the  principal  characteristics  of  the  program. 

Also,  the  axes  used  in  the  different  programs  are  designated  as  follows: 

-  longitudinal  axis  of  the  cylinder  or  parallelepiped:  axis 

-  radial  siametry  axis  of  the  cylinder:  axis  r; 

-  Cartesian  transverse  axes  of  the  parallelepioed:  axis  x  and  axis  y; 

-  temporal  axis:  axis  t; 

-  axis  of  frequencies:  axis  <a. 

Following  is  the  description  of  the  laser  simulation  prograns  already  integrated  in  the 
system  and  using  the  SIMRSS  software  to  oroduce  the  simulation  results. 

1)  The  LR1C7S  program  (r  for  frequency  and  5  -or  statistics):  the  simulation  is  defined  bv 
the  : ,  r,  t,  u  axes.  The  model"  is  based  on  the  scalar  wave  eeuation  coupled  to  the  two-level 
resonant  atonic  system  without  degeneracy.  This  program  offers  the  following  options: 


-  the  possibility  of  inclusion  of  the  transverse  effects  (activation  of  the  r  axis  of 
the  cylinder):  this  shows  the  increase  in  the  inhomogeneities  and  the  importance  of 
the  nonlinear  dispersion  and  the  nonlinear  absorption; 

•  the  possibility  of  inclusion  of  the  quantum  fluctuations  in  the  medium  initiation  for 
superfluarescence  evolution  (activation  of  statistics  calculations) ; 

-  possibility  of  inclusion  of  the  "extended* Doppler  effects  (activation  of  the  u  axis 
associated  with  the  atomic  system). 

It  is  also  possible  to  include  in  this  simulation  all  these  possibilities  at  the  sane 

time. 

1)  The  LR1PS  program  (S  for  statistics):  the  simulation  is  defined  by  the  x,  y,  t  axes. 
This  model  is  essentially  the  Fame  as  the  one  used  in  LR1CFS  without  the  inclusion  of  the 
extended  Doppler  effects  into  the  program.  The  following  characteristics  should  be  noted 
however: 

-  the  transverse  axes  x  and  y  are  only  defined  for  the  positive  quadrant:  i.e.,  the 
x  axis  is  defined  from  0.0  to  xaax  and  the  y  axis  is  defined  from  0.0  to  y-max; 

*  .the  transverse  effects  on  one  axis  can  be  activated  without  necessarily  activating 
the  transverse  effects  on  the  other  axis; 

-  the  maximal  delimiter  chosen  on  the  x  axis  (xmax)  can  be  different  from  the  maximal 
delimiter  (ymax)  on  the  y  axis:  this  allows  for  a  larger  choice  of  situations. 

3)  The  LAlPdS  program  (S  for  statistics  and  a  to  indicate  that  the  transverse  axes  cover 
the  four  quadrants):  the  simulation  is  defined  by  the  t,  x,  y  and  t  axes.  This  model  is 
identical  to  the  one  used  in  the  LR1PS  program  except  for  the  two  following  points: 

-  the  transverse  effects  cannot  be  removed:  i.e.,  the  x  axis  is  necessarily  defined 
from  -xmax  to  xmax  and  the  y  axis  is  defined  from  -ymax  to  ymax; 

-  the  minimal  and  maximal  delimiters  of  the  two  axes  are  equal  to  one  another,  i.e., 

-xmax  ■  -ymax  and  xaax  •  ymax. 

a)  In  the  UU2C  program,  the  simulation  is  defined  by  the  :,  r,  t  axes.  This  model  is 
based  on  two  scalar  equations  of  the  propagation  movement  defined  by  2  intense  ultra-wave 
laser  beams  propagating  simultaneously  through  a  gas  of  three-level  atoms.  This  model  shows 
the  interaction  between  the  two  beams  and  how  they  influence  each  ocher.  This  program  allows 
for  the  possibility  of  inclusion  of  the  transverse  effects  on  the  simulation. 

The  following  programs  are  not  yet  integrated  to  the  system  but  will  soon  be  added  to 
the  four  programs  described  above. 

3)  The  L32C73  program  (F  for  frequency  and  S  for  statistics) :  the  simulation  is  defined 
by  the  s,  r,  t,  u  axes.  The  model  used  here  Is  essentially  the  same  as  the  one  described  in 
UllC  except  that,  as  in  the  LR1CFS  program,  it  offers  the  following  options: 

-  the  possibility  of  including  transverse  effects; 

-  the  possibility  of  including  statistical  calculation  (quantum  fluctuations) ; 

-  the  possibility  of  including  the  extended  Doppler  effects. 

when  this  program  will  be  integrated  to  the  rest  of  the  system,  it  will  completely 
replace  the  LR2C  program. 

S)  The  LR1CC  program  (C  far  chemistry):  this  simulation  is  defined  by  the  r,  r,  t  axes. 

The  model  is  similar  to  that  used  in  the  I.R1CFS  program  but  with  a  more  refined  atomic  confi¬ 
guration  system  to  allow  for  a  six  of  ten  levels  of  absorption.  This  moael  thus  permits  the 
study  of  the  effects  of  coherent  propagation  in  the  multi-level  atomic  configuration  such  as 
Buropiua. 

*)  The  J.R1PH  program  (H  for  hydrodynamic):  the  simulation  is  defined  by  the  c,  x,  y  axes. 
This  model  is  based  on  a  hydrooynaaic  formulation.  In  order  to  avoid  the  oscillator;-  behavior 
resulting  from  the  decomposition  of  the  electrical  field  into  its  real  and  imaginary' parts ,  it 
is  necessary  to  describe  the  field  by  using  the  modulus  and  the  phase,  or  equivalent lv,  bv 
using  the  field  energy  and  the  transverse  gradient  of  its  phase."  The  evolution  of  the  beam 
can  thus  be  seen  as  a  flowing  fluid  whose  density  is  proportional  to  the  field  energy  and 
whose  velocity  is  proportional  to  the  gradient  or  the  phase.  This  description  leads  to  a 
generalised  Navier-Stockes  equation  of  motion  for  a  compressible  fluid  subjected  to  an  internal 
potential  which  depends  solely  and  nonlinearly  on  fluid  density  and  its  derivatives. 


8)  The  UUC?  prograis  (T  far  olasaa):  the  simulation  is  defined  by  the  r  axes.  This  is 
based  os  s  simplified  UUCPS  program:  tho  transient  offset  is  eliminated  and  ehs  temporal 
variaeioa  is  disregarded,  what  is  calculattd  hors  is  ths  asymptotic  offsets  and  adiabatic 
approximation  rosponso  of  tho  atomic  fiold  (off -resonance) .  the  nonlinear  fiold  is  charac- 
eorirod  by  an  analytical  susceptibility  where  the  light-matter  interaction  is  instantaneous 
(unlike  the  model  used  by  the  UUCFS  program).  This  nonlinearity  is  cubic  in  nature:  thus 
the  Kerr  effect.  However,  this  effect  can  be  corrected  and  limited  by  a  saturation  or  even 
by  a  nonlinear  expeaenciality.  The  laser  can  therefore  describe  the  evolution  of  the  elec¬ 
tromagnetic  field  in  a  plasma  medium  governed  by  these  kinds  of  nonlinearities . 

9)  The  U1?P  program  (?  for  2l**«*):  the  simulation  is  defined  by  the  t,  x  and  y  axes. 

It  is  essentially  the  same  model  as  the  one  described  in  8)  but  without  the  radial  simmetry. 

10)  The  L&1CT  program  (T  for  transistor):  the  simulation  is  defined  by  the  r  and  to  axes. 
The  model  used  here  is  based  on  the  following  approach:  when  two  waves  going  in  opposite 
directions  (a  forward  wave  and  a  backward  wave)  interact  coherently  with  each  ocher  and  with 

a  medium  resonant  to  the  pulse  frequency,  this  pulse  adapts  itself  longitudinally  and  trans¬ 
versely  during  the  simulation.  The  dynamic  cross-coupling  of  ehese  two  waves  appears  explici- 
tely  in  a  two-mode  equation  analogous  to  the  traditional  one-node  31och  equation  describing 
the  twa-level  absorption  system.  The  variation  of  phase  and  the  amplitude  of  the  linear  field 
polarized  in  the  transverse  direction  are  described  by  two  wave  equations,  one  for  each  mode: 
forward  travelling  propagation  and  backward  travelling  propagation.  The  equations  derive  from 
the  Maxwell  equation  comprising  the  transverse  and  transient  ohase  variations.  «  denotes  the 
spatial  frequency  harmonies  associated  with  the  standing  wave  nature  of  the  field. 

The  algorithm  used  to  solve  these  equations  is  a  generalisation  of  MOretti’s  scheme  for 
the  integration  of  the  Euler  equation  of  compressible  flow.  It  is  an  explicit  algoritha  which 
demands  a  simultaneous  integration  along  the  t  axis  for  both  waves  and  which  also  takes  into 
consideration  the  directional  derivations  to  check  the  mutual  influence  of  the  two  waves  while 
respecting  the  law  of  forbidden  signals.  Tha  program  thus  allows  a  unified  simulation  of  tho 
soliton  collision,  of  tho  two -wave  superfluorescence  and  of  tho  opeical  instability  phenomena 
in  a  nonlinear  Fabry  Perot  cavity. 

11}  Tho  UUC!  program  (T  for  implicit):  tho  simulation  is  dafined  by  the  :,  r  and  t  axes. 

The  model  used  here  is  similar'^td  those  used  for  tho  LR1CFS  and  th#  LR1CC  programs,  however 
this  model  uses  an  implicit  efficient  algorithm  with  dynamically  adapting  grids:  to  achieve 
a  greater  stability  and  a  greater  exactitude,  in  many  cases,  the  algorithm  is  obtained  by 
expressing  the  variable  on  the  left  side  of  a  given  equation  in  terms  of  an  integral  on  the 
variables  on  the  right  side  of  that  equation.  The  fiold  equation  solution  is  determined  in 
.terms  of  average  quantities  that  varies  less  rapidly  than  the  original  variables.  Every  mesh 
point  is  determined  with  the  associate  neighboring  points:  the  resulting  triadiagonal  Bloch 
matrix  is  solved  by  recurrence  method. 

The  program  offers  tho  possibility  of  studying  tho  influence  of  diffraction,  of  density 
variation  and  of  tho  inertial  response  in  a  multi-level  system  for  a  large  number  of  experi¬ 
mental  paramacers.  _ _ ~  ~ _ ; 

#.2  GEM HUl  CHARACTERISTICS  OF  THS  LASER  SIMPIJITI0.V  PROGRAMS 

Several  problems  arise  from  the  frequent  modifications,  from  tho  handling  by  different 
users  and  from  the  transportation  and  implantation  of  tho so  programs  into  other  computers. 

These  problems  can  be  sustnarized  as  follows: 

-  general  comprehension  of  tho  prograu; 

•  detailod  comprehension  of  the  code; 

•  ease  of  program  modification; 

-  transportability  of  the  programs. 

In  order  to  answer  all  these  requirements,  the  programs  must  adhere  to  certain  basic 
criteria  which  make  their  manipulation  and  maintenance  easier;  ehese  are: 

•  the  documentation  of  tho  programs; 

-  tho  uso  of  standard  FORTRAN; 

-  the  modularity  of  tho  programs. 

It  is  important  to  point  out  here  that  all  the  laser  simulation  programs  as  well  is  the 
softwares  presented  here  adhere  to  those  requirements . 


6.2.1 


30CUMENTAT ION 


Following  is  presented  th*  complete  description  of  chose  prograss  when  dealing  with  the 
above  aentioned  requirements  of  general  comprehension. 

-  the  principal  prograa  includes  a  summary  description  of  the  aodel  used  and  a  complete 
description  of  its  algorithm; 

-  all  the  physical  paraaeters  Cprograa  data)  are  adequately  reported; 

-  each  subroutine  of  the  profraa  has  a  detailed  description  of  its  role  in  the  prograa 
and,  if  need  be,  of  its  algoritha; 

-  the  code  of  the  principal  prograa  is  reported  in  its  smallest  detail; 

-  all  the  global  variables  of  the  prograa  (i.e.  variables  in  the  commons)  and  specific 
to  the  st  ^routines,  as  well  as  their  paraaeters,  are  explicitely  described  as  per  their 

usage. 

Not  only  is  a  proper  and  extensive  documentation  a  time-saving  device  but  it  also  allows 
a  more  detailed  analysis  of  the  program  at  hand. 

6.2.2  TRANSPORTABILITY 

The  laser  simulation  programs  can  be  installed  on  different  kinds  of  commuters,  therefore 
they  must  be  easily  transportable.  As  a  general  rule,  and  whenever  possible  and  feasible, 
these  programs  are  coded  in  standard  Fortran  (ANSI) . 

Thus  all  the  programs  use  identifiers  (i.e.  names  of  subroutines,  variables,  paraaeters, 
etc.)  with  at  the  most  six  alphanumeric  characters:  in  fact,  most  Fortran  programs  installed 
in  computers  other  than  CDC  or  CRAY  do  not  permit  more  than  the  maximum  six  characters  allowed 
by  the  standard  Fortran.  Nevertheless,  some  non-standard  statements,  such  as  GOTO,  the  PROGRAM 
declaration,  the  indices  in  form  of  expression,  etc.,  can  also  be  used  because  most  Fortran 
language  processor  accept  these  statements. 

It  is  worth  noting  that  the  use  of  standard  statements  was  promoted  by  the  criterion  of 
majority.  The  only  exception  to  this  is  the  SUFFER  IN  and  BUFFER  OUT  used  for  pagination  done 
far  efficiency.  More  information  about  this  will  be  giver,  in  section  5. A. 

6.2.3  MODULARITY 

*  The  first  advantage  of  modularity  is  the  simplicity  and  clarity  it  brings  to  the  prograa; 
that  is:  in  the  laser  simulation  programs,  a  subroutine  performs  only  one  precise  task.  For 
example:  the  C1DTAU  subroutine  of  the  LR1CFS  program  deals  with  the  calculations  of  the  tem¬ 
poral  axis  and  of  its  derivatives.  The  second  advantage  of  modularity  resides  in  the  ease  of 
introducing  additions,  modification  or  corrections  to  the  prograa.  In  fact,  when  a  program  has 
been  cut  into  simple  functional  and  independent  modules,  its  model  can  be  refined  (thus  a  new 
code)  without  upsetting  all  Its  structure.  Moreover,  any  modification  to  the  program  will 
remain  localized  (i.e.  modifying  a  numerical  integration  algorithm  for  a  function)  and  its 
effects  will  be  better  understood;  in  other  words,  the  risks  of  unexpected  errors,  produced 
by  those  modifications, will  bo  considerably  diminished. 

Following  is  the  general  diagram  of  the  LR1CFS  program  (figures  6.2.1,  6.2.2  and  6.2.3). 
6.3  MANAGEMENT  CONTROL  AND  VALIDITY  OF  THE  RESULTS 

Two  interdependent  problems  result  from  the  relatively  frequent  modification  to  the  laser 
simulation  programs,  whether  these  modifications  are  for  the  improvement  of  the  performance  or 
for  refining  the  models  at  hand.  These  nroblems  are: 

-  the  minimisation  of  errors  due  to  modifications  to  the  prograa; 

-  verification  of  the  validity  of  the  results. 

6.3.1  HANDLING  AND  MANAGING  THE  PROGRAMS 

All  the  laser  simulation  programs  ire  controlled  by  the  CDC  UPDATE  program  which  produces 
program  libraries.  Thus  it  is" possible  to  keep  a  complete  inventory  or  the  programs  and  to 
retrieve  anterior  versions  as  each  new  modification  to  the  programs  generates  a  new  version. 

This  method  offers  the  advantage  of: 


-  controlling  eh#  results:  on*  is  csrtsia  that  a  specific  result  was  produced  by  a 
precise  version  of  the  prograa  and  the  relevance  of  this  result  is  verified  in  its 
production  context; 

-  controlling  all  the  codifications  effected  to  the  prograa  over  a  period  of  time. 

It  is  thus  possible  to  have  a  detailed  verification  of  the  code  if  there  is  a  need 
to  check  the  coapatibility  of  certain  results  with  others,  previously  produced. 

Another  advantage  resides  in  the  fact  that  all  the  laser  simulation  prograas  are  centra- 
lised  on  the  saae  file.  Moreover,  because  it  is  necessary  to  use  the  UPDATE  prograa  to  aake 
any  asdification  or  addition  to  these  prograas.  their  aanipulation  oust  be  very  precise.  It 
follows  that  the  errors  (accidental  destruction  of  files,  presentation  of  a  wrong  prograa), 
and  the  proliferation  of  aoro  or  less  similar  nrograas  (i.e.  different  versions)  stored  on 
several  different  files  are  kept  to  a  ainiaua,  this  in  spite  of  the  fact  that  a  prograaaer 
always  tends  to  create  working  space  by  using  several  files. 

Given  its  facility  and  its  great  security,  this  practice  has  encompassed  all  the  programs 
and  software  presented  la  this  paper. 

6.3.2  RELIABILITY  OP  THE  PROGRAMS  AMD  VALIDITY  OP  THE  RESULTS 

Validity  of  the  results  is  one  of  the  trickiest  problems  to  deal  with.  Usually,  a  se- 
aantically  faulty  prograa  will  blow  up,  soaetiaos  however  the  prograa  will  run  till  the  end 
and  produces  coapletely  wrong  results.  A  prograa  using  integration  techniques  with  slow 
evolving  nuaerical  values  aay  be  quite  resistant  to  such  ainor  errors  as  the  use  of  a  wrong 
constant  in  an  equation  or  a  wrong  sign.  The  problea  is  then  to  recognize  the  wrong  results. 

The  surest  way  of  verifying  the  validity  of  the  results  is  to  test  the  prograa  with  pre¬ 
viously  obtained  results  known  as  valid.  Thera  is  the  possibility  that  the  results  obtained 
in  the  new  version  aay  not  be  strictly  identical  to  the  previous  results  (results  are  said  to 
be  identical  when,  for  a  given  function  and  a  given  point,  all  the  significant  numbers  are 
identical)  however  these  aay  not  be  necessarily  wrong.  Indeed,  if  any  modification  to  the 
prograa  dealt  with  the  nuaerical  algorithm,  or  even  with  the  order  of  certain  calculations, 
the  results  will  be  slightly  different  (for  exaaole,  only  the  first  significant  n  numbers  in 
the  two  versions  agree).  It  is  thus  necessary  to  establish  a  percentage  below  which  the 
results  aay  be  considered  as  valid  and  above  which  these  can  be  seen  as  doubtful. 

Moreover,  one  test  only  any  be  quite  inadequate  when  dealing  specifically  with  the  relia¬ 
bility  of  the  prograas.  With  the  introduction  of  modifications  to  the  statistics  of  the  LR1CFS 
prograa  for  instance,  it  will  be  necessary  to  deteraine  whether  the  new  version  will  function 
with  or  without  the  transverse  effects ,  with  or  without  frequencies.  A  ainiaua  of  four  tests 
will  be  necessary  in  order  to  ascertain  the  proper  running  of  the  prograa.  According  to  the 
importance  of  the  aodifications  carried  out,  it  is  important  to  choose  the  nost  exhaustive 
set  of  tests  to  cover  all  the  possible  effects  of  the  aodifications  on  the  ncdsl  used  in  the 
program.  The  validity  of  the  results  will  thus  be  verified  in  all  cases  (i.e.  for  any  set  of 
paraaeters) . 

This  testing  procedure  with  the  aechanisa  of  using  other  versions  in  prograa  libraries 
establishes  a  consistency  between  the  results  of  the  different  versions  of  the  saae  prograa. 

6.4  CONSTRAINTS  OP  THE  USER  SIMULATION  PROGRAMS 

Like  many  other  program,  those  of  laser  siaulation  fall  under  tvo  major  constraints: 

-  the  aesory  available  on  a  computer,  and 

•  the  efficiency  of  the  prograas. 

6.4.1  MEMORY 

Two  aaln  factors  oust  be  dealt  with, first: 

-  the  rather  saall  neaory  of  the  computer  these  programs  run  on:  for  example,  depending 
on  the  equlpmnt,  the  neaory  of  the  CY3ER  computers  series  110  may  vary  between  300K, 
and  400Kg  words; 

-  the  variable  size  of  the  prograas  are  determined  by  the  number  of  words  sampled  on  the 
axes  that  define  the  siaulation. 

One  of  the  smallest  prograas,  the  C.R1C-3,  will  be  used  to  show  the  importance  of  these 
two  factors.  This  prograa  depends  on  the  following  four  axes: 


-  eh*  :  axis:  longitudinal  axis  of  the  cylinder 

-  th*  r  axis:  radial  axis  (of  symmetry)  !li*  cylinder 

-  eh*  t  axis:  temporal  axis 

-  eh*  »  axis:  frequency  axis. 

Let  us  call  E  th*  electromagnetic  field  and  5E  th*  field  derivative  in  connection  co  :: 
these  two  quantities  depend  explicitly  on  th*  r  and  t  axes.  F or  th*  purpose  of  this 
discussion,  the  m  axis  will  not  be  used.  Moreover,  if  L  is  the  current  plane  associated  with 
th*  2  axis  and  i  is  that  associated  with  the  r  axis,  and  if  k  is  the  current  point  associated 
with  th*  t  axis;  when  the  used  predictor  is  considered  (modified  aid-point  aeehod)  then: 
E(L,l,k)  *  E(L-2,i,k)  *  (At/2)  x  (DE(L-l,i,k)  *  DE(L,i»k) ) ;  as  can  be  seen,  the  three  planes 
L-2,  L-l,  L  of  E  and  the  two  planes  L-l  and  L  of  DE  must  be  kept.  It  should  be  noted  that  the 
quantities  of  S  and  OE  are  complex  (i.e.  on*  word  aust  be  counted  for  the  real  part  and  one 
word  for  the  imaginary  part) . 

kith  these  informations,  the  site  of  the  program  can  be  assessed.  Let  us  consider  the 
following  three  cases: 

a)  22  points  on  th*  r  axis  and  64  points  on  the  t  axis; 

b)  44  points  on  the  r  axis  and  12S  points  on  the  t  axis; 

c)  44  points  on  th*  r  axis  and  192  points  on  th*  t  axis. 

th*  cod*  and  other  variable  will  occupy  a  total  of  SOKg  words. 

Following  are  the  calculations  to  find  out  the  sice  of  the  programs: 

a)  required  memory  for  E  and  3S:  (3-2)x2x32xSA  •  30KS  words;  total  memory  required: 

SOKj-SOSj  »  120Kg  words; 

b)  required  memorv  for  E  and  Dc:  (3*2)x2x44xl2S  *  240K,  words;  total  senary  reauired: 

S0Kg*240Kg  «  310Kg  words;  3 

c)  required  memory  for  E  and  OE:  (3»2)x2x64xl92  *  360K,  words;  total  memory  required: 

50Kg*340Kg  »  450Kg  words.  3 

Depending  on  th*  number  of  points  on  the  axes,  it  can  be  noted  that  the  site  of  the  very 
same  program  may  fluctuate  surprisingly,  Jfith  facilities  that  can  deal  only  with  300Xg  to 
iOOKg  words,  like  in  cases  b  and  c,  there  will  be  serious  problems  to  face.  Moreover,  certain 
programs  without  the  radial  symmetry  hypothesis,  like  the  LR1F5,  require  a  far  greater  memory. 
In  th*  LR1?S  program,  where  th*  quantities  of  E  and  OE  depend  expliclcely  on  the  t,  x,  y  and 
the  t  axes,  with  32  points  on  each  of  the  transverse  axes  (x  and  y)  and  64  points  cn  the  t 
axis,  there  is  a  need  for  2400 Kg  words  (i.e.  (3-2)x2x32x32x64) .  This  is  indeed  a  major  problem 
for  most  installations. 

nevertheless,  th*  laser  simulation  programs  have  some  common  characteristics: 

-  th*  sic*  of  the  programs  in  a  function  of  th*  quantities  of  E  and  DE; 

-  the  sic*  needed  by  the  programs  in  concentrated  in  two  quantities  5  and  DE  (from  30t 
to  94t  of  the  total  size,  depending  on  the  program); 

-  th*  numerical  integration  uses  a  purely  sequential  algorithm  in  all  the  programs 
(i.e.  inner  loops  structures). 

One  simple  and  direct  way  of  solving  the  oroblem  of  memory  is  to  use  the  computer  disks 
to  compensate  th*  central  memory;  these  disks  have  a  great  capacity  to  store  information. 

Thus,  as  th*  calculations  of  the  S  and  DE  quantities  proceed  by  successive  iterations  on  the 
planes  (c  axis),  th*  values  of  th*  quantities  of  S  and  DE,  for  a  given  plan* are  stored  on  a 
disk  (writing  operation),  when  these  values  are  needed  for  prediction  or  corrections  calcula¬ 
tions  of  a  given  point  of  the  r  axis  at  given  point  on  the  t  axis,  all  that  is  needed  is  to 
retrieve  them  from  th*  disk  (reading  operation):  this  procedure  is  called  pagination. 

More  precisely,  the  plcnes  L-2,  L-l  and  L  of  £  anc  the  planes  L-l  and  L  cf  DE  will  be 
associated  to  five  binary  files  sequentially  manipulated  by  the  Fortran  statements  3UF?=R 
and  3UFF3R  OUT  (writing  and  reading)  .  '.tfhat  remains  now  is  to  define  the  buffers  associated 
to  the  five  files  and  to  manipulate  the  values  these  deal  with. 

At  this  point,  there  is  a  need  to  distinguish  two  categories  of  programs: 
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where  Vj :  jth  line  on  the  matrix 

n  :  total  number  of  points  on  x  axis 

p  :  total  number  of  points  on  t  axis 

x, :  ith  point  on  x  axis 

t^:  kth  point  on  t  axis 

Er:  real  part  of  E 

E^:  imaginary  part  of  E 


The  control  of  this  buffer  is  similar  to  the  one  described  in  1)  but  there  is  no  need 

here  to  manipulate  the  sections  of  the  x  axis  as  all  the  line  fits  in  the  buffer.  However, 

to  control  the  three  lines  of  the  buffer,  it  is  necessary  to  define  the  supplementary  pointers. 
For  the  same  reasons,  the  buffer  associated  to  the  files  holding  the  values  of  OE  on  the  L-l 
plane  will  have  a  similar  structure  but  it  will  have  only  the  two  lines  y,  .  and  y^ .  All  the 
other  buffers  for  E  and  DE  will  control  only  one  /j  line  at  a  time.  J  J 

As  in  1),  the  pointers  on  the  files  are  used  to  go  from  plane  to  plane,  yet  the  solution 

here  is  not  as  versatile.  The  main  problem  here  is  the  great  site  of  the  buffers.  In  fact, 

for  32  points  on  the  x  axis  and  64  ooints  on  the  t  axis,  the  site  of  the  buffer  controlling 
the  three  lines  will  be  of  5x2x32x64.  ■  30Kj  words.  Seeping  in  mind  the  fact  that  there  are 
several  buffers,  and  considering  the  memory  needed  by  the  code  and  the  other  variables  (near¬ 
ly  70Kg  words  for  the  LR1PS  program),  there  will  be  1601 j  words  for  LR1PS.  3y  changing  the 
ntaaber  of  points  on  the  axis,  it  will  be  easy  to  reach  the  300X.  words  of  the  computers  used 
here . 

Finally,  it  is  necessary  to  note  that  in  the  two  solutions  presented  here,  only  four 
buffers  are  needed  instead  oif  five,  even  though  there  are  five  files  to  control.  In  fact, 
as  there  is  never  any  need  for  the  values  of  E  on  the  L-2  plane  and  for  the  L-l  plane  simul¬ 
taneously  (the  L-2  plane  is  used  for  prediction  and  the  L-l  for  correction) .  It  is  possible 
to  use  the  same  buffer  to  control  the  two  files  associated  to  these  planes  tor  the  values  of  E. 

6.4.2  EFFICIENCY 

The  pagination  of  the  laser  simulation  programs  may  be  the  first  source  of  inefficiency. 

In  fact,  it  is  slower  to  read  or  write  a  word  on  a  disk  than  to  accede  to  an  address  in  core 
memory  (primary  storage) .  In  order  for  the  pagination  not  to  affect  the  performance  of  the 
program  to  a  great  extent,  the  following  rules  have  been  adopted: 

'  -  using  buffers  large  enough  to  minimise  the  access  to  the  disk; 

-  using  the  statements  3UFFER  IN  and  SUFFER  OUT  to  read  and  write  the  buffers  on  file, 
these  statsments  are  three  times  faster  than  equivalent  binary  statements  READ  and 
WRITE; 

-  using  pointers  for  the  control  of  files  and  buffers  in  order  to  avoid  unnecessary 
manipulations  (displacements  of  the  values  in  the  buffers,  transfer  of  values  from 
one  file  to  another,  etc.); 

-  non-usage  of  auxilary  panels  for  calculations  (these  will  be  done  directly  in  the 
buffers)  in  order  to  avoid  supplementary  transfers. 

3eside  pagination,  ocher  points  dealing  with  the  efficiency  of  the  programs  must  be 
checked: 

-  given  the  inner  loops  structure  of  this  kind  of  programs,  it  is  necessary  to  avoid 
the  transfer  of  variables  as  parameters  in  the  subroutines  called  for  by  the  inner 
loops.  For  example,  each  variable  transferred  in  parameter  in  the  C1DRVE  (or  Cl DRV?) 
subroutine  of  the  LR1CPS  program  will  increase  the  total  running  time  of  the  program 
by  0.51,  and  if  this  subroutine  has  10  variables  transferred  in  parameters,  the  running 
time  of  the  program  will  be  increased  by  31:  this  is  quite  significant. 

-  It  is  necsssary  to  minimise  the  number  of  divisions  and  multiplications  in  the  equation 
used  in  the  subroutines  of  the  inner  Loops.  This  can  be  done,  when  possible,  by 
linking  all  the  constant  terms  for  each  point  of  the  same  axis  and  by  storing  the 
result  in  a  panel  subject  to  this  axis.  In  that  way,  it  will  be  possible  to  replace 
many  multiplications  and  divisions  by  one  multiplication  and  one  address  calculation 
(access  to  the  element  in  the  panel) . 

For  example,  the  running  time  of  the  I.RICFS  program  without  storing  the  pagination 
mechanism  goes  from  300  seconds  (on  a  CY3SR  113)  to  330  seconds  but  with  the  storing  of 
the  pagination  mechanism,  the  gain  is  of  301. 
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The  control  of  this  buffer  is  similar  to  the  one  described  in  1)  but  there  is  no  need 

here  to  manipulate  the  sections  of  the  x  axis  as  all  the  line  fits  in  the  buffer.  However, 

to  control  the  three  lines  of  the  buffer,  it  is  necessary  to  define  the  supplementary  pointers. 
For  the  same  reasons,  the  buffer  associated  to  the  files  holding  the  values  of  OE  on  the  L-l 
plane  will  have  a  similar  structure  but  it  will  have  only  the  two  lines  y,  ,  and  y4 .  All  the 
other  buffers  for  E  and  DE  will  control  only  one  y j  line  at  a  time.  J 

As  la  1),  the  pointers  on  the  files  are  used  to  30  from  plane  to  plane,  yet  the  solution 

here  is  not  as  versatile.  The  main  problem  here  is  the  great  site  of  the  buffers.  In  fact, 

for  32  points  on  the  x  axis  and  64  oaints  an  the  t  axis,  the  sits  of  the  buffer  controlling 
the  three  lines  will  be  of  3x2x32x64  *  30Kg  words.  Keeping  in  mind  the  fact  that  there  are 
several  buffers,  and  considering  the  memory  needed  by  the  code  and  the  other  variables  (near¬ 
ly  70Kg  words  for  the  LR1PS  program),  there  will  be  160K3  words  for  LR1PS.  By  changing  the 
number  of  points  on  the  axis,  it  will  be  easy  to  reach  the  300Kg  words  of  the  comouters  used 
here . 

Finally,  it  is  necessary  to  note  that  in  the  two  solutions  presented  here,  only  four 
buffers  are  needed  instead  of  five,  even  though  there  are  five  files  to  control.  In  fact, 
as  there  is  never  any  need  for  the  values  of  s  on  the  L-2  plane  and  for  the  L-l  plane  simul¬ 
taneously  (the  L-2  plane  is  used  far  prediction  and  the  L-l  for  correction).  It  is  possible 
to  use  the  same  buffer  to  control  the  two  files  associated  to  these  planes  for  the  values  of  E. 


6.4.2 


EFFICIENCY 


The  pagination  of  the  laser  simulation  programs  nay  be  the  first  source  of  inefficiency. 
In  fact,  it  is  slower  to  read  or  write  a  word  on  a  disk  than  to  accede  to  an  address  in  core 
memory  (primary  storage) .  In  order  for  the  pagination  not  to  affect  the  oerforaance  of  the 
program  to  a  great  extant,  the  following  rules  have  been  adopted: 

-  using  buffers  large  enough  to  minimise  the  access  to  the  disk; 

-  using  the  statements  BUFFER  IN  and  BUFFER  OUT  to  read  and  write  the  buffers  on  file, 
these  statements  are  three  times  faster  than  equivalent  binary  statements  READ  and 
WRITE; 

using  pointers  for  the  control  of  files  and  buffers  in  order-  ta- avoid  unnecessary _ 

manipulations  (displacements  of  the  values  in  the  buffers,  transfer  of  values  from 
one  file  to  another,  etc.); 

-  non-usage  of  auxilary  panels  for  calculations  (these  wilT  be  dbn"e-dire5tly ' i‘h  The - — 

buffers)  in  order  to  avoid  supplementary  transfers. 

Beside  pagination,  other  points  dealing  with  the  efficiency  of  the  programs  must  be 
checked: 

-  given  the  inner  loops  structure  of  this  kind  of  programs,  it  is  necessary  to  avoid 
the  transfer  of  variables  as  parameters  in  the  subroutines  called  far  bv’  the  inner 
loops.  For  example,  each  variable  transferred  in  parameter  in  the  C1DRVE  (or  C1DRVP) 
subroutine  of  the  LR1CFS  program  will  increase  the  total  running  time  of  the  program 
by  0.3’.,  and  if  this  subroutine  has  10  variables  transferred  in  parameters,  the  running 
time  of  the  program  will  be  increased  by  33:  this  is  quite  significant. 

-  It  ia  necessary  to  minimize  the  number  of  divisions  and  multiplications  in  the  eouation 
used  in  the  subroutines  of  the  inner  loops.  This  can  be  done,  when  possible,  bv  ‘ 
linking  all  the  constant  terms  for  each  point  of  the  same  axis  and  by  storing  the 
result  in  a  panel  subject  to  this  axis.  In  that  way,  it  will  be  possible  to  replace 
many  multiplications  and  divisions  by  one  multiplication  and  one  address  calculation 
(access  to  the  element  in  the  panel) . 

For  example,  the  running  time  of  the  LR1CFS  program  without  storing  the  pagination 
mechanism  goes  from  300  seconds  (on  a  CY3ER  113)  to  330  seconds  but  with  the  storing  of 
the  pagination  mechanism,  the  gain  is  of  303. 
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Terms  'j»«l  la  the  diagrams 

tea:  longitudinal  axis  of  tht  cylinder 

rho:  transverse  axis  of  tht  cylinder  (symmetry  axis) 

tau:  ttaporal  axis  e 

dwn:  frequency  axis  v  (assoeiaetd  eo  eh#  aattrial) 

material:  polarisation  P  (coapltx  quantity)  and  energy  V 
E  electromagnetic  fitld  (coapltx  quantity) 

OE  :  fitld  dtnvaeion  in  terns  of  tea  (coapltx  quantity) 

L  Lth  plant  on  tht  tea  axis 

i  ieh  point  on  tat  rho  axis 

k  kth  point  on  tht  tau  axis 

Eultr  formula:  E(t,i,k)  E(L-l,i,k)  sX3E(l.-l  ,i  ,k) 

Modifitd  Eultr  formula:  E(l,i,k)  SU-2,i.k)  (tX2)XDE(L-l,i,k) 

Traptsoid  atehod:  S(L.i,k)  E(L-l.i.k)  (s/s)X(DE(L,i,k)3E(L-l,i,k) 

PHI9,  PHI2:  initial  tilting  anglts  ustd  in  aattrial  calculation 

Statistics:  indicaet  that  dtptnding  on  cortain  distributions,  tht  PHIO  and  PHIZ  anglts 

will  bt  randomly  gtntrattd 


Xty  to  figures 

............  jub-roueint  conttnts 

-  —  —  —  —  loop  on  tht  nuabtr  of  lastr  simulations;  (sta) 

_ _ _ :  loop  on  tht  tea  axis 

— — — — :  loop  on  tht  rho  axis 

:  loop  on  tht  tau  axis 

.  loop  on  tht  dwn  axis 

Tht  loops  on  tht  sta,  rho  and  dwn  axts  are  optional,  i.t.  it  depends  on  the  activation  of 
certain  effects  in  the  simulation. 


FIGURE  6.2.1  -  GENERAL  DIAGRAM  GF  THE  C1IUVW  SUB-ROUTINE 


1. 


Calculation  of  tht  initial  values  of  tht  aatsrial 
(only  the  two  principal  casts  art  nrtstnttd  here) 

Cast  with  nan-activated  statistical  calculations 

Step  1.  (only  at  bootstrapping  node  or  for  simulation  by 
suptrf luortsctnct ,  if  not,  go  to  step  2). 

C1RUVW . 

'calculation  of  a  point  of  the  material* 
•froa  tht  PHIO  and  PHI2  angles  ' 


Step  2. 


.aattrial  initialisation. 


Cast  with  activated  statistical  calculations 
Step  1.  C1PHST' 


'calculations  of  anglts  PHIO  and  PHIZ  from 
'certain  distribution  specified  by  the 
'program  paraaeters 


Step  2.  C1RUVW* 


'calculation  of  a  point  of  the  material* 
'from  tht  PHIO  and  PHIZ  angles  ' 


Step  3. 


.aattrial  initialisation. 
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Fioms  s 
Step  10. 


Step  11. 


Step  12. 


Z.j  ^can 
C1C7LI 


ClC?t2 


C1C?U 


’d) 


this  sub-routine  deals  with  the  initialiration  of  field  E 
and  of  its  derivative  QE  an  the  first  ETA  plane. 

101  . i 


initialitation  of  field  E;  if  in  propagation 
mode,  can  depend  on  a  series  of  Gaussian  pulses. 


10.2 - - 
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|  10.2.1  Cl IUVW  (see  figure  6.2.1)  j 

i  > 

|  10.2.2  CUNTS  (calculation  of  DE  for  the  first  ETA,1 

;  plane:  see  figure  6.2.2)  J 


this  sub-routine  deals  with  the  calculations  of  field  E 
and  its  derivation  DE  on  the  second  ETA  plane. 


11.1 


prediction  of  field  S  by  Euler's  formula. 


11.2  r 


I  11.2.1  C1IUV*  (see  figure  6.2.2) 

; 11.2.2 

I 
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C1INTG  (computation  of  DE  for  the  second 
ETA  plane  and  correction  of  E  for  that 
plane:  see  figure  6.2.2) 


this  sub-routine  calculates  the  evolution  of  field  E  and 
of  the  material  along  the  propagation  axis  of  the  cylinder 
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•[prediction  of  field. E  by  the  ,* 
modified  Euler's  foraula.  * 


12.2  C1IUV*  (see  figure  6.2.1) 
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12.2  C1INTG  (computation  of  DE  and  of  the  aaterial, 
correction  of  E  and  of  the  material: 
see  figure  6.2.2) 

12. *  Production  of  the  results  (if  the  ETA  plane  has 
been  selected  by  the  program) 


12.4.1  CHET  ** 


•  calculation  of  the  energy  * 

*  integrals  on  the  TAU  axis  • 


12.4.2  ClFE'm . 


• j calculation  or  tne  transverse  r.uxj ' 


12.4.3  C10PWR 


*|  calculation  of  the  outnut  oulsei  * 

«  _  _  _  _ ■  • 


FIGURE  a.:. 3  -  GENERAL  B IAGRAM.  OF  THE  i.RlCFS  PROGRAM 


'Step  1.  Raiding  of  datas  (i.e.  nuaher  of  tha  simulation,  optional  selectors  on  the 
1  functions,  simulation  parameters]. 

I 

jStep  3.  Parameters  verification  (markers  and  compatibility). 

'step  3.  Simulation  definition  at  tha  S IMRES  package  (i.e.  declaration  of  axes, 

1  functions,  selectors,  parameters,  etc.). 

I 

(Step  <i.  Axes  calculations. 

!  4.1  C2DETA  . 

*  calculation  of  the  ETA  axis  and  its  dependencies  * 


4.2  C1RHO  . 

*  calculation  of  the  RHO  axis  and  its  dependencies;  * 

*  can  be  defined  in  linear  or  nonlinear  mode  * 


4.3  C1DTAU 


*  calculation  of  the  TAU  axis  and  its  dependencies;  * 

*  can  be  defined  in  propagation  or  suoerfluorescence  mode  * 


4.4  dDD#N . 

*  calculations  of  the  DW  axis  and  its  dependencies;  * 

«•-*  •  can  he  defined  symmetrically  or  asymmetrically  and  * 

*  can  define  a  Gaussian  or  a  Lorentzian  curve  * 


'Steo  S.  Calculation  of  the  phvsical  nuancities  used  by  the  simulation. 

I 

I  3.1  C1GAXN  ••!”! . 

*  computation  of  the  gain  in  terms  of  the  RHO  axis; 

*  can' be  defined  constant  or  Gaussian;  can  introduce 

*  disruntions 


If  the  statistics  calculations  are  non-activated,  go  to  step  3.3 

5.2  C1DPHN  . 

*  density  calculations  in  terms  of  RHO 

*  used  for  the  normalization  of  angle  PHXO  * 


5.3  C1EY3X . . . 

*  outline  calculations  of  angles  PKXO  AND  PHX2  * 


'Step  6.  Initializations  dealing  with  pagination. 

I 

iStep  7.  Initialization  of  angles  PHXO  and  PHI2,  this  initialization  follows  certain 

laws  if  the  statistical  calculation  has  been  activated  and  can  be  done  through 
the  CIPHST  sub-routine  (see  figure  6.2.1). 


I 'Step  3.  Initialization  and  adjustment  of  vector  HO  used  for  the  initialization  of 
II  field  S  in  the  first  ETA  olane  (only  if  the  laser  is  defined  in  propagation  mode) 

1 1 

..Step  9.  initialization  os  the  nrineipal  variables  or  the  orograa. 


PIGURH  6.2.3  (cont’d) 


(|3t«p 

II 
1 1 
1 1 


13. 


Step  14. 


CIORPL . * . 

*  calculation  of  the  last  plan*  produced  * 

*  and  reasons  for  stoppage',  if  available.  * 


C1AC0H  . 

*p  —  —  —  —  —  —  —  —  —  —  —  —  —  —  —  —  —  —  —  —  —  —  — 
j  calculation  of  the  acoher  function;  useful  * 

"  specially  when  it  is  a  statistical  siatulation  * 
1 - > 


1 1 
1 1 
1 1 
1 1 
3 


fad  of  siaulation. 


VII  -  CONCL'JS IOM 


Is  is  noteworthy  ta  state  at  this  point  that  the  functioning  part  of  the  system  corres¬ 
ponds  to  the  packages  in  section  IV  and' to  an  appreciable  oars  of  the  laser  simulation  orsgrams 
presented  in  section  VI  (UIC?S,  LR2CFS,  LR1PS,  LR1P4S,  LR1CP,  LR1PP) .  The  programs  of' appli¬ 
cation  OHPPARM,  DESRE5  and  SYNTH  are  still  being  developed,  however  DEFPARM  and  DESRES  are 
already  in  use. 

In  conclusion,  it  would  be  of  value  to  review  our  objectives  and  to  examine  how  the 
software  developed  for  the  laser  model  building  project  answered  our  expectations . 

With  respect  to  nodularity,  it  is  evident  at  this  stage  that  a  considerable  effort  has 
been  extended  to  divide  the  work  into  concrete  jobs  and  to  limit  these  different  jobs  into 
procedures  or  groups  of  procedures.  Bv  their  very  definition  and  by  their  conception,  these 
packages  constitute  evident  examples  of  modularity.  This  modularity  can  be  also  found  in 
the  step  by  step  division  of  the  programs  of  application. 

As  to  flexibility,  there  was  an  effort,  all  along  the  conception  of  the  new  system,  to 
identify  the  problems  of  general  concern  by  liberating  us  of  the  specific  constraints  of  the 
laser  project  in  order  to  concentrate  on  the  fundamental  aspects  of  the  tasks  at  hand.  It 
follows  chat  the  softwares  thus  developed  have  enough  flexibility  to  be  adapted  to  the  diffe¬ 
rent  situations  arising  within  the  same  laser  model  building  project  or  even  to  be  adapted 
to  other  projects  where  to  results  are  functions  and  where  there  is  a  sufficient  quantity 
of  results  to  justify  a  data  bank. 

The  question  of  security  is  more  difficult  to  evaluate.  Nevertheless,  the  use  of  tech¬ 
niques  such  as  data  validation,  exhaustive  tests  during  the  set  up  period,  etc.,  increase  the 
security  aspects  of  the  programs.  Moreover,  splitting  up  the  work  into  modules  facilitates 
the  inception  and  set  up  of  the  programs  and  contributes  to  their  strength.  Finally,  the  fact 
of  using' these  programs  in  the  context  of  production  makes  it  easier  to  test  them  and  to  find 
their  loopholes. 

As  to  efficiency,  it  is  clear  that  the  development  or  more  complex  laser  models  has  forced 
us  to  take  into  consideration  of  execution  time  and  memory  requirements.  For  instancs,  the 
direct  access  to  the  SIMRES  and  DATSIM  files  has  increased  the  efficiency  of  the  application 
programs  and  made  them  more  amenable  to  use  in  the  interactif.  Moreover,  the  use  of  pagination 
in  the  laser  modeling  programs  has  cut  down  the  site  of  the  programs,  and  facilitates  their  use 
on  computer  with  limited  memory. 

Much  attention  was  given  to  transportability  in  order,  on  the  one  hand,  to  exscute  certain 
laser  programs  on  computers  more  powerful  than  those  at  our  disposal,  and  on  other,  to  use  our 
auxiliary  software  in  other  projects.  To  make  the  software  more  transportable,  we  have  chosen 
to  write  it  FORTRAN  tv  and  to  respect  the  ANSI  standard.  Moreover,  we  have  isolated  in  proce¬ 
dures  the  instructions  or  portions  of  code  that  are  particular  to  a  given  environment  (like 
the  files  direct  access  subroutines)  thus  making  it  easy  to  locate  what  is  to  be  modified  in 
order  to  transfer  the  software  to  another  system. 

With  respect  to  documentation  finally,  we  have  established  and  tried  to  follow  a  strict 
standard  for  the  programs  comments,  *e  expect  to  publish  (internal  publication)  a  technical 
report  and  a  user's  manual  for  the  different  packages  and  the  programs  dealt  with  in  this 
document . 
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ABSTRACT 

A  model  and  results  are  presented  which  describe  copropagational 
coherent  pump  dynamics  and  evolving  superf luorescence  (SF) .  Specification 
of  certain  pump  pulse  Initial  conditions  results  in  specific  SF  characteristics, 
as  recently  observed  in  CH3F  and  Ba. 
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SUMMARY 


0 


Recently  developed  computational  methods A are  used  to  evaluate  for 
the  first  time  the  dynamic  longitudinal  and  transverse  reshaping  associated 
with  the  concomitant  propagation  of  two  light  beams  in  a  three-level  medium. 
Neither  the  mean  field  theory  [1]  nor  the  adiabatic  following  [2]  or  even  the 
rate  equation  [3]  approximations  have  simplified  this  analysis.  Instead,  the 
full  Maxwell-Bloch  [4,5]  equations  with  phase  and  diffraction  effects  [6]  included 
are  solved  rigorously,  using  self-consistent  numerical  methods  [7], 


A  new  concept  in  nonlinear  light  matter  interactions  is  introduced: 

The  results  obtained  for  the  first  time  display  the  conditions  under  which 
an  injected  light  pulse  of  a  given  frequency  can  be  used  to  shape  and  control 
a  second  light  pulse  of  a  different  frequency  coupled  through  the  nonlinear 
three- level  medium.  Thus,  a  specific  aspect  of  the  phenomenon  of  light  control 
by  light  is  demonstrated  [8] . 

The  model  has  been  applied  to  double  coherent  transients  (i.e.,  double 
self-induced  transparency)  and  to  the  pump  dynamics  effects  in  super¬ 
fluorescence  (SF), 

The  goal  of  this  paper  is  to  illustrate  how  the  output  characteristics 
of  the  collective  spontaneous  emission  of  the  SF  pulse  [9]  (such  as  delay  time, 
pulse  width,  peak  intensity,  shape,  etc.)  can  be  controlled,  deterministically, 
by  appropriately  selecting  certain  initial  and  boundary  conditions  fcr  the 
injected  pump  pulse. 


*  Partially  supported  by  the  U.S.  Army  Research  Office,  the  U.  S.  Office  of 
Naval  Research,  the  U.S.  Science  Foundation  and  Battelle  Columbus  Laboratories. 


With  Che  exception  of  Bowden  and  Sung  [10],  all  theoretical  work  has 
dealt  exclusively  with  the  relaxation  process  from  a  prepared  state  of  complete 
Inversion  in  a  two*- level  manifold  of  atomic  energy  levels,  and  thus  do  not 
consider  the  dynamic  effects  of  the  pumping  process.  Yet,  all  reported 
experimental  work  has  utilized  optical  pumping  on  a  minimum  manifold  of  three 
atomic  [11>13]  or  molecular  [14-15]  energy  levels  by  laser  pulse  injection  into 
the  nonlinear  medium,  which  subsequently  superfluoresces .  (Note  that  the  two- 
level  analysis  is  only  valid  for  tr  »  t_,  where  t_  is  the  characteristic  SF 
time  and  Tp  is  the  pump  pulse  temporal  width,  and  nas  not  been  realized  over 
the  full  range  of  reported  data) . 

Out  ht*-+LS 

■"Contrary  Co  Bouden  and  Sung's  analytical  treatment,  we  do  not  confine 
our  solution  to  the  -mean  field  regime  and  the  linearized  short  time  regime 
but  have  adopted  the  semiclasslcal  model  advanced  by  Feld  and  co-authors  [16] 
where  both  transients  and  propagation  effects  are  rigorously  studied.  Quantum 
fluctuations  [17-19]  are  not  discussed  in  the  treatment;  instead,  a  classical 
uniform  (not  random)  tipping  angle  concept  is  used  for  initiating  the  polarization 
to  simulate  the  fluorescence  initiation.  The  latter  method  is  well-established 
for  both  two-  and  three-level  [20-21]  propagation  calculations.  Since  transverse 
effects  are  also  considered,  the  obtained  results  also  extend  the  pump less  analysis 
that  previously  modelled  the  Cs  experiment  [22]. 

In  particular,  it  is  shown  that  the  injected  coherent  pump  initial 
characteristics,  such  as  on-axis  area,  temporal  and  radial  width  (and  associated 
gain-length-Fresnel  number),  and  shape  alter  the  SF  pulse  characteristics.  The 
effects  of  changing  the  effective  gain  .  [23]  of  either  the  SF  or  the  pump 
transition  and  the  density  of  active  atoms  are  also  studied. 

.  For  sufficiently  large  effective  gain  and/or  large  input  pump  area,  the 
two  light  pulses  overlap  and  the  two-photon  processes  (RCR-resonant  coherent  ^ 
Raman)  make  strong  contributions  to  the  mutual  pulse  development. 

Dependencies  of  this  type  have  been  recently  observed  in  methyl  fluoride 
[24]  and  in  barium  [25].  Futhermore,  under  other  conditions,  we  obtained  a  SF 
pulse  of  temporal  width  much  less  than  that  of  the  pump  even  though  the  two 
pulses  temporally  overlap.  This  calculation  agrees  qualitatively  with  the 
results  of  recent  experiments  in  mode  locked  CO,  pumped  CH.F  [26] . 
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A  model  it  pretested  tor  the  dynamical  evolution  of  tuperihiotacence  from  an  optically 
pumped  three  level  system.  The  full  propagation,  transverse,  tad  diffraction  effects  are  ult¬ 
ra  into  account  With  the  use  of  a  previously  developed  algorithm,  a  computational  Simula* 
tion  was  concocted  from  this  model  and  results  are  presented  and  discussed.  In  particular, 
it  is  shown  that  the  injected  coherent  pump-pulse  initial  characteristics,  such  as  on-axis 
area,  temporal  and  radial  width  and  sliape,  can  have  significant  deterministic  effects  on  the 
scperflnorescent  poise  delay  time,  peak  intensity,  temporal  width,  and  shape.  Thus,  by 
specifying  certain  initial  properties  of  the  injected  pump  pulse,  the  superfluorescent  pulse 
can  be  shaped  end  altered.  The  results  predict  the  conditions  under  which  an  injected  light 
pulse  of  a  given  frequency  can  be  used  to  generate,  shape,  and  control  a  second  light  pulse  of 
a  different  frequency  via  a  nonlinear  medium,  thus  demonstrating  a  new  aspect  of  the 
phenomenon  of  light  control  by  light. 


L  INTRODUCTION 

Soperfluoresceaca1  b  the  phenomenon  whereby  a 
collection  of  atoms  or  molecules  b  prepared  initially 
in  a  state  of  complete  inversion  and  then  allowed  to 
undergo  relaxation  by  collective,  spontaneous  decay. 
Since  Dicke's  initial  work,2  there  has  been  a 
preponderance  of  theoretical  and  experimental  work 
dealing  with  this  process.2 

With  the  exception  of  the  mote  recent  work  of 
Bowden  and  Sung,4  aO  theoretical  treatments  have 
dealt  exclusively  with  the  relaxation  process  from  a 
prepared  states  of  complete  invasion  in  a  lw#- level 
manifold  of  atomic  energy  leveb  and  thus  tier*  not 
consider  the  dynamical  effects  of  the  pumping  pro¬ 
cess.  Yet,  ail  reported  experimental  work3-10  has 
utilized  optical  pumping  on  a  minimum  manifold  of 
three  atomic  or  molecular  energy  levels  by  laser 
pulse  injection  into  the  nonlinear  medium,  which 
subsequently  supcrfluoresccs. 

It  was  pointed  out  by  Bowden  and  Sung4  that  for 
a  system  otherwise  satisfying  the  conditions  for  su- 
perfluorescsnt  (SF)  emission,  unless  the  characteris¬ 
tic  super- radiance  time1  r>  b  much  greater  than  the 
pump-pulse  temporal  duration  rf,  i.e^  i>  »rr,  the 
process  at  coherent  optical  pumping  on  a  three-level 
system  can  have  dramatic  effects  on  the  SF.  This  is 
a  condition  which  has-  not  been  realized  over  the  full 


range  of  reported  data.2 

In  this  paper,  we  present  calculations!  results  and 
analysis  for  the  effects  of  coherent  pump  dynamics, 
propagation,  transverse,  and  diffraction  effects  on 
SF  emission  from  an  optically  pumped  three-level 
system.  The  full,  nonlinear,  copropagaticna!  aspects 
of  the  injected  pump  pulse,  together  with  the  SF 
which  evolves,  are  explicitly  treated  in  the  calcula¬ 
tion.  Not  only  do  our  results  relate  strongly  to  pre¬ 
vious  calculation  and  experimental  results  in  SF, 
but  we  introduce  and  demonstrate  a  new  concept  in 
nonlinear  light-matter  interactions,  which  we  call 
light  control  by  tight.  We  show  how  characteristics 
of  the  SF  can  be  controlled  by  specifying  certain 
characteristics  of  the  injection  pulse  in  the  regime 

*>>  f*. 

In  Sec.  IT,  the  model  upon  which  the  calculation 
is  based  is  presented,  and  the  algorithm  used  in  the 
simulation  is  outlined-  Results  of  the  calculation  are 
presented  and  discussed  in  Sec.  III.  Section  IV  is 
used  to  summarize  the  results  and  cite  implications 
and  to  discuss  future  work. 

IL  MODEL  FOR  THREE-LEVEL 
SUPERFLUORESCSNCE 

The  model  upon  which  the  calculation  is  based  is 
composed  of  a  collection  of  identical  three-level 
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atoms,  each  having  the  energy-level  scheme  shown 
in  Fig.  1.  The  1— >3  transition  is  induced  by  a 
coherent  electromagnetic  field  injection  pulse  of  fre¬ 
quency  <u0  nearly  tuned  to  the  indicated  transition. 
The  properties  of  this  pumping  pulse  are  specified 
initially  in  terms  of  the  initial  and  boundary  condi¬ 
tions.  The  transition  3—2  evolves  by  spontaneous 
emission  at  frequency  w.  It  is  assumed  that'  the 
energy-level  spacing  is  such  that  «j  so  that 

the  fields  at  frequencies  «0  and  a  can  be  treated  by 
separate  wave  equations.  The  energy  levels  2—1  are 
not  coupled  ndiativeiy  due  to  parity  considerations. 

Further,  we  neglect  spontaneous  relaxation  in  the 
3—1  transition,  and  spontaneous  relaxation  in  the 
3—2  transition  is  simulated  by  the  choice  of  a  small, 
but  nonzero,  initial  transverse  polarization11  charac¬ 
terized  by  the  parameter  ^o~  10” 3.  Our  results  do 
not  depend  upon  nominal  variations  at  this  parame¬ 


ter.  The  initial  condition  is  chosen  consistent  with 
the  particular  choice  of  (see  the  Appendix)  with 
nearly  all  the  population  in  the  ground  state  and  the 
initial  values  of  the  other  atomic  variables  chosen 
consistently4,11  according  to  the  initial  equilibrium 
properties  of  the  system.13  The  full  statistical  treat¬ 
ment  of  the  quantum  initiation  process  with  result¬ 
ing  temporal  fluctuations  will  be  presented  in  a  fu¬ 
ture  development.  Thus,  the  results  presented  here 
are  to  be  regarded  as  expectation  values  or  ensemble 
averages. 

We  use  the  electric-dipole  and  rotating-wave  ap¬ 
proximations  and  couple  the  atomic  dipole  moments 
to  classical  field  amplitudes  which  are  determined 
from  Maxwell’s  equations.  The  Hamiltonian  which 
describes  the  field-matter  interaction  for  this  system 
comprising  iV  atoms4  is 


^-*2  2  |n<J,il^exp[-i{6)t-k-F;)]-n!^J?,J,exp[((wt-k,ry)]| 

rmljml  2  J-l 

-y2  \al/R(s?exp[-Hart-ko r;)3-e>V^Ri?exp{t{<ui- V?,)]}  . 

2  J-i 

I - 


(2.1) 


The  first  term  on  the  right-hand  side  (rhs)  of  Eq. 
(2.1)  is  the  free  atomic  system  Hamiltonian  with 
atomic  level  spacing}  erj.  r—  1A3;  7»t,2, . . .  ,,V. 
The  second  term  on  the  rhs  describes  the  interaction 
of  the  atomic  system  with  the  fluorescence  field  as¬ 
sociated  with  the  3—2  transition,  whereas  the  last 
term  on  the  right  in  (2.1)  describes  the  interaction 
between  the  atomic  system  and  the  oaberent  pump¬ 
ing  field.  The  fluorescence  field  and  the  pumping 
field  have  amplitudes  Cl{fl  and  cotf,  respectively,  in 
terms  of  Rabi  frequency,  at  the  position  of  the  /th 
atom,  ?j.  JTbe  respective  wave  vectoa  of  the  two 
fields  are  k  and  and  the  carrier  frequencies  are  u 


FIG.  1.  Mode)  three-level  atomic  system  and  decthc 
field  tunings  under  consideration.  For  the  results  report¬ 
ed  here,  the  injected  pulse  is  tuned  to  the  1—3  transition. 


and  o>q.  It  is  assumed  that  the  electromagnetic  field 
amplitudes  vary  insignificantly  over  the  atomic  di¬ 
mensions  and  that  ail  of  the  atoms  remain  fixed  dur¬ 
ing  the  time  frame  of  the  dynamical  evolution  of  the 
system. 

The  atomic  variables  in  (2.1)  are  the  canonical 
operators4  Rtf  which  obey  the  Lie  algebra  defined 
by  the  commutation  rules14-14 


«  02) 

where  <’,/«  1,2,3;  m,/i» 1,2,  . . .  ,N.  The  Rabi  rates 
0,lJ)  and  cotf  are  given  in  terms  of  the  electric  field 
amplitudes  E{J)  and  £</’,  respectively,  and  the  ma¬ 
trix  elements  of  the  transition  dipole  moments  u'j2 
and  alj?  by 


03a) 

(2.3b) 


where  we  have  considered  only  one  linear  polariza¬ 
tion  for  the  two  fields  and  propagation  in  the  posi¬ 
tive:  direction. 

It  is  convenient  to  canonically  transform  (2.1)  to 
remove  the  rapid  time  variations  at  the  carrier  fre¬ 
quencies  co  and  co o  and  the  rapid  spatial  variations 
due  to  the  wave  vectors  !<  and  kp.  We  assume  that 
the  field  envelopes  fll;)  and  vary  much  more 
slowly  than  the  periods  o>”‘  and  a»o  ,  respectively. 
In  the  transformed  representation,  we  are  thus  deal- 
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lag  with  slowly  varying  field  amplitudes  and  atomic 
operators.  The  desired  unitary  transformation  U, 
such  that 

jrT-ujru-1 .  a.4) 

is  given  by 

tf(r>-  nexpCttJ/WiJ]  exp{<A^(r)E^] . 

Jm  | 

05) 

- -  -  -  ...  1 


where 

^’(rJ-woX-ko-^ ,  (2.6a) 

X^(:)-[(a>o-«)r-(k0-k)-F;] .  06b) 

If  05)  is  applied  to  Ol)  and  the  commutation  rules 
02)  are  used,  we  get  for  the  canonically 
transformed  Hamiltonian  ^y. 


J rr«*  2  A<y,*#+*  2  &(J)&n-rr  2  (OWjliS-O'Wjli,)-- £  2  . 

;-i  ;-i  2  j-t  2  ;-i 


07) 


where 


A'^welS— «o,‘ a»o,  rjj»0 .  08) 

The  equations  of  motion  for  the  atomic  variables  are  calculated  from  07)  according  to 

xy,—j[jrT.x!Pl  •  09) . 


By  imposing  the  canonical  transformation  defined  by  05)  we,  in  fact,  transformed  to  a  slowly  varying  open* 
tor  representation  which  is  consistent  with  the  slowly  varying  envelope  approximation  to  be  imposed  <*frr  on  in 
the  Maxwell’s  equations  coupled  to  the  hierarchy  of  first-order  equations  09). 

If  07)  is  used  in  09),  the  fallowing  hierarchy  of  coupled  nonlinear  equations  of  motion  is  obtained  for  the 


atomic  variables: 

a#  - + \(cilflR<&+am,i'R(£)-r\\(X<£-*n ) .  '  oiow 

Aft- u  > ,  oioc) 

R'£--(StflR(&-±a*tfliR'£-R$)-j»2flR(£-rlR'£ ,  oiod) 

nf*Ru+\ltr*fiRa+m'£Rn)-rifit&  •  OlOe) 

A*<J— lL(J'R(A~±Cl<flRa+±olPlRW-R<fi)-nRyi  -  ..  OlOf) 


In  Eqs.  010),  we  have  added  phenomenological  re¬ 
laxation  y\\  and  dephasing  Yi  and  taken  these  to  be 
uniform,  Le~,  the  same  panmeten  for  each  transi¬ 
tion.  For  the  diagonal  terms  Rj£  the  equilibrium 
values  are  designed  a sR**,  the  same  for  all  atoms. 

We  shall  treat  the  Eqs.  (2.10)  from  this  point  as 
e-number  equations,  i.c,  expectation  values.  Fur¬ 
ther,  we  assume  that  all  the  atoms  have  identical 
energy-level  structure  and  also,  we  drop  the  atomic 
labels  j,  so  it  is  taken  implicitly  that  the  atomic  and 
field  variables  depend  upon  the  sparial  coordinate 
x,  jr,  and  z,  as  well  as  the  time 
It  is  convenient  to  introduce  a  new  set  of  real  vari¬ 
able  in  terms  of  the  old  ones.  We  let 

B'u k>l  (2.11a) 

Rkf{(Uu+iVu),  k>l  (2.11b) 


where  Uu,  Vu,  and  Wu  are  real  variable,  and 
Uu-U^Vu-V*, 

a-X+iT.  (2.11c) 

a»g  ■Ko+if)  ,  (2.1  Id) 

where  X,  Y,  Jo,  and  Y0  are  real  variable. 

If  the  transformation  (2.11)  is  applied  to  (2.10), 
(he  resulting  equations  of  motion  for  the  real  vari¬ 
able  ( Wu,  Uu.Yu\  are 

-  -  7 1  *Un -rrn}-{XoUJX-Yayu} 

-nitWj.-B'tf) .  (2.12a) 

*32  — - 1 JWa  • -  rvn 1  -  7  !*o  -  Yo  r3>  I 

.  (2.12b) 
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&a-+5Ka+XJFja-j(T0Crtt-r0Kll) 

—Ti^n .  (2.12c) 

F»-  -8CTn-  lVs+iur0Ka+%) 
-n^a . .  <2.12d) 

(>JI  —  AF„ -7(Ttru  +  7yu)+X0Jir„ 

-rJJ a,  ai2o 

- + Aff„  -  |(2rK„  -  ruu )- r„  jf„ 

-n^i .  (2.12J) 

crM— «ySI+7(2rir,1-7v3l) 

+7(2ro£Ta— ToFa)— yj.I/'j, ,  (2.12g) 

iru - +scrM +7ur„ + yv„  > 

— 7(2T0Kn+ll’0£/'n)— ytKj,  .  (2.12b) 

In  obtaining  Eqs.  (2.12),  we  have  made  use  of  the 
invariant  trR**I 


ized  radial  coordinate  p~r/rf,  where  r  is  the  radial 
distance  and  rf  is  a  characteristic  spatial  width.  In 
(2.14),  Tfft »zgrf ifi,  where gdi,t  is  the  on-axis  effec¬ 
tive  gain* 


UU, 


«e 

Fn 

at 

Mu 

nfk 


2 

N 


Ti. 


aifl 


where  N  is  the  atomic  number  density  (assumed 
longitudinally  homogeneous),  and  a  is  the  index  of 
refraction  assumed  identical  for  each  transition 
wavelength.  The  quantity 


(2.16) 


governs  the  relative  radial  population  density  distri¬ 
bution  for  active  atoms.  This  could  have  variation, 
say,  for  an  atomic  beam.  Equations  (2.14)  are  writ¬ 
ten  in  the  retarded  time  r  frame  where 


r»f— nx/e  . 


ImR'fi+R'i+R'A  .  (2.13) 

It  is  noted  that  i**Q  is  satisfied  identically  in 
(2.10a)— (2.10c)  for  yjj— 0.  For  y||s*0,  the  condi¬ 
tion  (2.13)  together  with  (2.10a)— (2.10c)  constitutes 
the  statement  of  conservation  of  atomic  density.  La* 
particle  number. 

Equations  (2.12)  are  coupled  to  Mas  well's  equa¬ 
tions  through  the  polarizations  associated  with  each 
transition  field.  It  is  easily  determined  that  the 
Maxwell's  equations  in  dimensionless  form  in  the 
rotating- wave  and  slowly  varying  envelope  approxi¬ 
mations  can  be  written  in  the  following  form: 


-*o 

a 

?o 

-£fj« 

?o 

an. 

J?0 

»<f 

ai4a> 


-*\ 

a 

?  . 

-un 

f 

*7, 

z  -d 

Vn 

(2.14b) 


where  the  variables  Y,  Z0,  Yq  are  the  same  as 
those  defined  in  (2.11c)  and  (2.1  Id),  but  in  units  of 
Yi-  In  the  above  equations,  we  have  assumed 
cylindrical  symmetry,  thus 


The  first  term  on  the  left-hand  side  in  (2.14a)  and 
(2.14  b)  accounts  for  transverse  effects  with  normal¬ 


From  this  punt  on,  the  dot  in  Eqs.  (2.12)  is  taken  to 
be  9/3r.  Finally,  the  Em  factors  on  the  Em  terms 
on  the  Ifcs  in  (2.14)  are  the  reciprocals  of  the  “gain- 
length”  Fresnel  numbers  defined  by 


*%.• 


Irrj 

*9 


(2.17) 


It  is  seen  from  (2.14)  that  for  sufficiently  large 
Fresnel  number  T  the  corrections  due  to  transverse 
effects  become  negligible.  The  gain-length  Fresnel 
numbers  f  are  related  to  the  usual  Fresnel  numbers 
F’mlvTf/XL,  where  L  is  the  length  of  the  medium, 

by 


r/F-S«L  ,  (2.1S) 

i.t,  the  total  gains  of  the  medium.  In  the  computa¬ 
tions,  diffraction  is  explicitly  taken  into  account  by 

the  boundary  condition  that  a^p _ corresponds  to 

completely  absorbing  walls. 

The  initial  conditions  are  chosen  to  establish  a 
small,  but  nonzero  transverse  polarization  for  the 
3-— 2  transition  with  almost  the  entire  population  in 
the  ground  state.  This  requires  the  specification  of 
two  small  dimensionless  parameters  s- 10-3  for  the 
ground-state  initial  population  deficit,  and  5— 10-1 
for  the  tipping  angle  for  the  initial  transverse  polari¬ 
zation  for  the  3—2  transition.  The  derivation  for 
the  initial  values  for  the  various  matrix  elements  is 
presented  in  the  Appendix,  and  the  results  are  given 
by  (A225,  (A23),  and  (A2SMA33). 
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Calculations!  methods  developed  earlier17  and  dis¬ 
cussed  elsewhere1**1’  were  applied  to  the  model 
presented  in  See.  H  to  compote  the  effects  on  SF 
poise  evolution  for  various  initial  conditions  for  the 
injected  (pump)  pulse.  The  results  presented  here 
demonstrate  many  facets  of  the  control  and  shaping 
of  the  SF  signal  by  control  of  the  input  signal  initial 
characteristics.  The  material  parameters  chosen  for 
these  calculations  are  arbitrary,  but  correspond 
roughly  to  those  for  optically  pumped  metal  vapors 
in  the  regime 

Thus,  although  the  simulation  inherently  yields 
numerically  accurate  results  for  particular  experi¬ 
mental  design,  the  results  reported  here  must  be  tak¬ 
en  ss  qualitative:  Our  main  purpom  here  is  to 
demonstrate  end  analyze  specific  correlations  be¬ 
tween  the  initial  and  boundary  conditions  associated 
with  the  injected  pump  pulse  and  characteristics  of 
the  SF  pulse  which  evolve.  In  many  of  the  cases 
which  follow,  rules  are  established  through  the 
analysis  which  can  be  used  to  predict  quantitative 
results  for  any  particular  experimental  conditions. 
Our  choice  of  particular  initial  and  boundary  condi¬ 
tions  has  been  motivated  in  part  by  processes  which 
may  have  been  operative  in  experiments  which  have 
ben  reported5-1®  and  in  part  by  the  feasibility  at 
experimental  selection  at  specification.  In  connec¬ 
tion  with  the  latter,  we  demonstrate  the  control  of 
one  tight  signal  by  another  via  a  nonlinear  medium, 
thus  imparting  nonlinear  information  transfer  and 
pulse  shaping  of  the  SF  from  specific  initial  and 
boundary  conditions  associated  with  the  pump  injec¬ 
tion  signal. 

Figure  2  shows  results  of  the  numerical  calcula¬ 
tion  for  the  transverse  integrated  intensity  profiles 
for  the  copropagating  SF  and  injected  pulses  at  a 
penetration  depth  of  r— 5.3  cm  in  the  nonlinear 
medium.  These  profiles  correspond  to  what  would 
be  obaerved  with  a  wide  aperture,  fast,  energy  detec¬ 
tor.  The  pumping  pulses  are  labeled  by  capital 
letters,  and  the  corresponding  SF  pulses  are  labeled 
by  the  corresponding  lower  case  letters.  Each  set  of 
curves  represents  a  different  initial  on-axis  area  for 
the  pump  pulse,  lew  curve  A  is  the  reshaped  pump 
pulse  at  zj-5_3  cm  which  had  its  initial  on-axis  area, 
specified  as  9P  ■>«-,  and  curve  a  is  the  resulting  SF 
pulse  which  has  evolved.  All  other  parameters  are 
identical  for  each  set  of  pulses.  The  initial  condi¬ 
tions  for  the  atomic  medium  is  that  nearly  all  the 
population  is  in  the  ground  state  <t  at  rm 0,  and  a 
small,  but  nonzero  macroscopic  polarization  exists 
between  levels  ()  and  These  two  conditions  are 
specified  by  two  parameters  «  and  6,  respectively, 
and  we  have  chosen  10~5  self -consistently  as 


FIG.  2.  Radially  integrated  normalized  intensity  pro¬ 
files  for  the  SF  sad  injected  pulse  at  zw>  J-3-cm  penetra¬ 
tion  depth  for  three  different  values  for  the  initial  co-axia 
injection  pulse  area  0^  The  SF  poises  are  indicated  by  a, 
b,  and  c,  whereas  the  corresponding  injected  pump  poises 
are  labeled  A.  B,  and  G  The  injected  pulses  are  initially 
Gaussian  in  r  and  t  ir*h  widths  (FWHM)  r#** 0.24  cm 
and  nsec:  respectively.  The  level  s pacings  are  such 
that  («j— «j)**  126.6.  The  effective  gain  for  the 
pomp  transition  g,«»l7  cm-1  and  that  for  the  SF  transi¬ 
tion  g,— 291.7  cm"1.  The  gain-length  Fresnel  numbers 
for  the  two  transitions  are  ! 6 800  and  Jr,w227S. 
The  relaxation  and  dephasing  times  are  taken  ss  identical 
for  all  transitions  and  an  given  as  7",  <w80  nsec  and 
Tj— 70  nsec,  respectively.  The  injected  poke  initial  an- 
axis  areas  are  (A)  (B)  d,—2ir,  and  (Q 

specified  in  the  Appendix.  These  initial  conditions 
are  uniform  for  the  atomic  medium  and  are  the 
same  for  all  results  reported  here.  Notice  that  ,  we 
have  neglected  spontaneous  relaxation  in  the  pump 
transition  1—3  relative  to  the  SF  transition  3—2. 
This  is  justified  owing  to  our  choice  of  relative  oscil¬ 
lator  strengths  (sec  Fig.  2  caption). 

These  results  dearly  indicate  the  coherence  effect 
of  the  initial  pump-pulse  area  on  the  SF  signal 
which  evolves.  Notice  that  the  peak  intensity  of  the 
SF  pulses  increases  mooatonicaily  with  initial  on- 
axis  area  for  the  pump  pulse:  This  iscaused  by 
self-focusing  due  to  transverse  coupling  and  propa¬ 
gation.  For  instance;  sr  2a--irrj  action  pulse  would 
generate  a  very  small  SF  response  compared  to  an 
initial  e-injection  pulse  for  these  conditions  at  rela¬ 
tively  small  penetration  z,  or  for  the  corresponding 
case  in  one  spatial  dimension.  Even  so,  the  peak  SF 
intensity  is  approximately  proportional  to  the  square 
of  the  pump-poise  initial  on-axis  ares,  whereas  the 
delay  time  r0  between  the  pump-pulse  peak  and  the 
corresponding  SF  pulse  peak  is  very  nearly  inversely 
proportional  to  the  input  pulse  area.  The  temporal 
SF  pulse  width  at  full  width  at  half  maximum 
(FWHM)  t,  is  approximately  invariant  with  respect 
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to  the  injection  pulse  area. 

Since  tbe  average  values  of  ra  and  the  peak  SF  in¬ 
tensity  are  important  quantities  for  interpreting  ex- 
perincatal  results  with  theories  pf  ,’SF,AU,  the 
manner  in  which  the  pump-pulse  coherence  and  ini* 
tial  OMtda  area  affects  these  quantities  is  seea  to  be 
of  extreme  importance  in  an y  analysis. 

Figure  3  shows  tbs  effect  upon  the  SF  pulse  of 
variation  in  the  intitial  temporal  width  at  half  max* 
mum  intensity  for  the  pumping  pulse.  As  tbe  ini¬ 
tial  temporal  width  of  the  injected  pulsar,  becomes 
smaller,  the  SF  delay  time  r0  increases,  whereas  the 
peek  SF  intensity  decreases,  sad  the  SF  temporal 
width  r,  remains  very  closely  fixed. 

It  is  dear  from  these  remits  that  there  exists  an 
approximate  linear  relationship  between  the  time  de¬ 
lay  to,  between  the  peek  SF  intensity  and  the  corre¬ 
sponding  pump-pulse  intensity,  and  the  initial  tem¬ 
poral  width  r,  of  the  pump  pulse. 

This  finear  relationship  is  shown  in  Fig.  4,  where 
the  time  delay  To  is  plotted  versus  the  corresponding 
pump-pulse  initial  temporal  width,  from  Fig.  3. 
These  results  generate  the  following  empirical  for¬ 
mula  for  to  as  a  function  of  ry. 

rfl-0.37Sra[ln(4v/*o)l2 

-4ran<ra/4n-lH>.  (3.1) 

where® 


FIG.  3.  Radially  integrated  normalized  intensity  pro¬ 
files  for  the  SF  end  injected  pubes  at  x«3  J-cm  penetra¬ 
tion  depth  for  five  different  values  for  the  initial  temporal 
width  of  the  injected  pulse.  The  initial  on- axis  area  of  the 
injected  pub*  is  0,~*v  and  the  pump  transition  and  SF 
effective  gains  are  y,  *17.3  cm-1  and  *641.7  cm"', 
respectively.  All  other  parameters  except  for  the  Fresoei 
numbers  are  the  same  as  these  for  Fig.  2.  The  injected 
pube  initial  temporal  widths  at  half  maximum  are  (A) 
r>~4  nsec,  (8)  ry—JJ  nsec,  (O  r,*2.9  nsec,  <D>  r,— 2.3 
nsec,  and  (£)  r>*  2^  nsec. 
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FIG.  A  Delay  time  r0  of  the  SF  peak  intensity  final 
the  corresponding  pump-pube  peak  intensity  vs  the 
pump-pube  initial  full  temporal  width  at  half  maximum 
intensity  r,  according  to  Fig.  3. 


is  the  characteristic  superfluorescence  time,1*1  and 
do  is  a  parameter  adjusted  to  give  a  best  fit  to  the 
calculations!  results.  For  the  case  treated  here, 
r*=*41  psec,  Tj-70  nsec,  and  d0~lO~*,  and  the 
Fresnel  number  F— 1.47. 

The  relation  (3.1)  is  at  least  in  qualitative  agree¬ 
ment  with  the  analytical  prediction  made  in  Ref. 
4(b),  Eq.  (5.1),  based  upon  mean-field  theory.  The 
first  term  in  (3.1)  was  chosen  to  conform  with  the 
quantum-mechanical  SF  initiation  result.11  The 
quantity  do  can  b*  interpreted  as  the  “effective  tip¬ 
ping  angle”  for  an  equivalent  ir-initial  impulse  exci¬ 
tation,  i.e*  for  rf — 0,  which  initiates  subsequent  su¬ 
perfluorescence.  It  is  to  be  noted  that  the  value  for 
do  is  dependent  upon  our  choice  of  5  (see  the  Ap¬ 
pendix);  however,  td  varies  less  than  25%  for 
order-of-magnitude  change  in  S  for  1 5  |  <  10“2. 
The  choice  of  5  is  simply  an  artificial  way  of  insti¬ 
gating  the  semidassical  numerical  calculation,  and 
reasonable  variations  in  its  value  do  not  strongly  af¬ 
fect  the  results.  The  physical  parameter  is,  then,  do- 
which,  interpreted  on  the  basis  of  (3.1),  is  generated 
through  the  dynamics  caused  by  the  pumping  pro¬ 
cess  and  represents  quantum  SF  initiation.  The  full 
statistical  treatment  for  three-level  superfluorescence 
with  pump  dynamics  included  will  be  presented  in 
another  publication.22 

These  results  emphasize  the  importance  of  the  ini¬ 
tiating  pulse  characteristics  in  SF  pulse  evolution, 
and  the  effect  of  SF  pulse  narrowing  with  approxi¬ 
mate  pulse  shape  invariance  by  increasing  the  initial 
temporal  width  of  the  injected  pulse.  It  is  em¬ 
phasized  that  all  other  parameters,  inducting  the  ini¬ 
tial  value  for  the  injected  puise  on-axis  area,  are 
identical  among  these  sets  of  curves. 

The  initial  radial  width  r0  of  the  injected  pulse 
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dm  varied  and  the  effect  upon  the  SF  pulse  evolu¬ 
tion  is  shown  in  Fig.  3.  There  is  cleeriy  indicated  sa 
optimum  value  for  <•#  far  which  the  SF  peak  intensi¬ 
ty  is  a  maximum  and  the  SF  temporal  width  r,  is  a 
minimum.  If  the  relation  (2.18)  is  used  in  conjunc¬ 
tion  with  the  values  of  the  parameters  given  in  Fig. 
S  and  its  caption,  it  is  seen  that  optimization  occurs 
for  a  value  for  the  conventional  Fresnel  number  Fx 
for  the  SF  transition  P,m  1.  Thus  from  (2.18)  and 
Famlt  we  have 

-F~-— -*-,r  (3.3) 

for  the  gain-length  Fresnel  number.  Since  Ft~l/z, 
the  implication  is  that  Eq.  (3J)  gives  the  penetration 
depth  Zm  at  which  the  SF  peak  intensity  reaches  a 
maximum  in  terms  of  the  ratio  yt/g,.  Since  this 
takes  both  transverse  and  diffraction  explicitly  into 
account  as  writ  as  propagation,  this  is  indeed  a  pro¬ 
found  statement. 

Further  insight  into  the  implication  of  (3  J)  can  be 
by  considering  a  one-spactal  dimension 
analogy.  If  the  linear  field  loss  is  taken  to  be  entire¬ 
ly  due  to  diffraction,  then  the  one-dimensional  linear 
loss  k  corresponding  to  the  two-dimensional  case 


FIG.  5.  Radially  iategratad  normalized  intensity  pro¬ 
files  far  the  SF  and  injected  pelses  at  z—SJ-cm  penetra¬ 
tion  depm  for  ss»m  different  valine  for  the  injected  puise 
initial  radial  width  at  half  maximum  The  initial  on- 
aab  area  5,  of  the  injection  pulse  is  9, min  the  SF  effec¬ 
tive  gain  fanlSU  cm'1,  and  the  pump  transition  effec¬ 
tive  pnn  14. &  cm'1.  AO  other  parameters  are  the 

same  as  for  Fig.  2.  The  initial  radial  widths  at  half  max¬ 
imum  for  the  injected  pubes  are  (a)  /■„» 0J7  cm.  (b) 
/■0— 0.43  cm,  (d  /-,w024cm.  <d)  r9m  0.18  cm,  (el  0.13 
cm,  <D  rowail  cm.  and  (g)  r„»0.09  cm.  The  corre¬ 
sponding  geometrical  Fraud  numbers  are  la)  F,«S. 46, 
(b)  F,m *.79,  (o)  F,-l.*7.  (d)  F.-aSJ.  te>  F,-aS7.  (f) 
F,wa33.snd<|)F,-a2I. 


specified  yy,  is  given  by 


Then,frc  i  (2.17), 

.*>  ^  03) 

j 

is  the  eff  :tive  gain  g,  to  lass  r,  ratio.  Front  the 
condition  3J), 

z _ *  e,"1),  (3.6) 

iA,  r _ i  the  penetration  depth  at  which  the  SF 

peak  inte  ity  isa  maximum  and  corresponds  to  one 
effective  ffraction  length,  as  defined  by  (3.4).  Car¬ 
rying  the  no-dimensional  analogy  one  step  further, 
(3  J)  used  s  (2.18)  gives 

F»(*  r* .  (3.7) 

From  (3..  and  (3.7)  we  have  exhibited  the  signifi¬ 

cance  of  e  Fresnel  numbers  y  and  F  in  terms  of 
diffractio  lass,  i.e*  y  can  be  thought  of  as  gain  to 
loss  ratio.  2q.  (3.3),  whereas  F  can  correspondingly 
be  though  of  as  the  reciprocal  of  the  strength  of  the 
diffractio;  loss,  Eq.  (3.7). 

The  eff  ;t  on  SF  pulse  evolution  of  variation  of 
the  initia  radial  shape  of  the  initiating  pulse  is 
shown  in  ig.  6.  The  shape  parameter  v  is  defined 
in  terms  c  the  initial  condition  for  the  pump  transi¬ 
tion  field  aptitude  a*x(ri: 

e»ic(r)  ®*(0)expC— (r/r,n  •  (3.8) 

Thus  for  =*2,  the  initial  amplitude  of  the  injected 
pulse  is  ra  ally  Gaussian,  whereas  for  v*4,  it  is  ra¬ 
dially  sup  '-Gaussian.  We  see  from  the  results 
presented  Fig,  6  that  as  the  initial  radial  shape  of 
tbeinjecte  poise  becomes  broader,  i.e^  larger  values 
for  v,  the  eak  intensity  of  the  SF  pulse  generated 
becomes  k  per,  and  the  width  r,  and  delay  time  r0, 
diminish,  t  is  emphasized  that  all  other  parame¬ 
ters,  inch*  ng  the  initial  values  for  the  radial  and 
temporal  *.  dtha  are  invariant  among  these  sets  of 
curves. 

Thus  if  he  initial  radial  shape  of  the  injected 
pulse  is  is  iulated  from  one  injection  to  the  next, 
the  SF  ten-  oral  width  and  delay  time  r0  are  corre¬ 
spondingly  nodulated  as  well  as  the  SF  peak  inten¬ 
sity.  Com  aondingly,  the  coherence  and  initial  ra¬ 
dial  shape  :  the  pomp  pulse  caimct.  with  validity, 
be  ignored  n  interpretation  of  SF  experiments  in 
terms  of  r,  nd  r0. 

Whereas  he  initial  on-axis  area  for  the  pumping 
pulse  was  t  for  the  results  shown  in  Fig.  6,  the 
identical  o  didons  and  parameters  were  imposed, 
but  the  ini i  i  on-axis  pump-pulse  area  was  changed 
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FIO.  &  Radially  integrated  aormaliand  intensity  pro¬ 
files  ibr  the  SF  and  injected  pubes  at  x«JJ-cin- 
pencttaiiMdspd^wfoar  different  values  for  the  injected 
pub*  initial  radial  shape  panmeter  v  (see  test).  The  ini¬ 
tial  ou-axb  ana  0,  of  the  injected  pula*  is  9,~2v,  and 
the  SP  effective  pin  |,«7MJ  cm"',  whereas  the  effec¬ 
tive  gain  for  the  pump  transition  g,— 146  cm"'.  Anoth¬ 
er  panaacten  an  the  same  aa  for  Fig.  2.  The  initial  radi¬ 
al  shape  paramenia  for  the  injected  pulses  inlAJyal, 
CB)  v— 2,  (Q  v— 3,  and  (D)  v— 4. 

to  9,  — 3w,  and  the  results  an  shown  in  Fig.  7.  It  is 
seen  that  the  mayor  effect  of  changing  the  initial 
on-exis  ana  Cram  2a-  to  3*  is  to  cause  more  ringing 
in  the  SF  poises  and  to  modify  the  pump-pulse  tem¬ 
poral  reshaping  aa  is  noted  by  comparing  Fig.  7  with 
fig.fi. 

The  responae  of  SF  poise  evolution  to  changes  in 
the  initial  temporal  shape  of  the  injection  pulse  is 
shown  in  fig.  8.  which  compares  the  effect  of  a 


FIG.  7.  Radially  integrated  normalised  intensity  pro¬ 
files  for  the  SF  and  injected  pulses  at  r— JJ-crn  penetra¬ 
tion  depth  for  four  different  values  for  the  injected  pulse 
initial  radial  shape  parameter  v  (see  test).  The  initial  on- 
axis  area  9f  of  the  injected  pulse  is  0,-3*.  All  other 
perimeters  am  the  same  aa  for  Fig.  6. 
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FIG.  S.  Radially  integrated  normalised  intensity  pro¬ 
files  for  the  SF  and  injected  pulses  at  r— JJ-cm  penetra¬ 
tion  depth  for  two  different  values  for  the  injected  pulse 
initial  temporal  shape  parameter  <r  (see  text).  The  initial 
on-axis  arm  9,  of  the  injected  pulse  is  0,— 2tr,  and  the  SF 
effective  gain  g, —641.7  cm"1.  All  other  parameters  are 
the  same  as  for  Fig.  3(c).  The  initial  radial  shape  parame¬ 
ters  for  the  injected  pulses  are  (A)  <r— 2  and  (B)  <7—4. 


Gaussian  initial  temporal  shape  for  the  pump  pulse, 
identified  by  the  temporal  shape  parameter  <7—2 
with  that  of  a  super-Gaussian  identified  by  <7—4. 
As  for  the  radial  distribution  discussed  previously, 
the  temporal  shape  parameter  a  is  defined  in  terms 
of  the  initial  condition  for  the  pump  transition  field 
amplitude  aig(r), 

aigCr)— a»*(0)exp[  — (r/r,)#]  .  (3-9) 

Again,  it  is  sees  that  the  broader  initial  pump  pulse 
causes  an  increase  in  the  peak  SF  intensity  and  a 
reduction  in  the  delay  time  ra  and  SF  pulse  width 

Tt. 

Whereas  the  results  of  fig.  8  correspond  to  an  ini¬ 
tial  on-axis  area  0,  —  2*r  for  the  pump  pulse;  the  re¬ 
sults  of  fig.  9  correspond  to  identical  conditions  and 
values  for  the  parameters  as  those  for  fig.  3;  except 
that  tile  initial  on-axis  area  for  the  injection  pulse  is 
0,-3*. 

The  effect  of  changing  the  effective  gain  for  the 
SF  transition  g,  and  hence  the  relative  oscillator 
strength  between  the  SF  transition  and  the  pump 
transition  is  demonstrated  in  the  results  of  Figs. 
10—13.  Each  of  these  figures  corresponds  to  a  dif¬ 
ferent  on-axis  initial  area  0,  for  the  injection  pulse. 
Consistent  among  the  entire  set  of  results  is  that  in¬ 
creasing  the  effective  gain  g,  results  in  a  nearly 
linear  increase  in  the  SF  peak  intensity  as  well  as  de¬ 
crease  in  the  delay  time  r0.  Also,  the  smaller  area 
initiating  pulse  causes  a  narrower  SF  pulse  to  evolve 
and  with  apparently  less  ringing. 
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FIG.  9.  Radially  integrated  normalized  intensity  pro¬ 
files  for  tbs  3F  and  injected  pubes  at  *— 5.3-cm  penetra¬ 
tion  depth  for  two  different  values  for  the  injected  poise 
initial  temporal  shape  parameter  a  (sea  tan).  The  initial 
oa-axis  are a  9r  at  the  injected  poise  b  0,-3*.  Ail  other 
parameters  are  the  same  aa  for  Fig.  i.  The  initial  radial 
shape  parameters  for  the  injected  poises  are  (A)  <r— 2  and 
(B)<r-4. 


Figure  14  shoots  the  effect  of  variation  of  the  den¬ 
sity  p  of  active  atoms-  The  effective  gains  g,  and  g0 
ate  dunged  proportionally,  corresponding  to  a  den¬ 
sity  variation  p.  The  ratio  of  the  SF  intensities  is 
/,//*»  1.76  and  /*//,-■  ZD6;  these  ratios  an  larger 
than  the  cocrctponding  density  ratios  squared, 
'  V»»/p»)**,l-40  and  (/»»//».)*■»  1.49.  This  difference 
from  the  predictions  front  previous  theories  of 


FIG.  10.  Radially  integrated  normalized  intensity  pro¬ 
film  for  the  SP  and  injected  pulses  at  s— 3-3-cm  penetra¬ 
tion  depth  for  three  different  vaiuee  for  the  SF  transition 
effective  gain  },  The  on-axis  initial  area  9,  for  the  inject¬ 
ed  pebe  is  0,  — All  other  parameters  are  the  seme  as 
those  for  Fig.  34c).  The  SF  tranailioa  effective  gain  is  (a) 
£—323.0  cm'*1,  lb)  £—641.7  an'1,  and  (c)  £— 73SJ 
cm”1. 


FIG.  II.  Radially  integrated  normalized  intensity  pro* 
fikf  for  the  SF  and  injected  pulses  at  z— SJ-cm  penetra¬ 
tion  depth  for  three  different  values  for  the  SF  transition 
effective  gain  £.  The  on-axis  initial  area  9,  far  the  inject¬ 
ed  pulse  is  0,-2*.  All  other  parameters  are  the  same  aa 
for  Fig.  10. 

SF1"1  may  be  due  to  self-focusing,  especially  since 

the  values  of  the  effective  gsina  used  in- this- case  arc. - 

quite  high.  However,  the  ratio  of  the  temporal 
widths  r„  FWHM,  are  within  13%  of  the  corre¬ 
sponding  inverse  ratios  of  the  densities;  the  same  is 
true  for  the  delay  time  rD  of  the  SF  intensity  peak 
with  respect  to  the  pump  intensity  peak.  These  re¬ 
sults  compare  qualitatively  reasonably  well  with  the 
mean-field  predictions  for  SF  in  two-level  systems 
initially  prepared  in  a  state  of  complete  inversion.1 

A  comparison  of  the  effects  upon  the  injection 
pulse  of  variation  in  oscillator  strengths  between  the 


FIG.  12.  Radially  integrated  normalized  intensity  pro¬ 
files  for  the  SF  and  injected  pulses  at  t— 5.3-cm  penetra¬ 
tion  depth  for  three  different  values  for  the  SF  transition 
effective  gain  £.  The  oo-axis  initial  area  9,  for  the  inject¬ 
ed  pulse  is  0,-3*.  All  other  parameters  are  the  same  as 
for  Ftg.  10. 


FIG.  13.  1 — T  -t  -mnffiral  intMity  pm 

(Dm  for  the  SF  aad  iajactad  peh*s  penetra¬ 

tion  depth  for  three  different  values  ftrtteSF  transition 
affective  pin  g^  The  ombi  initial  mb^  far  tbs  inject¬ 
ed  pal ae  is  8,m Aw.  AO  other  ynw an  the  mm  m 
for  Fig.  10. 

SF  and  pump  transition  (variation  rf*}  as  contrast¬ 
ed  to  effects  upon  the  pump  putan-af  a  density  varia¬ 
tion  (variation  of  both  gp  aod  *  proportionally)  is 
given  in  Figs.  15  and  16,  respectively.  It  is  seen  that 
the  respective  effects  in  the  ptimp  petie  reshaping 
are  quite  distinct.  The  variation  in  <wiii«v» 


FIG.  15.  Radially  integrated  normalized  intensity  pro¬ 
file*  for  the  SF  and  injected  pulse*  at  x— 34-cm  penetra¬ 
tion  dopch  Cor  foer  different  value*  for  the  SF  transition 
rffective  gain  tr  The  Initial  oouh  area  for  the  injected 
pulse  is  9,—*,  aad  the  effective  gain  for  the  pump  transi¬ 
tion  g,— 174  cm*1.  Except  far  the  effective  gain  *,  alt 
ocher  parameter*  an  the  mm  m  those  for  Fig.  3(c).  The-' 
SF  transition  effective  gain  *  for  each  set  of  curves  is  (a) 
1,-291.7  cm-',  (hi  *-408.3  an*',  (d  *-525.0  cm-*, 
and  (d)*— 641.7  cm"1. 


strengths.  Fig.  15,  essentially  causes  "hole  bunting’1 


FIG.  14.  Radially  integrated  —— a»-<  intensity  pro¬ 
files  for  the  SF  and  injected  pulses  at  x— 34-cm  penetra¬ 
tion  depth  for  three  different  valuM  Ear  the  density  p  of 
atoms.  The  on-axis  initial  area  9,  for  the  injected  pulse  is 
9,-2*.  Except  for  the  effective  gaonand  Fresnel  num¬ 
bers,  the  values  for  all  other  panaceas  are  the  same  as 
for  Fig.  1(c).  For  each  set  of  curve*,  the  gain  value*  are 
Art  *—325.0  cm"',  *-26.3  cm"';  id  *-641.7  cm"1, 
X,— 32.1  cm"';  and  (d)  *-738.3  on"*.  *-37.9  cm"'. 
The  corresponding  Fresnel  numbers  am  (b)  ? , — 23  992. 
F-,— 4100;  (c)  .S'", -31 724,  ^,-3010;  and  (d) 

^-37434,^,-3922. 


FIG.  16-  Radially  integrated  normalized  intensity  pro¬ 
files  for  the  SF  and  injected  pulse  at  r— 3. 3-cra  penetra¬ 
tion  depth  for  four  different  value*  for  the  density  p  of 
atoms.  The  on-axis  initial  area  9,  for  the.  injected  pulse  is 
9,  —  v.  Except  for  the  effective  gains  and  Fresnel  num¬ 
bers,  the  value*  for  ail  other  parameters  are  the  saM  as 
for  Fig.  3(d.  For  each  set  of  curves,  the  gain  value*  aw 
(a)  *-291.7  cm"',  *-174  cm"';  (b)  *-4084  cm"', 
*—244  cm"1;  (d  *-323.0  cm”1,  *—314  cm"1;  and 
<d)  *—641.7  cm"1,  *—384  cm"1.  The  corresponding 
Fresnel  number*  are  (a)  .F,— 17296,  4r,-2278;  (b) 
24212,  .7,-3188;  <d  7,-31  130,  7,-4100;  and 
Id)  7,-38048,  7,-5010. 
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in  the  following  edge  of  the  pump  pulse,  whereas  the 
variation  in  density,  Fig.  16,  affects  the  whole  pump 
poise  i  This  contrast  has  an  analogy  as  an  inhomo* 
tens  Fig.  13,  as  opposed  to  a  homogeneous.  Fig. 
16,  effect  on  the  pump  pulse:  This  effect  might  be 
need  for  the  purposes  of  poise  shaping  under  suit* 

Shown  in  Fig.  17  is  the  transverse  integrated  SF 
poise  intensity  versus  retarded  time  r  (carve  2)  to* 
getfaer  with  the  transverse  integrated  pump»pulse  in* 
tensity  versos  r  (curve  1)  for  s  gain  and  propagation 
depth  choaen  so  that  the  pulses  temporally  overlap. 
Under  these  conditions  the  two  puli  re  strongly  in* 
tenet  with  each  other  via  the  nonlinear  medium, 
end  the  two-photon  processes  (resonant,  coherent 
Raman— RCR1,  which  transfer  populations  directly 
between  levels  e2  end  f\,  make  strong  contributions 
to  the  mutual  pulse  development/  The  importance 
of  the  RCR  in  SF  dynamical  evolution  in  an  optical¬ 
ly  pumped  three-level  system  was  pointed  out  for 
the  first  time  in  Ref.  4.  Indeed,  the  SF  pulse  evolu¬ 
tion  demonstrated  here  has  greater  nonlinearity  than 
SF  in  a  two-level  system  which  has  been  prepared 
initially  by  an  impulse  excitation.  What  is  remark* 
able  is  that  this  is  an  example  where  the  SF  pulse 
temporal  width  r,  is  much  leas  than  the  pump  width 
rr  even  though  the  two  pulses  temporally  overlap, 
in,  the  SF  process  gets  started  late  and  terminates 
early  with  respect  to  the  pump  time  duration. 
Pulses  of  this  type  have  been  observed13  in  COr 
pumped  CHjF. 

The  remaining  figures  are  isometric  represeata- 


FIG.  17.  Radially  integrated  intensity  profiles,  in  umts 
at  Rabi  frequency,  for  the  SF  (2)  and  injected  pulse  (1)  at 
a  penetration  depth  of  r— 5.3  cm.  The  effective  gain  for 
the  pump  transition  and  the  SF  transition  are  « 17 
car"1  and  y, —641.7  cm-1,  respectively.  The  initial  on- 
axis  am  for  the  injected  pulse  is  9,  *».  All  other  param¬ 
eters  are  the  same  as  for  Fig.  2. 


ttons  of  pump- pulse  and  SF  pulse  copropagation  and 
interaction  via  the  nonlinear  medium.  These  figures 
exhibit  details  of  the  dynamic  mutual  pulse  reshap¬ 
ing,  self-focusing  and  defocusing  during  SF  buildup. 

The  pulse  intensities  as  functions  of  the  radial 
coordinate  p  and  retarded  time  r  are  presented  in 
Figs.  IS  and  19  for  two  different  penetrations  z— 4.4 
cm  and  z— 5J  cm,  respectively,  into  the  high  gain 
medium.  The  injected  pulse  is  initially  radially  and 
temporally  Gaussian.  Both  the  pump  pulse  and  the 
SF  pulse  are  sea  to  exhibit  considerable  self* 
defocusing  with  ringing  following  the  main  SF  peak. 
At  the  larger  penetration.  Fig.  19.  a  large  postpulse 
appears  in  both  the  pump  and  SF  pulse  propagation. 
This  is  due  to  energy  feedback  from  the  SF  to  the 
pump  transition.  The  postpuises  overlap,  and  so  the 
two-photon  RCR  effects  are  active  and  quite  signifi¬ 
cant  in  the  dynamic  evolution  and  coupling  between 
the  pump  and  SF  pulses.  This  effect  is  due  entirely 
to  the  coherence  in  the  dynamical  evolution  of  the 
system. 

Portrayed  in  Figs.  20  and  21  are  isometric  repre¬ 
sentations  for  the  radial  and  temporal  dependence  of 
the  copropagating  injected  and  SF  pulses  for  two 
different  initial  shape  distributions  for  the  pump 
pulse:  In  the  first  case.  Fig.  20,  the  initial  temporal 
distribution  of  the  injected  pulse  is  Gaussian, 
whereas  the  initial  radial  distribution  is  character¬ 
ized  by  the  parameter  v— 3,  Eq.  (3.8).  It  is  observed 
that  the  injected  pulse  has  undergone  considerable 
reshaping,  due  to  propagation,  to  a  more  Gaussian 
radial  distribution,  and  the  SF  pulse  exhibits  strong 
self-defoc  using  in  the  wings  of  the  tail  region.  In 
the  second  case.  Fig.  21,  the  initial  radial  distribu¬ 
tion  of  the  injected  pulse  is  Gaussian,  whereas  the 
initial  temporal  distribution  is  half-Gaussian,  with 
the  sharp  temporal  cutoff  on  the  following  temporal 
half-section  of  the  pulse.  The  SF  pulse  rises  ex¬ 
tremely  sharply,  in  comparison  to  the  other  cases 
analyzed,  and  tapes  off  with  strong  self-defoc  using 
indicated  is  the  wings  of  the  pulse  tail.  Pump 
pulses  of  this  type  are  generated  using  a  plasma 
switch10  and  the  corresponding  SF  pulses  with  steep 
rise  have  been  obmrved. 

IV.  CONCLUSIONS 

The  effects  presated  here  clearly  demonstrate  the 
coherence  and  deterministic  effects  on  SF  pulse  evo¬ 
lution  of  injection  pump-puise  characteristics  and 
conditions  in  the  regime  r?  <r>.  It  is  suggested  that 
effects  of  the  type  discussed  here  may  have  in  fact 
been  operative  in  SF  experiments  and  their  results 
which  were  published  earlier.5*10  The  pump  pulse 
was  taken  as  purely  coherent  in  these  calculations. 
To  determine  whether  or  not  effects  of  the  nature 
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tion  between  mo  copropa gating  pulses  resonantly, 
as  well  as  aooresonaatly,  interacting  by  a  nonlinear 
medium.  - 
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APPENDIX 

We  must  choose  the  initial  conditions  self* 
consistently.  We  wish  to  establish  a  small,  but 
nonzero,  uniform  initial  transverse  polarization  S  for 
the  3—2  transition.  For  self-consistency,  this  corre¬ 
sponds  to  initial  population  depletion  e  of  the 
ground-state  population,  consistent  with  (2.13)  and 
Eqs.  (2.10). 

hi  terms  of  initial  population  numbers  Nk, 


fFjj-Nj-lV,, 

(Al) 

(A2) 

We  choose 

* 

1 

— 

II 

(A3) 

t  small  and  positive  and  impose  the  ansatz 

Un  *psin5sind,  , 

(A4) 

KM*psin5cotd,  , 

(A3) 

and  let 

p»*i  Ni/N|«l. 

(A6) 

The  condition  (A6)  means  essentially  that  iV3  at 
and  JVj»a  Equations  (At),  (A4),  and  (A3)  under 
condition  (A6)  become 

Uami5 , 

(AT) 

ynm«6 COS*,  , 

(A3) 

fPnm*cxa6  . 

(A9) 

Our  uniform  initial  conditions  are  just  the  condi¬ 
tions  which  led  to  the  linearized  mean-field  equa¬ 
tions  in  the  small  fluorescence  signal  regime  of  Ref. 
4,  Eqs.  (4.14c)— <4.14f).  Initially,  the  pump  field 
amplitude  0***0,  and  these  equations  of  motion  be¬ 
come 


u*  —  ia/2ATXlt , 

(A  10) 

jim—2JaArRj  , 

(All) 

12*— 2 ietAj-Rj , 

(A12) 

and  At  is  the  initial  fluorescence  field  amplitude; 
a*gt ttYu  and  *  is  the  linear  fluorescence  ftdd  loss. 
We  let 

R^Wn, 

and  initially, 

.  (A14) 

of 


The  condition  (A14)  in  (A13)  gives 

At--—Ru  .  (A15) 

K 


Using  (A13)  and  (A14)  to  eliminate  the  field  am¬ 
plitude^  from  Eqs.  (A10)— (A13),  we  get 

•  a * 

Rjia*~'~2^RuRi2  * 

(A16) 

h3j2  , 

(A17) 

_ (A18) 

Dividing  (A17)  by  (A16), 

dRu  f?u 

dR»  "  Ru  ' 

(A  19) 

Integrating  (A19), 

(A20) 

where  the  constant  of  integration  haa  been  set  equal 
to  zero.  Thus 

(A21) 

In  terms  of  the  real  variables  defined  by  (2.1  lb),  and 
using  (A21),  we  get 

tfti— 2  yn. 

(A22) 

r»-2U„  . 

(A23) 

From  the  initial  conditions  (Al)— (A6), 

)Pj2»costj*  —  l+2e  . 

(A24) 

Thus 

i7=cos~l(2«— l) , 

(A23) 

and 

Uh  — simj  sin d>  sind,  , 

(A26) 

Fj,  =sim7  cosd^  stij  cosd*  . 

(A27) 

We  have,  therefore,  using  (A9), 
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UdJ) 

option^ 

Ion. 


(AH) 

(A  IS) 
id  am* 

(A  16) 
(A17) 
(A'lS) 

> 

(A  19) 

A20) 

’qua) 


(Alt) 

Ip’ll  , 

(A29> 

Un-ehttB^s-O, 

(A30) 

Ka-«5e t*4,mai  , 

LAID 

since  «e  most  choose  the  phase  such  that 
ao4,«*Q.  Wehave 

v,i-ir«a*,,  _  (A3 2) 

Pn-iyco*,  CA33) 

with  17  given  by  (A25)  sad  chosen  arbitrarily. 
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ABSTRACT 


The  concomitant  effect  of  dynamic  diffraction  coupling  and  quantum  initiation  are  examined  in  two-color 
superfluorescence  SF  with  use  of  a  semi-classical  model  in  which  diffraction  and  transverse  density  variations 
are  rigorously  included.  The  model  consists  of  two  scalar  field  equations  closely  intertwined  in  the  genera¬ 
lized  Bloch  equations  of  a  three-level  atomic  system  of  a  lambda  configuration.  The  medium  is  completely 
inverted.  The  planar  regime  data  accurately  reproduces  Haake  and  Reibold  results  [1]  and  are  in  qualitative 
agreement  with  Florian,  Schwan  and  Schmid  (2]  measurements.  Feld's  [3]  propagational  model  is  also  shown 
to  be  relevant  to  the  physical  interpretation  and  modeling  as  it  was  for  the  two-level  [4]  case  studied  by 
Mattar,  Gibbs,  McCall  and  Feld.  A  synchronization  of  the  delays  associated  with  the  two-color  SF  pulses 
is  always  achieved  in  the  plane  wave,  thus  confirming  Eberly  et  al.’s  simulation  [5]  predictions.  Moreover, 
when  you  refine  the  model  to  include  phase  and  transverse  variation  the  synchronization  is  reduced  from  95% 
to  65%  of  the  number  of  shots  depending  on  the  value  of  the  Fresnel  number  per  gain  length  F .  The  variance 
of  delay  difference  has  been  calculated  as  a  function  of  F  [6].  The  computational  model  combines  the  implicit 
features  of  the  double  coherent  transient  analysis  of  Mattar  and  Eberly  [7]  and  the  pump  dynamic  reshaping 
on  SF  evolution  of  Mattar  and  Bowden  [81 .  The  Fresnel  dependencies  results  of  the  fluctuations  are  consis¬ 
tent  with  those  of  the  two-level  counterpart  [9]. 


Classical  Equations  of  Motion  and  Computational  Method 


The  calculation  of  SF  pulse  evolution  in  the  nonlinear  regime  is  necessarily  a  calculaticnal  problem  if 
propagation  is  explicitly  included.  We  use  an  algorithm  presented  elsewhere [10-12]  and  the  model  defined  by 
the  equations  of  motion  to  analyze  the  affects  of  coherent  pump  dynamics,  propagation,  transverse  and 
diffraction  effects  on  SF  emission.  To  facilitate  numerical  calculation,  the  equations  of  motion  are  taken  in 
their  factorized,  semiclassical  form  with  the  field  operator  replaced  by  its  classical  representation  which  is 
described  by  Maxwell's  equation.  The  two  fluorescence  field  operator  are  determined  dynamically  and 
specially  in  retarded  time,  by  initial  and  boundary  conditions  and  the  equations  (The  variables  transfor¬ 
mations  and  normalization  are  identical  to  these  for  the  two-level  SF  study) 


'ib' 


a,b 


G.  . 

a  ,b 


Re  {  Ea>b  exp  [  i  lu^t  -  K>fba)  ]  } 

Re  {  i?a,b  ***  [  1  *  K3.-o3)  1  5 

?a,b  =  5a,b^,b 


t  »2(t  -  Z/O/djfc+V 


(2) 

(3) 

(5) 

(6) 


where  Ea  ^  and  Pa  ^  are  the  slowly  varying  complex  amplitudes  of  the  electric  field  and  polarization,  respec¬ 
tively;  W  is  the  population  difference;  t  is  the  retarded  time;  na  ^  or  £a  ^  the  normalized  axial  coordinate; 
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If  one  select  l  m  terms  of  the  unit  nanosecond  pulse  duration  i  -  ct  one  recuperates  the  SIF  nor¬ 
malisation  [10,11];  whereas  ;f  one  select  1  =  c :R,  the  two  normalisations  given  tv  aouation  (7)  and  ;S) 
become  equivalent. 
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(j^  b  is  the  transition  dipole  moment  matrix  element;  and  T^'bthe  population  relaxation  and  T2,b'cis  the  polari¬ 
zation  dephasing  times;  T|  the  Doppler  Broadening  time  and  tRa  b  the  radiation  time  for  transition  a  and 
transition  b  respectively 
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Equivalently,  one  solves  nuaerically 
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Diffraction  is  taken  into  account  by  tba  transverse  Laplacian  V| 
13  3 

*  p  §p  (#>  ^  witfc  p  *  r/Cp  for  cylindrical  geoaetry 


(see  ref  [8}> 


(10) 


(12) 


(13) 


(14) 


(15) 


•  «2  ski 

»  gp*  jpr  with  5  *  X/rp  and  5  *  y/tp  for  cartesian  geoaetry  (16) 

f&.  Furthermore,  diffraction  is  also  explicitly  taken  into  account  by  the  boundary  condition  that  p  *  pmav  (or, 

£  »  imax  and  £  *  Cnmy)  corresponds  to  completely  absorbing  walls  (i.e. ,  3pEa  b  -  0  or  3xEa  b  =  ayEa  b  *  0). 
To  insure  that  (1)  the  entire  field  is  accurately  simulated,  (2)  no  artificial  reflections  are  introduced  at  the 
r!y,  numerical  boundary  pMX  »  rp,  and  (3)  fine  diffraction  variations  near  the  axis  are  resolved;  the  sample 
Nji  cross-section  is  divided  into  non-uniform  stretching  cells.47. 10 

to  r 


a  b  *  HTp/\  bL  (17),  the  geometric  Fresnel  number; 


uo 


CN  if  o~  *  tB  (18)  the  on-axis  effective  gain  then  F_  K  =  — K - (19)  is  the  gain  length  Fresnel 

t.-S  A  n  n  c  R  9a-°  \a,ba*‘b 

number,  Fga  b  is  related  to  the  usual  Fresnel  number  F^a  b/Fa  b  *  aRa  faL  (30)((.e.  the  total  gain  of  the 
nedium);  one  can  think  of  Fga  b  as  effective  gain  aRa  b  to  diffraction  loss  rado,  *a*b;  whereas  Fg  b  can 
W  orrespondingly  be  thought  of  as  the  reciprocal  of  the  strength  of  the  diffraction  loss  k.  k  for  a'  length 
M  ,.aV7  *a,b  *  Vb/;<rp 

Id}  Fga.b  9  aRa,b^a,b  (22)  and  Fa,b  *  (*a,b  L>1  t23) 


tt r* 


oR  is  the  effective  Beer  length  as  defined  by  Gibbs  and  Slusher4*  in  S IT  for  sharp  line  atomic  system 
it  with  T2  replaced  by  tR  i.e.  crR  *  tr 
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Transverse  effects  influence  the  SF  pulse  evolution  process  in  two  major  ways,  (as  included  in  the 
equation  of  motion),  one  of  which  is  spatial  averaging.  If  SF  experiments  the  initial  inversion  density  is 
radially  dependent  (see  d  in  the  RHS  of  the  field  equations),  since  the  pump  the  light  pulse  which  inverts 
the  sample  has  typically  a  Gausstan-like  profile.  In  the  absence  of  diffraction  the  resulting  cylinder  of 
inverted  atoms  can  be  thought  of  as  a  set  of  concentric  cylindrical  shells,  each  with  its  own  density,  initial 
conditions  and  delay  time.  The  radiation  is  a  sum  of  plane- wave  intensities;  when  the  entire  output  signal 
is  viewed  the  ringing  averages  out,  resulting  in  an  asymmetric  pulse  with  a  long  tail.15 

A  second  transverse  effect,  diffraction,  becomes  important  in  samples  with  small  Fresnel  number  F  * 
A/AL ,  with  L  the  cylinder  length  and  A  the  cross -section.  This  effect  causes  light  emitted  by  one  shell  to 
affect  the  emission  from  adjacent  shells.  The  Laplacian  terra  couples  together  atoms  in  various  parts  of 
the  cylindrical  cross-section,  so  that  they  tend  to  emit  at  the  J5ame  time.  This  coupling  mechanism  causes 
transverse  energy  flow.  Furthermore,  this  effect  slightly  increases  the  delay  and  reduces  the  tail  and 
asymmetry. 

SF  is  thus  an  inherent  transverse  effect  problem  even  for  large  F  samples  since  the  off-axis  modes  are 
not  discriminated  against.  This  work  is  a  collaboration  with  Gibbs,  McCall  and  Feld  [4]  and  was  the  first 
one  to  correctly  include  this  crucial  element  long  sought  for  [29]. 

The  Matter  model  automatically  includes  the  effects  of  both  spatial  averaging  and  diffraction  coupling. 
The  first  calculations  described  a  geometry  with  cylindrical  symmetry  (two  spatial  dimensions).  Subsequent 
calculations  for  the  two  level  case  have  been  extended  to  the  more  complex  case  where  azimuthal  symmetry  is 
absent  and  two  transverse  dimensions  are  required  [3].  The  latter  model  is  needed  to  describe  short-scale- 
length  phase  and  amplitude  fluctuations  which  result  In  multiple  transverse  mode  initiation  and  lead  to  multi¬ 
directional  output  with  hot  spots,  "his  effect  is  only  important  in  samples  with  large  Fresnel  numbers,  since 
diffraction  singles  out  a  smooth  phase  front  in  small  F  samples. 

However,  for  the  three  level  case  we  have  for  the  moment  limited  our  analysis  to  cylindrical  geometry 
and  left  cartesian  calculation  for  future  work. 


\  b  *  =  8nr0/3n8A lfbL 


a,b,c  »,bc 

*i  =  2T,/(tRa  +  tR(>)  (i.e.,  the  normalisation  time  x^  =  ^  (t^  +  rRb) 

a  ,b  a,b 

t*  -  2T,/(tSa  ♦  rRb) 


a  ♦  t„b) 

•^a.b  *  1/2  (,UQa,b  *  “i,b)/(tRa  +  XRb* 


S  g(.!Q)  d(0Q)  »  Jn~ / 1$)  J  ax p  {  -  f(dfl)t*]  }  d(dfl)  *  1 
••  2 


d  >  exp  [  -  (p/p,,)-]  a 


d  *  1  ,  uniform  density 

for  m  >  0  the  radial  population  density  distribution  for  active  atoms  is  variable,  say,  for  an  atomic  beam 
m  3  2  ,  gaussian  density  profile 

m  »  4  ,  3uper-gaussian  density  profile 

m  =  S  ,  hyper-gaussian  density  profile 

p„  is  (I/e)  radius  of  the  atomic  density  N  distribution 
The  relationships  of  and  leads  directly  to 


A 3  noted  previously  in  the  plane  wave  regime,  a  universal  scaling  of  the  equation  exists.  The  gain 
length  Fresnel  number  F^  qualifies  the  competition  between  diffraction  (i.e.,  transverse  effects)  and  the 

nonlinear  gain  of  the  SF  system  as  it  did  in  SIT25.  Drummond  and  EJaerly51  also  recently  recognized  this 
scaling. 


*  Energy  consideration  for  sharp  line  g(afl)  3  5(4u») 

VWe*  *  VW  +  VV*  “  d(Ea*?a  +  W> 


(32) 


-*  t£T  >  WVW  +  VV*  ■  <*  <  3^  (ESpb  +  W 


(33) 


Sueaing  up  for  orRb  *  cr^ 


(34) 


y  •  JTot  3  -  2<»  IV.  ♦  cw.-d/t?  ♦  atwb  ♦  (V»)/^l 

with  JTot  having  both  longitudinal  J^,b  and  transverse  (J^,h  (or,  equivalently  JA,b  and  JA,b))  components; 
when  using  the  polar  representation  of  the  complex  envelope,  we  have 


Vb  *  A.,b  ***  (iVb> 


(35) 


Jz  *  AJ,b 


and 


*fb 


2iFJ»,b  AJ,b  Va,b 


(36) 
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for  cylindrical  geosetry  J.  *  2if  ,  A*  »  /3p  (37)  whereas  for  Cartesian  geosetry 

i  |D  l|D  1»D 

a,b 


J*’“  2  fg.,b  A*  Va.b  *“dJy 


*  2  Fga,b  A2,b  V*.b 


(38) 


I 


a,b  a,b 

The  components  J2  and  JT  represents  the  longitudinal  and  transverse  energy  current  flow.  Thus,  the  exis¬ 
tence  of  transverse  energy  flow  is  clearly  associated  with  the  radial  variation  of  the  phase  *  .  of  the 

a  b 

complex  field  amplitude.  When  JT  '  in  negative  (i.e.,  V-e  h  >  0],  self-induced  focusing  dominates  dif¬ 
fraction  spreading.  1  1  *' 


form: 


One  may  rewrite  the  energy  continuity  equation,  Eq.  (20)  in  the  laboratory  frame  to  recover  its  familiar 


V  *  J_  .  »  -  d  {  I-  [2(w  +w  )  ♦  -1 —  a2  +  - - — 

Tot  3t  a  *'  ct^  a  ct^ 


A2  ]  -  (Wa  -  I)/tf  -  (Wb  -  1)/Ti} 


(39) 


It  is  noteworthy  that  the  two  scalar  field  equations  appear  to  be  uncoupled.  Nevertheless,  the  two 
fields  are  coupled  through  the  material  equations  [1,7,8]  where  the  cross-coupling  appears  explicity.  The 
inertial  response  of  the  resonant  three-level  atoms  closely  and  tightly  interweaves  the  two  waves  through 
the  parametric  terms. 

Following  [17-19],  we  interpret  the  material  equations  of  motion  as  c-number  representation  of  the 
corresponding  operator  equations. 
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“J*  vc  introduce  the  following  transformation:  f  s  e 'X  f*,  thus 

:-3 


Jt  W  ,  ri  .  f* 

^  *e  at  •  at  YI 


(y  *  f»,.  V  Pc.  v  Yb) 


Thus  vc  obtain: 


P“  8P‘  (Pa-Y,)X  t  <W*  a 
5F  *  e  V.  2'  EbQ 
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Introducing  tbe  notation 


r(x)  a  eYT,  we  get: 
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It  Is  important  to  realize,  that  the  yellow  polarization  Pa  is  driven  not  only  by  the  yellow  field  compo¬ 
nent  Ea  but  also  by  the  red  one,  E^  since  the  product  E^Q  corresponds  to  an  oscillation  at  the  yellow  fre¬ 
quency,  too.  Similarly,  the  product  EaQ*  contributes  to  the  time  rate  of  change  of  the  red  Pb  polarization. 

The  nonlinear  coupling  of  the  yellow  Ea  and  the  red  E^  field  components  just  described  involves  the 

polarization  component  Q.  Note  that,  due  to  the  absence  of  a  corresponding  dipole  moment,  Q  does  not  give 
rise  to  an  electric  field  component  Ec  radiating  at  the  difference  of  the  two  colour. 

The  material  equations  are  subjected  to  the  following  initial  conditions 


a,b  x  wa,b  sin  9°  «P  <*Vb> 


a.b 


w 


a,b 


W2,b 


a.b 
cos  0O 


(47) 


for  an  initially  inverted  medium  W°  . 

a,D 


*  ♦  1.0 


a.b 

0« 


2/Vff 


2/Vno«r^L 


0  <  K  <  2j 

-  a.b  - 


(48) 

(49) 


a.b 


0O  and  ♦  £  are  the  amplitude  and  phase  of  the  average  (i.e.,  deterministic)  uniform  along  the  cell  axis 
initiating  tipping  angle. 


n«(r)  a  n0  exp  [-  «n2(r2/r2)]  (50)  the  inversion  density  with  r  the  HWHM  radius;  L  the  sample  length. 

a  e  ...  v  P 


r2  *  X*  +  y2  (51); 


(il)  Quantum  fluctuations.  The  initiation  process  is  treated  rigorously.  The  emission  begins  bv 
incoherent  spontaneous  emission;  only  the  geometry  of  the  inverted  medium  leads  to  directed  emission*. 
Quantum  effects  occur  during  the  very  beginning  of  the  pulse  evolution  when  the  problem  is  still  linear  i.e. , 
with  coupled  Maxwell-Bloch  solutions.  The  quantum  initiation  is  then  described  by  a  statistical  ensemble  of 
initial  conditions  for  Maxwell-Bloch  solutions.  One  can  adopt  an  Initial  polarization  source  at  each  z  position 
with  random  phase  +  (relative  to  the  coherent  emission  electric  field  which  eventually  develops)  and  with 
tipping  angle  0  which  la  a  bivariate  Gaussian  with  RMS  value  2/VfTwhere  N  is  the  number  of  atoms  in  each 
step  in  2.  There  are  two  experiments  by  Vrehen  et  al.  and  Carlson  et  al.,  that  Indicate  that  0o  is 
about  this  size;  they  show  that  injected  pulses  must  have  input  pulse  areas  larger  than  0O  in  order  to 
shorten  the  SF  delay  time. 


In 


Particular  the  polarization  magnitude  for  each  transition  a  and  b  is  determined  by  a  Gaussian 
distribution  as  outlined  by  Haake  et  al  [13,15j  and  Polder  et  al  [16]  for  the  two-level  system 


P(u,v)dudv  a  exp  [  -fu2-*-*2)/®2  ]  dudv 


(52) 


Wh,er^  “and„v  are  **  transverse  components  of  the  Bloch  vector  (i.e.,  the  real  and  imaginary  part  of  the 
polarization  Pa  or  P^)  and 


o  *  <  02  >1/2  a  2/VS” 


(53) 


th®  C*^ant\“n  lniti»d°n  property  (following  Glauber  &  Haake;  Polder,  Vrehen  Shuurmans1*  and 


Mopi;.  Tne  angular  brackets  denote  an  ensemble  average.  Equation  (2)  is  easily  checked  U3ing 


u2  ♦  v2  a  l  -  w2  -  sin20  -  02 
For  swell  0  as  assuaed  here;  then 


(54) 
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p(d*)del  *  e*p  [  -e^o2  ]  de2 


(55) 


the  probability  that  82  is  less  than  0§  is 


P(82)d82  *  l  -  exp  [  -S2/®2  ] 


So  that  Eq.  (5)  can  be  set  equal  to  1  -  R,  when  R  is  a  random  number  R  between  0  and  1,  or  alternatively 


exp  (-eg/. 


.q.  (5)  can 
a2]  can  be 


set  equal  to  R.  This  leads  to 


00  =  -  (to  ±)1/2  .  (57) 

VS' 

When  the  population  inverted  medium  is  divided  into  smaller  volume  elements,  N  is  replaced  by  the  number  of 
atoms  in  each  volume  element,  i.e., 


8o  *  -§r.  (  to  (  |  )  ] 

fS  n 


is  the  initial  tippling  angle  for  the  ith  volume  element  containing  Nj  atoms.  The  smaller  the  volume  element 
the  larger  the  initial  tipping  angle  and  the  fluctuations  for  that  element,  but  also  the  smaller  their  effect. 


JT  =  »(PA)  * 


exp  [  -  (Pj/Pj,)  1  (  n(piei/2  *  pi-l/2^ 

*  _  -  - 

’tp*i/2  *  e*p  ^Pi,/(V  ^  {'t(p2i+1/2*  p*i+i/2^  ^  +  («*P  [*(pNp/pS^  ^n(p*Hp'p2yp-l/2^ 


With  m  the  index  of  the  exponential  density  distribution  (for  a  gaussian  profile  m  *  2;  for  a  super-gaussian, 
m  »  4;  and  for  a  hyper-gaussian  m  *  6)  and  Np  the  number  of  radial  shell.  If  we  study  large  Fresnel 
numbers  the  geometry  changes  from  cylinder  to  Cartesian  parallelepiped.  The  localized  area  of  the  computa¬ 
tional  cell  becomes  4(xl+1/j  Y[+i/2  *  xi-l/2  yi-l/2^  smaller  the  volume  element  the  larger  the  initial 

tipping  angle  and  the  fluctuations  for  that  element,  but  also  the  smaller  their  effect. 

The  random  numbers  R  used  in  Eq.  (58)  and  the  one  used  in  defining  4a  b  between  0  and  2n  are 

uniform;  they  are  obtained  from  a  table  of  random  numbers.  The  starting  address  in  the  table  is  changed  at 
the  beginning  of  each  run  to  simulate  the  variation  from  shot-tc-shot. 

B.  Delay  Time  Fluctuations 

For  each  colour,  one  can  construct  a  histogram  showing  the  fluctuations  in  delay  time  tD  when  quantum 
fluctuations  are  included  in  the  plane-wave  approximation.  The  associated  standard  deviation  is  given  by 


o(tD  ) 


*  (xd  -  V2/** 


f  1  ±  -  }  with  NR  the  number  of  runs  with  .  =  <ln  .  >  (61) 

jygZ"  Da.b  Da.b 


The  synchronisation  of  the  two  pulse  is  measured  in  term  of  the  fluctuation  of  the  delav  difference;  io 

is  given  as 


a(tD.  *  W 


a(ATD)  (62), 
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ss 


the  normalisation  can  be  done  with  respect  to  <AIq>  the  average  delay  difference 
MR  __ 

qfdtp)  (Atp  -  dtp)2  /NR  1 


or  the  normalisation  can  constructed  versus  the  arithmetic  mean  of  the  two  average  SF  delay  time 


qfAtj,) 

1/2(TDa4'xDb) 


tin  • 

jSl  C^d  -  /!* 


1/2(tDA  *  W 
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Equivalently  the  synchromisation  can  measured  by  the  introduction  of  an  auxilliary  variable  a  la  Haake  and 
Reibold  [1] 

TH  *  1/2  (tDa  *  W  *  1/2  <xDa  +  xDb> 

<...>  denotes  the  average  over  all  the  NR  trajectories.  Two  new  curves  from  the  two-level  SF  counter¬ 
part  can  be  drawn  to  summarize  the  statistical  results.  The  vertical  axis  represents  the  difference  of 
delay,  while  the  horizontal  axis  is  the  new  variable  T^.  Each  cross  corresponds  to  a  particular  pulse  pair 
and  gives  the  difference  and  the  sum  of  the  delay  times  of  the  SFa  (e.g.,  red)  and  the  SFb  (e.q.,  yellow) 

components.  The  cloud  formed  by  the  NR  crosses  indeed  is  a  good  measurement  of  synchronisation  of  the 
two  SF  pulse  as  it  can  be  seen  in  Fig.  7.  The  variance  of  Ai^  and  T^  turn  out  in  agreement  to  Haake  et  al 

[1]  0.96%  and  5.3%  of  the  mean  common  delay,  respectively.  This  variance  of  TH  is  significantly  smaller 

than  the  one  relevant  to  the  Cs  experiment  of  Vrehen  et  al  [17-19].  This  difference  is  due  to  the  larger 
number  of  atoms  (i.e.,  the  larger  gain  g  and  the  smaller  Beer's  length  crD)  used  in  one  present  calculation 
and  to  the  coupling  of  the  two  pulses.  K 

A  second  diagram  summarising  the  statistics,  also  suggested  by  Haake  et  al,  displays  the  ratio  of  the 
maximum  intensities  and  the  ratio  {2(AtD)/(tDa  +  xDb)}  for  a  pulse  pair.  The  cloud  as  shown  in  Fig.  8 

suggest  (1)  that  an  order-of-magnitude  difference  of  the  two  SF  intensity  maximal  is  not  untypical  and  (ii) 
that  within  a  pulse  pair  the  earlier  pulse  tends  to  be  more  intense  than  the  subsequent  one. 

Figure  1  represent  the  three-level  \  atomic  configuration  which  strongly  intertwine  the  two  evolving 
light  beam  each  at  a  different  frequency. 

Figure  2  illustrates  in  the  plane  wave  regime  when  no  quantum  fluctuation  are  considered  of  the  initial 
stage,  how  the  two  SF  pulse  coincide  in  time  (their  delays  are  equal).  Following  Feld  et  al's  [3]  propagation 
theory  one  notice  a  new  manifestation  of  simultaneous  solitons  propagation  (or  simultons,  as  named  by  Eberly 
et  al  [5] ) 

Figure  3  illustrates  how  the  pulse  synchromisation  still  holds  for  uniform  tipping  angle  even  when 
diffraction  is  considered 

Figure  4  illustrates  the  standard  deviation  of  the  delay  difference  o(  Atn)  either  the  delay  difference 
(4a)  or  the  arithmetic  mean  of  the  average  delay  for  each  SF  for  plane  (waveucalculadon  with  various  ohmic 
loss  k.  Even  though  quantum  fluctuation  were  allowed  in  the  initial  process,  which  gave  rise  to  corres¬ 
ponding  fluctuations  as  the  output  characteristic  of  the  SF  pulse,  synchronisation  was  still  achieved  for 
certain  gain  to  loss  ratio 
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0 

8.47  ♦  1.128 

8.94  ♦  1.128 
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9.04  ♦  1.30 

16.22  ♦  2.32 

257.1  +  37.1 

13.27  +  1.895 

3.0434 

27.1  ♦  3.87 

22.15  +  3.16 

211.96  +  30.28 

32.72  +  4.67 

10.657 

33.31  +  4.83 

24.33  *  3.47 

195.55  +  28.22 

34.46  +  4.32 

Figure  5  illustrates  o(Atd  )/<AtD  >  and  c/ATq  )/l/2{<tDa>  ♦  <^^>1  for  a  cylindrical  geometry  con¬ 
figuration  where  both  diffraction  and  gaussian  radial  variation  of  the  atomic  density  are  included.  The 
smaller  the  Fresnel  number,  the  more  unified  the  difference  portions  of  the  beam  act  together  and  super- 
fluoresce  together  (i.e.,  the  standard  deviation  is  minimum).  However,  for  large  Fresnel  number  the  various 
concentric  shells  act  more  independently  from  each  other  leading  to  a  larger  normalized  standard  deviation. 
For  simplicity,  the  gain-length  Fresnel  number  for  both  colour  was  chosen  to  be  equal  (i.e.,  .the  value  of 
the  dipole  moment  pa  b  entering  in  the  calculation  of  aRa  was  such  that  the  product  Aa  b  aRa  was  the 

same  for  both  colours).  This  set  of  calculations  was  set  up  to  compare  with  Haake  et  al  ['ll.  Synchro¬ 
nisation  resulted  for  small  gain  length  Fresnel  number.  The  arithmetic  average  of  the  output  power  is 
displayed  in  Fig.  Sb  to  show  that  the  d-synchronisatian  in  general  is  not  large. 
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Figure  6  illustrates  a  generalisation  of  Fig.  5,  where  no  restriction  were  put  on  the  value  of  the  dipole 
moments  (i.e.,  where  each  colour  will  have  its  own,  geometric  Fresnel  number).  The  effective  gain  lengths 
F  k  *r*  also  differents. 
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Fig.  6b  enhances  the  fact  that  in  this  physical  situation,  where  both  geometric  and  gain  length  Fresnel 
numbers  are  different  for  each  column,  the  de-synchronisation  is  more  important  than  in  the  physical  situ¬ 
ation  of  Fig.  5. 

Figure  7  illustrates  the  delay  statistics  for  SFa,  SFb  and  the  delay  difference  atq  and  common  delays 
Th  as  well  as  the  peak  ratio  for  50  pulse  pairs.  Each  cross  represents  a  pulse  pair  in  a  uniform  plane  wave 
regime  (#660). 


Delay  A 


delay  SF 


Delay  B 


Aritbaetic  average 
Varlaace 

Standard  deviation 
I.S.  SQRT  (VAR  X) 

Total  ouaber  of  Shota 

Haxiaua  value 

Miniaua  value 

Standard  deviation/ 
Aritbaetic  Ave. 


.  74117752E  «•  00 
. 403525 90E  -  01 
.20087954E  +  00 

50 

.  14911260E  *  01 
•23079303E  ♦  00 
(27  ±  3.87)* 


delay  SFb 


Aritbaetic  Average 
Variance 

Standard  deviation 
I.E.  SORT  (VAR  X) 

Total  ouaber  of  Shots 

Maxiaua  value 

hiniaua  value 

Standard  deviation/ 
Arithaetic  Ave. 


. 77272872E  *  00 
.29290073E  -  01 
.17114343E  v  00 

50 

. 14911260E  +  01 
.5795326  E  +  00 
(22.15  ±  3 . 16) X 


Difdel 


delay  difference 
Arithmetic  average 
Variance 


Dtpndt 

DTPNDT  a  2  DinJEL/{(TDa+TDb)-(<xDA>-*-<T1)b>)} 


Standard  deviation 
I.E.  SQRT  (VAR  X) 


-.31551206E  -  01 
•61325926E  -  01 
.24764072 E  +  00 


Arithmetic  Average 
Variance 


Standard  deviation 
I.E.  SQRT  (VAR  X) 


-.1436S178E  ♦  00 
. 209100071E  +  01 
.1446029 IE  *  00 


Total  amber  of  Shots 
Maximum  value 
Mini «BS  value 


Standard  deviation/ 
Arithmetic  Ave. 


50 

•79914203E  ♦  00 
-. 85293 195E  +  00 
(7.85  ±  1.12)% 


Total  number  of  Shots 
Maximum  value 
Minimum  value 


Standard  deviation/ 
Arithmetic  Ave. 


49 

.20552767E  +  01 
-.5795011  E  +  01 
(10.06  i  1.453)% 


Arithmetic  average 


-.31551206E  -  01 


Arithmetic  Average 


-. 14368178E  ♦  00 


Rappk 
Peak  ratio 

Moyenne  Arithmetic  Average 
Variance 

Standard  deviation  I.E.  SQRT (VAR  X) 
Total  number  of  Shots 
Maximum  value 
Minimum  value 

Standard  deviation/ Arithmetic  over 


sVSfb 


- . 20686434E  ♦  00 
. 15611884E  ♦  01 
. 124947S3E  ♦  01 
50 

.  16816556E  *  01 
-.5790247E  ♦  01 
(6.04  ±  0.863)% 


Figure  8  illustrates  the  effect  of  transverse  variations  on  the  statistics  of  SF  delay.  SF  delay  difference 
and  the  ratio  of  the  maximum  intensities  of  a  (for  yellow)  and  b  (for  red)  respectively  as  well  as  the  relative 
delay  time  differences  for  the  generalised  three-dimensional  (#760)  version  of  the  pulse  ensemble  referred  to 
in  Fig.  7. 
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Conclusion 


The  effect  of  transverse  variations  in  the  concomitant  evolution  of  two  superfluorescent  (SF)  emission, 
(each  of  a  different  colour),  is  shown  to  be  important.  In  the  general  case,  the  conclusions  reached  in  the 
uniform  plane  wave  regime,  namely  the  exact  time  coincidence  of  the  two  SF  pulses,  does  not  hold.  How¬ 
ever,  the  de-synchronisation  is  still  smaller  than  any  of  the  SF  output  power  pulse  HMHW  half  maximum  half 
width  as  shown  in  Fig.  5b  and  6b. 
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Figures  Caption 

Fig.  1.  The  atomic  configuration  of  the  three  level  system  initially  inverted  is  shown.  The  pump  dynamics 
effects  are  neglected  in  this  calculation. 

Fig.  2.  (a)  a  plane  wave  superradiance  (average  superfluorescence)  simulation  displaying  the  coincidence 

of  the  two  output  power  as  for  simulton  (simultaneously  propagating  solitons);  (b)  The  coinci¬ 
dence  remains  for  different  linear  losses.  The  two  pulses  (a  and  b)  can  not  be  distinguished  from 
each  other. 

Fig.  3.  (a)  a  two-space  (r,z)  superradiance  calculation  (with  a  uniform  tipping  angle  ala  to  Feld)  is 

shown  ascertaining  the  output  pulse  delay  synchronisation  even  when  transverse  effects  are  con¬ 
sidered  (both  radial  atomic  density  variations  and  Laplacian  coupling  between  the  different  concen¬ 
tric  shells)  for  different  Fresnel  numbers;  (b)  the  arithmetic  average  of  the  two  colour  super- 
fluorescence  output  powers  evolving  from  a  quantum  initiation  are  contrasted  for  a  unity  geometric 
Fresnel  number:  the  peak  delays  are  identical. 

Fig.  4.  The  standard  deviation  of  the  two  colors  superfluorescence  output  power  peak  delay  difference  is 

shown  as  a  function  of  linear  loss  corresponding  to  different  Fresnel  numbers.  The  stronger,  the 
loss  thus  the  weaker  is  the  peak  coincidence. 

Fig.  5.  The  standard  deviation  of  the  delay  difference  normalised  to  either  the  arithmetic  average  differ¬ 
ence  of  delays  (graph  a)  or  the  arithmetic  mean  of  the  two  superfluorescence  delays  (graph  b)  for 
plotted  as  a  function  of  the  gain  Fresnel  number  for  the  particular  case  where  the  product  A  .a  . 
is  the  same  for  both  colors.  a'°  a'D 

Fig.  6.  The  standard  deviation  of  the  delay  difference  normalised  to  the  average  delay  difference  and  to 

the  arithmetic  mean  of  the  average  delay  for  each  colour  is  now  plotted  for  general  transverse 
effects  in  graph  a  and  graph  b  respectively. 

Fig.  7.  In  this  figure,  the  various  histograms  s  corresponding  to  the  plane  wave  situation  namely  the  time 

delay  statistics  for  each  SF  (graphs  a  &  b),  their  delay  difference  (graph  c),  their  weighted  delay 
difference  (graph  d)  and  the  ratio  of  the  two  output  power  peaks  (graph  c)  are  shown.  Graph  f 
and  g  illustrates  a  la  Haake  the  difference  of  delays  and  the  logarithmic  ratio  of  the  peaks. 

Fig.  8.  In  this  figure  the  statistics  corresponding  to  the  physical  situation  studied  with  transverse  effects 

considered  as  in  Fig.  6  are  displayed.  In  particular,  graph  a  and  b  illustrate  the  histograms  for 
the  delay  statistics  for  each  SF,  graph  c  and  d  represents  the  histograms  of  the  delay  difference; 
whereas  graph  e  shows  the  statistics  of  the  ratio  of  the  two  output  power  peaks.  Graph  f  and  g 
display  a  la  Haake  the  delay  difference  versus  T  and  ’DTP.VDT’,  whereas  graph  b  illustrate  the 
logarithm  of  the  peak  ratio  versus  ’DT2DST'. 
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rresncl  variation  of  deterministic  and  quantum  initiation  in  two  and  three  level  supcrfluorescencet 
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Abstract 

Recent  work  is  reviewed  where  dynamic  diffraction  coupling  is  examined  in  Superfluorescence  SF  with  use 
of  a  one-way  semiclassical  model  in  which  diffraction  and  transverse  density  variations  are  rigorously  included. 
The  Cs  data  are  correctly  simulated  for  the  first  time  in  conjunction  with  both  an  average  tipping  angle  and 
quantum  fluctuation  (either  longitudinal  or  transverse)  at  the  initiating  stage.  This  comprehensive  review 
also  encompasses  rigorously  the  effects  of  pump  dynamics  on  the  SF  evolution.  The  terminology  is  unified. 
Specification  of  certain  pump  beam  initial  conditions  at  a  given  frequency  results  in  specific  SF  character¬ 
istics  at  another  frequency  as  recently  observed  in  CH3F  and  Ba.  Pump  dynamics  are  studied  in  both  the 
average  value  of  the  tipping  angle  and  quantum  fluctuation  at  the  initiation  stage. 

Important  Remarks 

At  this  time,  I  wish  to  express  my  appreciation  and  give  credit  to  Gibbs,  McCall  and  Feld  in  the  two-level 
analysis  and  Dr.  C.M.  Bowden  and  Dr.  C.C.  Sung  in  the  three-level  analysis  and  for  their  many  contributions 
in  the  form  of  numerous  relevant  discussions,  preparatory  analytical  work  and  help  in  selecting  details  of 
realistic  models  based  on  their  close  contact  with  laboratory  results.  In  addition.  Dr.  Gibbs 
and  Dr.  C.M.  Bowden's  participation  in  carrying  the  two-level  and  three-level  SF  calculations  respectively 
accelerated  the  rate  of  progress  in  ray  research.  Let  me  take  this  occasion  to  thank  Dr.  Gibbs,  Dr.  McCall, 
Dr.  Feld  and  Dr.  Bowden  for  their  energetic  and  enthusiastic  collaboration. 

Introduction 

Spontaneous  emission  by  an  excited  atom  is  a  random  process  in  which  the  stored  energy  is  emitted  in  the 
natural  lifetime  xsp  of  the  excited  state.  In  1954  Dicke  predicted  that  under  certain  conditions  all  the  energy 

could  be  released  cooperatively  in  a  much  shorter  time  where  N  is  the  effective  number  of  excited 

sp 

atoms.1  In  this  process,  which  he  called  superradiance,  the  atoms  would  decay  cooperatively,  instead  of 
independently.  The  emission  intensity  would  be  then  in  proportion  to  N2,  instead  of  N  as  expected  for 
incoherent  radiation. 

• 

The  concept  of  N2  emission  in  an  array  of  driven  electrical  or  magnetic  dipoles  is  well  known.  For  instance, 
when  the  dipoles  are  confined  to  a  volume  with  linear  dimensions  smaller  than  the  wavelength  of  the  driving 
field  they  oscillate  in  phase.  The  resulting  emission  is  proportional  to  the  square  of  the  number  of  dipoles. 
Such  N2  intensities  have  been  known  in  the  field  of  NMR,  for  example  in  spin  echoes22,  the  pulses  are  much 
shorter  than  the  lifetime  divided  by  N  because  the  lifetime  of  an  individual  spin  is  enormously  long  and  there 
are  always  some  broadening  mechanisms.  Experimental  verification  of  Dicke  superradiance  only  became 
feasible  with  the  advent  of  sources  of  intense  laser  radiation,  albeit  with  volumes  large  compared  to  2  cubic 
wavelengths,  and  resultant  qualifications.  Friedberg  and  Hartmann2  noted  a  high  gain  requirement  to  insure 
that  coherent  decay  processes  dominate  over  incoherent  decay  crL  >  1  and  superradiance  to  occur. 

The  first  experiment  to  demonstrate  Dicke  supcrradiance  was  reported  in  1973  by  Skribanowitz,  Herman, 
MacGillivray  and  Feld  in  rotational  transitions  of  HF  gas.3  Like  all  subsequent  superradiance  experiments'*  3 
a  long  optically  thick  vapor  of  two  level  atoms  (an  HF  rotational  transition  in  this  case)  was  prepared  in  a 
state  of  total  inversion  by  indirectly  (i.e.,  incoherent;  pumping  the  upper  level  with  a  short  light  pulse,  in 
tills  case  via  a  coupled  ground  state  transit  (Fig.  1).  There  is  no  optical  cavity  and  stray  feedback  is 
negligible.  In  the  first  aspect  of  the  paper,  as  in  most  theoretical  treatments,  the  dynamical  effect  of  the 
pump  is  not  considered.  Only  the  relaxation  process  from  the  state  of  complete  inversion  in  a  two-ievei  mani¬ 
fold  is  treated.  After  a  relatively  long  delay,  proportional  to  1/M,  an  intense  pulse  or  radiation  was  emitted 
at  the  superradiarit  transition,  which  totally  de-excited  thc-  r.ample.  The  peak  intensity  was  found  to  be 
proportional  to  N2,  and  the  emission  process  was  completed  in  a  time  six  orders  of  magnitude  smaller  than 
the  radiative  lifetime.  Under  many  experiment  conditions  the  emitted  pulses  exhibited  strong  ringing.  This 
interesting  feature,  ?iot  predicted  by  theories  developed  at  that  time,10  was  attributed  to  propagation 
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effects. These  results  were  interpreted  by  means  of  a  propagation  model  based  on  the  coupled 
Maxwell -Schrodi nger  ("semiclassical")  formalism.3.12  For  simplicity,  the  superradiant  pulse  was  assumed  to 
be  In  the  form  of  a  piane  wave  ("one  dimensional"  model).  The  theory  was  found  to  predict  all  the  observed 
features,  and  be  in  reasonable  agreement  with  the  data. 

A  noteworthy  feature  of  these  experiments  is  that  the  atoms  are  prepared  in  an  inverted  state,  hence 
initially  do  not  possess  a  macroscopic  polarization.  Classically,  the  sample  would  not  radiate  except  in  the 
presence  of  black  body  radiation.  The  triggering  of  the  supperradiant  emission  process  is,  in  fact  a  funda¬ 
mental  quantum  phenomenon,  brought  about  by  random  spontaneous  emission  events  and/or  black  body  radi¬ 
ation.  Hence,  the  consequent  fluctuations  in  delay  time,  peak  intensity,  and  pulse  shape  provide  information 
about  quantum  statistics.3  In  the  semiclassical  propagation  model  these  fluctuations  are  simulated  by  a  small 
initiating  pulse  of  area  ("tipping  angle")  80,  or  by  a  polarization  source  distributed  throughout  the 
medium.13  Oicke  superradiance  emitted  by  an  initially  inverted  sample  is  often  called  superfluorescence 
(SF).14  All  observations  of  Oicke  superradiance  to  date  have  been  of  this  type. 

Following  the  HF  studies,  SF  was  studied  in  several  atomic4  and  molecular5  systems,  and  the  general 
features  of  the  initial  observation  were  confirmed:  pulse  intensities  N2,  pulse  delays  1/N,  and  ringing  (see 
Fig.  2). 

In  1976  Gibbs  and  Vrehen  carried  a  careful  set  of  quantitative  observations  on  the  7P ~  7si/2  transition 

of  atomic  Cs  at  2.33pm  in  a  3KG  magnetic  field.6  The  transition  chosen  was  free  of  M-degencracies  and  the 
experimental  parameters  obeyed  a  set  of  conditions  formulated  in  the  mean  field  theory  (MFT)  approximation 
of  Bonifacio  et  al.14  Mean  field  theories  inherently  excluded  propagation,  and  generally  predicted  "single 
pulse"  (i.e.,  no  ringing)  emission.  The  Cs  experiment  established  the  existence  of  a  regime  of  single  pulse 
emission  (Fig.  3),  in  qualitative  agreement  with  the  MFT,  but  the  observed  pulse  widths  and  delays  did  not 
agree.7  Under  conditions  of  higher  densities,  however,  some  ringing  was  observed. 

Furthermore  the  SF  output  was  shown  to  fluctuate  from  shot  to  shot,  i.e.,  when  the  sample  is  repeatedly 
prepared  with  the  atoms  in  the  excited  state.  These  fluctuations,  both  in  delay  time  and  shape,  are  of 
quantum  origin  (as  it  has  been  shown  by  Haake  et  al.17  and  Vrehen  et  al.18);  they  correspond  to  the  initial 
quantum  uncertainties  in  the  state  of  the  field  and  the  atomic  system.  SF  thus  offers  the  unique  possibility 

of  studying  microscopic  quantum  fluctuation  in  the  time  domain  as  it  was  observed  by  Vrehen  et  al.7*3 

Thus  an  open  question  in  SF  experiments  was  raised:  Why  the  output  pulse  is  sometimes  smooth,  but  at 
other  times  exhibits  multiple  structure  or  ringing.  MacGillivray  and  Feld  prooosed  that  the  lack  of  ringing 
was  due  to  the  non- plane  wave  nature  of  the  evolving  SF  pulse,15.16  but  this  idea  was  not  pursued. 

Another  explanation  put  forth  was  that  the  initial  tipping  angle  e0  is  of  the  order  of  10  *,  which  is  much 
larger  than  the  generally  accepted  value  of  <  10  4.  The  propagational  model  predicted  that  such  a  large 
value  would  greatly  curtail  the  ringing  and  Feduce  the  decay.  However,  a  direct  measurement  of  e0  by 
Vrehen  and  Schuurmans8  showed  that  such  a  large  value  could  be  excluded. 

In  1977  two  quantized  field  treatments  which  rigorously  incorporated  propagation  effects  and  described  the 
quantum  initiation  process,  were  developed  by  Glauber  and  Haake17  and  the  other  by  Polder,  Schuurmans 
and  Vrehen.’8  These  treatments  were  developed  to  describe  the  observed  statistical  fluctuations  and  hope¬ 
fully,  to  account  for  the  lack  of  ringing.  The  predicted  fluctuations  agreed  with  the  Cs  observations  but 
due  to  the  plane  wave  nature  of  the  theory,  the  lack  of  ringing  could  not  be  accounted  for.  These  quantized 
field  treatments  confirmed  the  validity  of  using  the  semiclassical  approach,  and  showed  that  the  quantum 
initiation  process  could  be  properly  included  in  the  propagational  model  by  means  of  a  set  of  initiating  polar¬ 
ization  sources  or  fields  randomly  distributed  throughout  the  medium.19 

By  this  time  it  was  generally  accepted  that  the  lack  of  ringing  was  due  to  the  non-plane  nature  of  the 
evolving  SF  pulse.  Bonifacio,  Farina  and  Narducci20  examined  transverse  effects  in  the  MFT  approximation, 
while  MacGillivray  and  Feld21  (see  Tig.  4)  and  Bullough,  Saunders  and  Feuillacie22  included  a  loss  term  in 
the  Maxwell  equation  to  describe  diffraction.  The  results  of  these  treatments  gave  qualitative  support  to  the 
role  of  diffraction  in  reducing  the  ringing,  but  quantitative  agreement  with  single  pulse  observations  was 
poor. 

Beginning  in  1980,  Mattar,  Gibbs,  McCall  and  Feld23.24  rigorously  extended  the  propagational  model  of  SF 
to  the  non-plane  wave  regime.  Mattar's  model,  which  included  a  transverse  Laplacian  term  in  the  reduced 
Maxwell  equation,  have  been  developed  for  describing  transverse  (i.e.  non-plane  wave)2s  field  variations 
sclf-ir.duced-tranrpsrercy  (SIT);2r  its  validity  has  been  confirmed  by  several  SIT  experiments.27.28  The 
results  of  the  non-plane  wave  SF  analysis  provided  the  first  complete  explanation  of  the  absence  of  ringing 
at  lower  densities  and,  for  the  first  time,  quantitative  agreement  with  the  Cs  experiments  (Fig.  3). 

Transverse  effects  influence  the  SF  pulse  evolution  process  in  two  major  ways,  one  of  which  is  spatial 
averaging.  In  Sr  experiments  the  initial  inversion  density  is  radially  dependent,  since  the  pump  light  pulse 
which  inverts  the  sample  has  typically  a  Gaussian-iikc  profile,  in  the  absence  of  diffraction  the  resulting 
cylinrirr  of  invcrti-u  ..turns  can  be  thought  of  as  a  set  of  concentric  cylindrical  shells,  each  with  its  own 
density,  initml  conditions  and  di-foy  Mine.  The  radiation  is  a  sum  cl  plane-wave  intensities;  when  rhe  entire 
output  sign., I  is  vim-.r-ii  the  ringing  ovei  ages  out,  resulting  in  an  asymmetric  pulse  with  a  long  tail.15 
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A  second  transverse  effect,  diffraction  is  unavoidable  in  any  SF  situation.  Diffraction  becomes  important 
in  samples  with  small' Fresnel  number  F  =  A/XL,  with  L  the  cylinder  length  and  A  the  cross-section.  This 
effect  causes  light  emitted  by  one  shell  to  affect  the  emission  from  adjacent  shells.  It  couples  together  atoms 
in  various  parts  of  the  cylindrical  cross-section,  so  that  they  tend  to  emit  at  the  same  time.  This  coupling 
merhanis*"  causes  transverse  energy  flow.  Furthermore,  this  effect  slightly  increases  the  delay  and  reduces 
the  tail  and  asymmetry. 

SF  is  thus  an  inherent  transverse  effect  problem  even  for  large  F  samples  since  the  off-axis  modes 
develop  amd  diffraction  couples  them  together.  This  work  is  a  collaboration  with  Gibbs,  McCall  and  Feld23-24 
and  was  the  first  one  to  correctly  include  this  crucial  element  long  sought  for.29 

The  propagations!  model  automatically  includes  the  effects  of  both  spatial  averaging  and  diffraction  coupl¬ 
ing.  Tne  first  calculations  described  a  geometry  with  cylindrical  symmetry  (two  spatial  dimensions).  Subse¬ 
quent  calculations  have  been  extended  to  the  more  complex  case  where  azimuthal  symmetry  is  absent  and  two 
transverse  dimensions  are  required.  The  latter  model  is  needed  to  describe  short-scale-length  phase  and 
amplitude  fluctuations  which  result  in  multiple  transverse  mode  initiation  and  lead  to  multi-directional  output 
with  hot  spots.  This  effect  is  only  important  in  samples  with  large  Fresnel  numbers,  since  diffraction  singles 
out  a  smooth  phase  front  in  small  F  samples. 

Pyt«in«inn  of  the  propagational  model  to  include  non-plane  wave  effects  has  many  advantages.  Homogeneous 
and  Doppler  broadening  are  readily  included.  Quantum  fluctuations  are  incorporated  by  means  of  suitable 
random  initial  conditions,  as  in  the  plane  wave  treatment  of  Refs.  17  and  18.  As  shown  in  Fig.  S,  these 
refinements  lead  to  improved  agreement  with  the  experiments.30.32  The  reader  is  referred  to  recent  SF 
reviews  of  both  experimental  and  plane  wave  theory  achievements.32 

The  second  aspect  of  this  article  features  the  effect  of  indirect  pumping  which  produces  the  initial  popu¬ 
lation  inversion  on  the  SF  emission.  In  all  experiments  to  date  a  long  cylindrical  sample  is  pumped  along  its 
axis.  This  gives  rise  to  a  front  of  inversion  density  which  moves  down  the  sample  at  the  speed  of  light.  A 
key  question  was  to  investigate  the  effect  of  gain  to  diffraction-loss  balance34  in  the  swept-gain  case  that  is 
responsible  in  the  plane  wave  regime  for  stabilizing  the  energy  and  power.33 

Furthermore,  as  found  by  Bowden  and  Sung,33  when  tr  is  comparable  or  larger  than  tp  the  process  of 

coherent  optical  pumping  on  a  three-level  system  can  have  dramatic  effects  on  the  SF.  In  particular,  as  the 
SF  pulse  grows  and  propagates  down  the  medium,  its  delay  (relative  to  the  pump  pulse)  decreases.  There¬ 
fore,  in  a  sufficiently  long  sample,  an  overlap  will  occur  between  the  pump  and  the  evolving  pulse,  resulting 
in  a  strong  interaction  which  depletes  the  pump  and  reshapes  the  evolving  pulse  similar  to  the  Raman  process. 

Thus  the  full  nonlinear  co- proportional  aspects  of  the  injected  pump  pulse,  together  with  the  < 

SF  which  evolves  must  be  treated  explicitly  in  the  calculation  as  presented  by  Mattar  and  Bowden.37  To 
analyze  the  pump  dynamics,  the  physical  model  must  encompass  three-level  atoms  instead  of  the  two-level. 

The  A-configuration  is  considered.  The  1  «-*  3  transition  is  induced  by  a  coherent  injection  pulse  of 

frequency  nearly  tuned  to  the  identical  transition.  The  properties  of  this  pumping  pulse  are  specified 

initially  in  terms  of  the  initial  and  boundary  conditions.  The  transition  3  «-*•  2  evolves  by  spontaneous 

emission  at  frequency  w.  It  is  assumed  that  the  energy-level  spacing  is  such  that  e3  >  e2  »  ej  (see  Fig.  1) 

so  that  the  fields  at  frequencies  u>o  and  u>  can  be  treated  by  separate  wave  equations.  However  the  non-  j 

linear  material  closely  intertwines  the  two  fields.  The  energy  levels  2  1  are  not  coupled  radiatively  due 

to  parity  considerations.  Further,  we'  neglect  spontaneous  relaxation  in  the  3  **  1  transition,  and  the 

spontaneous  relaxation  in  the  3  «-*  2  transition  is  simulated  by  the  choice  of  a  small  but  nonzero,  initial 

transverse  polarization  characterized  by  the  parameter  tfro  ~  10  3.  The  initial  condition  is  chosen  consistent 

with  the  particular  choice  of  9  with  nearly  all  the  population  in  the  ground  state  and  the  initial  values  of  the 

other  atomic  variables  chosen  consistently33  according  to  the  initial  equilibrium  properties  of  the  system.47 

The  initiation  of  the  three-level  system  is  described  in  the  appendix  of  Ref.  37.  The  results  do  not  depend 

upon  nominal  variations  of  this  parameter.  The  full  statistical  treatment  of  the  quantum  initiation  process  1 

with  resulting  temporal  fluctuations  utilize  an  additional  driving  Langevin  force  in  the  material  Bloch  equation  1 

as  was  recently  derived  by  Bowden  and  Sung.33  In  particular,  it  was  shown  that  the  injected  coherent 

pump-pulse  initial  characteristics,  such  as  on-axis  area,  temporal  and  radial  width  and  shape,  can  have 

significant  deterministic  effects  on  the  SF  pulse  delay-time,  peak  intensity,  temporal  width  and  shape.  Thus 

by  specifying  certain  initial  properties  of  the  injected  pump  pulse,  the  superfluorescent  pulse  can  be  shaped 

and  altered  both  for  an  average  initial  tipping  angle37  as  well  as  an  ensemble  of  (quantum)  fluctuation 

initialization.40  The  full  nonlinear  set  of  results  predict  the  conditions  under  which  an  injected  light  pulse 

of  a  given  frequency  can  be  used  to  generate,  shape  and  control  a  second  light  pulse  of  a  different  frequency  1 

via  a  nonlinear  medium,  thus  demonstrating  a  new  aspect  of  the  phenomenon  of  light  control  by  light  even  ! 

with  random  initiotion.  Three  specific  regions  are  encountered;  the  SF  buildup,  the  full  development  of  SF 

with  the  pump  depleted,  and  the  highly  nonlinear  regime  where  the  SF  and  the  pump  overlap  significantly,  if 

not  totally.  | 

This  phenomenon  known  as  pump  dynamics33  is  interesting  because  the  characteristics  of  the  superradiant  * 

pulse  emitted  at  one  frequency  can  be  controlled  by  specifying  certain  characteristics  of  the  pump  ;  u!se  » 

injected  at  a  different  frequency.37  Thus  a  new  aspect  of  light  control  by  light,  was  demonstrated.37  j 

Recently  the  quantum  fluctuations  for  three -levels  was  derived  by  Bowden  and  Sung.  In  particular  they 
presented  in  Ref.  38  a  more  comprehensive  treatment  of  SF  in  the  linearized  regime  of  SF  initiation  by  ! 

combining  coherent  pump  dynamics  on  the  three -level  system  and  simultaneous  os  well  as  subsequent,  quantum 
mechanical  initiation  of  the  SF  emsasicn.  Their  attention,  as  well  as  ours,  is  confined  to  situations  satisfying 
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t  <  which  is  the  condition  where  the  effects  of  SF  quantum  arc  expected  to  be  most  important  in  terms 

of  subsequent  temporal  fluctuation.  Using  their  initiation  through  a  Lanyevin  force  as  ad  htional  driving  forces 
in  the  material  (generalized  three  level  Bloch  equations),  we  study  numerically  the  nonlinear  regimes  which 
include  propagation,  transverse  and  diffraction  effects  and  found  that  the  light  control  by  light  remains.40. 

Synthesis  of  Results 

In  summary,  the  primary  objective  of  this  paper  is  to  review  how  the  various  refinements  in  the  propaga¬ 
tion  model  in  a  two-level  optically  thick  medium  lead  to  an  increasingly  accurate  description  of  the  observed 
SF  pulse  shapes,  delays  and  fluctuations.  New  results  of  swept  gain  supcrradiance  and  pump  dynamics  are 
>i«n  presented.  Uniform  plane-wave  Maxwell-Bloch  solutions  have  been  performed  by  Haake  et  al.31  for 
hundreds  of  such  statistical  initial  conditions.  These  yield  about  12%  for  the  standard  deviation  o(Tq)  in  the 
delay-time  in  good  agreement  with  the  expression  2.3/inN  derived  by  Polder42  et.  al.  Vrehen  et  al.  have 
measured  (10±2)%  for  Fresnel  number  F  =  0.8,  (6±2)%  for  F  =  4,  and  4%  for  F  =  18.  Note  that  the  plane- 
waves  theoretical  value  of  o( xD)  =  (13.5±3.6)%  for  F  *  1  in  satisfactory  agreement  with  the  experiment,  i.e. 

the  jittering  of  the  calculated  delays  fall  within  the  experimental  uncertainty  from  shot-to-shot.  These 
fluctuation  s  reduce  the  tail  of  the  output  obtained  with  transverse  effects  alone,  thus  improving  the  agree¬ 
ment  with  Cs  data.  It  curtails  the  amount  of  on-axis  ringing  even  for  a  single  shot. 

When  one  considers  simultaneously  transverse  effects,  quantum  initiation  and  inhomogeneous  broadening, 
one  finds  excellent  agreement  between  the  propagation  theory  and  experiment.  In  particular,  the  ringing 
disappears  and  the  Fresnel  dependency  of  computer  delays  agree  more  uniformly  with  the  experimental  data. 
More  specifically,  the  Fresnel  dependency  of  the  uncertainty  in  delay  time  normalized  to  the  average  delay  is 
different  for  F  <  1  from  what  it  is  for  F  >  1.  The  curve  peaks  for  F  -  1,  ascertaining  the  competition 
between  diffraction-loss  and  medium  gains  as  the  consideration  of  the  two  transverse  effects,  spatial  averaging 
of  the  concentric  shells  and  communication  between  the  various  shells  through  the  Lapliacian  coupling. 

The  effects  presented  in  the  second  part  of  the  analysis  clearly  demonstrate  in  this  part  the  control 
effect  of  coherence  pump  for  both  deterministic35  or  random  initialization'5.39  on  SF  pulse  evolution.3*  It  is 
suggested  that  effects  of  the  type  discussed  here  may  have  in  fact  been  operative  in  SF  experiments  and 
their  results.  The  pump  pulse  was  taken  as  purely  coherent  in  these  calculations.  To  determine  whether  or 
not  effects  of  the  nature  reported  here  are  indeed  operative  in  a  given  experiment  it  is  crucial  to  determine 
the  degree  of  coherence  of  the  pumping  process  as  well  as  its  temporal  duration  even  for  an  ensemble  of 
shots.  Furthermore,  and  perhaps  of  greater  importance,  we  have  demonstrated  the  control  and  shaping  of 
SF  pulse  which  evolves  by  specification  of  particular  initial  characteristics  and  conditions  for  the  pumping 
pulse  which  is  injected  into  the  nonlinear  medium  to  initiate  SF  emission  in  a  three-level  media  randomly 
polarized.  These  manifestations  and  others  of  the  same  class  we  call  the  control  of  light  by  light  via  a 
nonlinear  medium.  This  phenomenon  constitutes  a  method  for  nonlinear  information  encoding,  or  information 
transfer,  from  the  injection  pulse  initial  characteristics  at  a  given  frequency  to  corresponding  SF  pulse 
characteristics  which  evolve  at  another  frequency  due  to  propagation  and  interaction  in  the  nonlinear 
medium40.  This  idea  can  be  transposed  to  Raman  (or  blue-green  conversion)  studies. 

Physical  Principles 

As  explained  in  the  introduction,  the  rate  of  cooperative  spontaneous  emission  is  much  more  rapid  than 
the  single  atom  decay  rate.  This  can  be  understood  by  considering  the  radiative  decay  of  two  excited 
atoms.  If  the  separation  between  the  atoms  is  large  they  will  decay  incoherently  in  a  time  tcp.  However,  if 

the  two  atoms  are  brought  close  they  radiate  in  a  much  different  manner.  A  system  of  two  two-level  atoms 
separated  by  a  distance  much  smaller  than  the  wavelength  A.  of  the  emitt.d.  radiation  must  be  properly  sym¬ 
metrized;  as  such  they  emit  cooperatively,  not  independently.  Thus,  lisa  emission  process  takes  the  system 
from  the  fully  excited  state  (tt)  to  the  triplet  intermediate  state  (ti+ii}/2,  and  then  to  ground  state  (++). 
The  radiation  rale  for  each  of  these  steps  is  twice  that  of  isolated  atoms.  The  emitted  intensity  is  thus  four 
times  as  great  as  in  the  single  atom  case.  Hence  the  cooperative  lifetime  (N  =  2)  =  tsp/2. 

Similarly,  for  the  case  of  N  closely  spaced  atoms  the  total  wave  function  must  be  symmetrized.  The  state 
with  the  maximum  emission  rate  is  the  totally  symmetric  stale  which  has  zero  population  difference.  Its 
radiation  rate  is  N/4  times  greater  than  that  of  N  independent  atoms:  x^(N)  =  t  /(N/4).  This  state  of 

maximum  emission  corresponds  to  the  arrangement  of  atoms  in  which  ike  net  dipole  moment  is  maximized. 

All  observations  of  SF  to  date  have  occurred  in  extended  samples,  where  both  the  sample  length  L  and  the 
transverse  dimension  (e.g.,  r  )  >>  X.  The  radiation  is  emitted  into  a  small  solid  angle  AQ/4 n  along  the 

cylinder  axis,  in  contrast  to  the  isotropic  radiation  pattern  of  ordinary  spontaneous  emission.  For  a  large  F 
sample  with  an  initial  inversion  density  n  the  solid  angle  is  determined  oy  geometry:  C£i/An  ~  \2/4nA,  and 
the  characteristic  cooperative  radiation  time 

tr  *  isp/(nX2L/P,n).  (1) 

This  enhancement  factor  can  be  interpreted  as  the  effective  number  of  radiators  (nAL)  (ATi/4jt)  which  can 
participate  cooperatively  in  the  emission  process. 


Consider  an  cxicnded  optically  thick  sample  initially  prepared  in  a  totally  inverted  state.  Due  to  sponta¬ 
neous  emission,  random  photons  will  be  emitted  at  the  wavelength  of  the  SF  transition.  The  first  photon  to 
be  emitted  along  I  he  axis  of  the  sample  will  induce  a  small  macroscopic  polarization  which  acts  as  a  source  to 
create  a  small  electric  field.  This  field  induces  additional  polarization,  which  tends  to  build  up  regeneratively . 
Thus,  an  SF  state  slowly  evolves  over  a  sizeable  portion  of  the  sample.  When  the  polarization  becomes 
sufficiently  large  in  a  particular  region  the  regeneration  process  becomes  rapid,  and  the  sample  emits  energy 
at  greatly  enhanced  rate.  This  leads  to  a  rapid  de-excitation  of  that  region  of  the  sample,  after  which  all  of 
the  population  is  transferred  to  the  lower  level.  De-excited  regions  can  then  be  re-excited  by  radiation 
from  other  parts  of  the  sample,  which  gives  rise  to  the  ringing. 

Statistical  fluctuations  in  the  initiation  process  give  rise  to  corresponding  fluctuations  in  the  output 
characteristics  of  the  SF  pulses. 

A  unique  feature  of  SF  emission  is  that  virtually  all  the  energy  stored  in  the  sample  is  released  in  the 
form  of  coherently  emitted  light.  In  this  respect  it  differs  greatly  from  other  cooperative  emission  effects  in 
which  only  a  fraction  of  the  stored  energy  is  emitted  coherently.  Examples  include  photon  echoes  and  free 
induction  decay.  In  these  phenomena  the  sample  is  essentially  unaffected  by  the  cooperative  emission  and  its 
decays  by  incoherent  processes.  MacGillivray  and  Feldli  termed  these  effects  as  'limited  superradiance' . 

Although  the  initiation  of  such  system  is  inherently  quantum  mechanical,  its  subsequent  evolution  can  be 
described  semi-classically.  The  system  is  analogous  to  an  array  of  coupled  pendulums,  all  initially  balanced 
on  end.  The  motion  of  the  system  can  be  triggered  by  disturbing  any  one  pendulum  from  its  unstable 
equilibrium  position.  Coupling  will  cause  the  entire  array  of  pendula  to  respond  together  and  follow  the 
motion.  For  a  relatively  long  time  the  tipping  angle  remains  small,  and  the  system  evolves  slowly.  However, 
when  the  angle  becomes  sufficiently  large,  perhaps  of  the  order  of  a  few  degrees,  the  pendula  will  swing 
rapidly.  As  the  pendula  swing  they  collectively  emit  radiation,  and  thereby  lose  energy.  Eventually  they 
are  completely  de-activated  and,  come  to  rest.  If  the  various  initiating  perturbations  are  not  identical,  the 
motion  of  the  pendula  will  vary  somewhat  from  one  shot  to  another. 

In  a  simplified  form  of  the  semi-classical  theory,  these  fluctuation  are  approximated  by  an  initial  tipping 
angle.  The  quantum  mechanical  theory  shows  that  the  intiial  fluctuations  can  be  accurately  modeled  by 
:  assigning  random  initial  tipping  angle  to  the  individual  pendula. 

M  If  the  simple  (one-dimensional)  pendula  described  above  are  replaced  by  conical  pendula  the  motion 
becomes  two-dimensional.  In  this  case  the  initiating  tipping  angle  will  have  two  components.  (60  and  <j>). 
From  one  shot  to  another  both  components  of  the  initiation  will  vary.  To  enhance  this  point,  picture  a  child 
on  a  swing.  If  the  child  is  pushed  at  the  exact  center  of  his  back,  his  motion  will  be  planar.  But  if  the 
push  is  off  center,  the  motion  is  conical,  i.e.,  nonplanar  like  a  Foucault  pendulum.  (See  Fig.  6b). 

w 


„«  The  SF  process  Is  a  unique  macroscopic  manifestation  of  quantum  fluctuations,  even  though  they  are 
>'  proportional  to  the  inverse  of  N,  the  number  of  atoms.  One  usually  does  not  expect  that  these  small  micro- 
scoplcal  fluctuations  could  be  seen  for  N  greater  than  10.  However,  In  superfiuorescence  one  can  easily 
(macroscopically)  see  this  10%  fluctuation  for  N  as  large  as  N  =  10s. 

Equations  of  Motion  for  the  Two-level  Analysis 

A  *  Three  dimensional  problem. 

In  the  slowly  varying  envelope  approximation,  the  normalized  field-matter  equations  read: 
e  *  Re  {  E  exp  [  i  (wt  -  Kz)  ]  }  (2) 

V  =  Re  {  iP  exp  [  i  (u>t  -  Kz)  ]  }  (3) 

E «  (2pE/K)tR  ,  p  =  P/p  (4) 

t  *  (t  -  z/c)/tr  (5) 

0  *  z/i  ,  the  cell  length.  (6) 

E?  where  E  and  P  are  the  slowly  varying  complex  amplitudes  of  the  electric  field  and  polarization,  respectively; 
J  W  is  the  population  difference;  i  is  the  retarded  time;  q  or  ^  the  normalized  axial  coordinate;  m  is  the 
.*  transition  dipole  ^moment  matrix  element;  and  Tj  and  T2  are  the  population  relaxation  and  polarization 
£  Cephas ing  times;  TJ  the  Doppler  Broadening  time  and  xR  the  radiation  time 


VT  E  '''If  =  <°RCTR)d  f 


(7) 


(8) 
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instead,  one  obtains 


-  5jr  v*  E  ♦§£  3  d  /  P(OO)  g  (00)  d(an) 


However,  if  one  identifies  l  as  the  pulse  extent  (i.e. ,  t  3  cxp)  one  recovers  the  SIT  normalisation;  where¬ 
as  should  l  be  taken  as  the  cooperation  length  t  *  ct„ ,  the  two  normalisations  egs.  (6)  and  (8)  become 
equivalent. 


3tP  ♦  (itfHl/i2)  P  *  EW 

»TW  ♦  (W+l)/tv  3  -  |  (E*P+P*E) 

tR  3  10/47t2p2n8L  3  ftn0/3n§A2L 


*1  *  ?l/*X 


t*  -  Tj/t,. 


if  -  TJ/tj 


to  3  (wo-ui)tR 


/  g(an)  d (an)  *  4n/z*)  j  exp  {  -  [(an)**]  }  d (on)  =  1 

-»  -»  2 


d  »  exp  [  -  (p/pN)m]  3  (17) 

d  ■  1  ,  uniform  density 

for  m  >  0  the  radial  population  density  distribution  for  active  atoms  is  variable,  say,  for  an  atomic  beam 
m  3  2  ,  gaussian  density  profile 
m  3  4  ,  super-gaussian  density  profile 
m  3  6  ,  hyper-gaussian  density  profile 
PN  is  (1/e)  radius  of  the  atomic  density  u  distribution 
The  relationships  of  eR  and  tR  leads  diic-ctly  to 

«rL  3  1  (18) 

As  noted  previously  in  the  plane  rave  regime,  a  universal  scaling  of  the  equation  exists.  The  gain 
length  Fresnel  number  FC[  qualifies  the  competition  between  diffraction  (i.e.,  transverse  effects)  and  the 

nonlinear  gain  of  the  SF  system  as  it  did  in  SIT25.  Drummond  and  Eberlysl  also  recently  recognized  this 
scaling . 

Following  17-13,  we  interpret  the  equations  of  motion  as  c-number  representation  cf  the  corresponding 
operator  equations. 

-  Energy  consideration  for  sharp  line  g.'.Vl)  =  6(Aio) 

y  VX(EV  E*  -  E*V  E)  +  a  |L1*  3  d(L+F  +  CP*)  (19) 

0 

v  •  J  3  -  2d  [<<t’V  +  (W-  1)/Tj! 

where  using  the  polar  repi  * :  r:  .  tion  of  lie:  complex  envelope,  v.'e  have 


(20) 
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C  *  A  *xp  (14>) 


J  -  /  *  and  JT  s  r  A* 
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for  cylindrical  geometry  Jy  *  ^  A*  Ip  (23)  whereas  for  Cartesian  geometry 


A*  8X*  and  Jy 


A*  »„♦ 


The  components  J2  and  represents  the  longitudinal  and  transverse  energy  current  flow.  Thus,  the  exis¬ 
tence  of  transverse  energy  flow  is  clearly  associated  with  the  radial  variation  of  the  phase  4>  of  the  complex 
field  amplitude.  When  JT  in  negative  [i.e.,  VT*  >  0],  self-induced  focusing  dominates  diffraction  spreading. 

One  may  rewrite  the  energy  continuity  equation,  Eq.  (20)  in  the  laboratory  frame  to  recover  its  familiar 

form: 

<25> 

The  material  equations  are  subjected  to  the  following  initial  conditions 
P  ■  W«  sin  «0  exp  (!♦) 

(Zb; 

W  *  W0  cos  90 

for  an  initially  inverted  medium  W0  =  +  1.0 

•a  *  2/JR  ■  2/Vn<>iapL  (27) 

0  <  ♦  <  2n  (26> 

0o  and  ♦  are  the  amplitude  and  phase  of  the  average  (i.e. ,  deterministic)  uniform  along  the  cell  axis  initiating 
tipping  angle. 

n0(r)  *  n0  exp  [-  Jta2(r2/r*)j  (29)  the  inversion  density  with  rp  the  HWHM  radius;  L  the  sample  length, 

r*  *  x*  ♦  y2;  F  *  nr2/AL  (30),  the  geometric  Fresnel  number;  4B  ®  [  («#  -  tu)tR  ]  the  normalized  frequency 

offset.  p 

Diffraction  is  taken  into  account  by  the  transverse  Laplacian  V2. 

■  i  Ir  (p  |t)  with  p  *  r/r  for  cylindrical  $,  jometry 
P  «P  OP  P 

*  If*  +  Ip  wit^1  »  *  x7rp  and  £  =  y/rp  for  cartesian  geometry  (31) 

Furthermore,  diffraction  is  also  explicitly  taken  into  account  by  the  boundary  condition  that  p  =  Pmax  (or. 
(  *  Cjnax  end  £  »  corresponds  to  completely  absorbing  wails.  To  insure  that  (1)  the  entire  field  is 

accurately  simulated,  (2)  no  artificial  reflections  are  introduced  at  the  numerical  boundary  PrnnX  »  rp,  a  id 

(3)  fine  diffraction  variations  near  the  axis  are  resolved;  the  sample  cross-section  is  divided  inic  non-uniform 
stretching  cells.47.50 

♦  2  nr? 

if  OjJ  *  n°nc  **  tR  ^22)  t^'e  on*a>ds  effective  gain  then  F  = — (33)  is  the  gain  length  Fresnel  number 

9  AnK 

F^  Is  related  to  the  usual  Fresnel  number  by  F^/F  =  o^L  (34)(i.e.  the  total  gain  of  the  medium);  Fg  can  he 
thought  as  effective  gain  aj^  to  diffraction  loss  ratio,  k  l;  whereas  F  can  correspondingly  be  thought  of  as 
the  reciprocal  of  the  strength  of  the  diffraction  loss  k  for  a  length  L.34.37 

it  ■  X/«r2  (35) 

F  =  a  /k  (36)  and  F  *  (kL)*1  (37) 


is  '.he  effective  Beer  length  as  defined  by  Gibbs  and  Slewin'1'’  in  SIT  lor  sharp  lw  o  ■domic  system 


but  with  Ta  replaced  by  i.e. 


lie  'll 
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B  -  Simplified  one-dimensional  problem 

Let  us  consider  the  uniform  plane  wave  solution  where  the  variations  transverse  to  the  direction  of 
propagation  are  neglected  (F  =  «)  and  where  the  medium  spectral  line  response  is  sharp  (if  *  •).  The 
relaxation  times  are  negligible  (it  =  t2  *  •).  The  input  field  is  collimated;  if  the  input  field  is  pure  real, 
the  evolving  field  and  polarisation  will  be  real. 

The  equations  reduced  to  the  one  which  describe  the  familiar  array  of  nonlinear  pendulum  initially  tipped 
at  a  uniform  small  angle,  which  fall  as  a  phased  array.  Approximate  solutions  can  be  derived  as  summarized 
in  Table  1. 


TABLE  1 

®Tj  *  x  lr  n<).t*  =  (T*/Tsp>  (no*2L)/8n 
htgh  gain  oL  >  H  In  N  (see  Friedberg  and  Hartman2^) 
tR  =  tsp<8n/noA*L)  *  T2/0L 

ic  *  (ca)*1  Arrechi-Courtens  maximum  cooperation  time  defined  in  Ref.  10a 
t£  =  2LC*1  Photon  escape  time 


•0  *  M  xR  E  (z  »  0,  t)/h 


peak  intensity  Ip  -  -  N2 

(a  highly  directional  dependence  i.e.,  with  the  radiation  pattern  similar  to  that  of  an  ’end  fire' 
antenna  array) 

pulse  width  xy,  ~  iR  £n(2n/0o)  «  N  1 


delay  time  tD  -  iR  |£n(2n/0o)|2  «  N  1 

It  is  noteworthy  scaling  relation  describes  the  basic  characteristics  of  superradiant  emission:  the  duration 
of  the  radiation  pulse  varies  inversely  with  both  the  inversion  density  of  the  sample  and  its  length,  and  the 
peak  output  power  increases  as  the  square  of  each  of  these  parameters.  Furthermore,  the  delay  as  well  as 
the  pulse  width  can  be  expressed  in  terms  ot  tR  as  seen  in  Fig.  5.  The  time  scales  as  iR  and  the  intensity 
scales  as  The  shape  of  the  normalized  output  curve  depends  on  the  tipping  angle.  K 

C  -  Cylindrical  SF  simulations. 

(1)  Average  constant  initial  tipping  angle.  Calculational  methods  developed  earlier43  and  discussed 
elsewnere^^^ereappireH^to^compute^HeeTrect  of  transverse  effects  on  the  SF  evolution.  The  result  pre¬ 
sented  here  demonstrate  many  effects  of  transverse  variations  and  how  inherent  they  are  to  the  problem  of 
SF.  The  initiating  quantum  fluctuations  are  first  approximated  by  a  uniform  tipping  angle. 

The  graphic  of  Fig.  7(a)  displays  results  where  spatial  averaging  is  present  but  diffra-tion  is  absent,  by 
setting  F  =  ■>  in  the  field  equation.  In  this  figure  the  emitted  power  of  SF  pulses  is  plotted  for  samples  with 
uniform  and  Gaussian  profiles  n0(r)  and  Gp(r).  Tirst,  we  studied  ringing  reduction  due  to  spatial  averaging 
of  independent  concentric  shells,  each  emitting  in  a  plane-wave  fashion.  The  case  in  which  n0  and  0o  are 
both  constant  (curve  1),  the  uniform  plane-wove  limit,  exhibits  strong  ringing.  In  curve  11,  in  which  n0  is 
Gaussian  (n0(r)  =  ng  exp  [-?.n2(r/rp)2JJ  (38)  and  0O  is  uniform,  the  ringing  is  laigcly  averaged  out, 

resulting  in  an  asymmetric  pulse  with  a  tail.  An  essentially  identical  result  (Curve  III),  is  obtained  tor  the 
case  in  which  fiy  and  0O  are  both  Gaussian  {0O  =  0$  x  exp  [0.5  £n2  (r )2)j  (39),  showing  that  the  ringing 

is  predominantly  removed  by  a  Gaussian  n0  regardless  of  the  radial  dependence  of  0 0-  This  is  exported, 
since  the  output-pulse  parameters  are  all  dependent  only  on  £n0p.  As  shown  in  Fig.  V C b  1  with  uniform  r.t, 
and  P0  but  with  diffraction  included,  the  output-pulse  is  almost  symmetrical,  and  also  nearly  free  of  1  ingi.iq 
for  F  <0.4.  rig.  7(c)  shows  the  same  output  power  but  with  different  detector  apertur'1*;:  The  no  row 
detector  aperture  (i)  shows  the  ringing  observed  by  the  HF  experiment  arid  the  large  .<i»  rtura  (iv)  .  1  .  vs 
no  ringing  in  agreement  with  Cs;  the  intermediate  apertures  (ii)  (iii)  display  partial  ..ver.epr.g  of  : i:«  ring¬ 
ing  and  cross-talk  of  the  concentric  shells. 
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In  Fig.  8a.  the  effect  of  diffraction  on  the  SF  pulse  shapes  is  studied  by  varying  F  with  the  use  of  a 
Gaussian  n0  as  in  the  figure  showing  Curve  6(a).  Reducing  F  curtails  the  oscillatory  structure  and  makes 
the  output- pulse  more  symmetrical,  since  the  outer  portions  of  the  gain  cylinder  are  stimulated  to  emit  earlier 
because  of  diffraction  from  the  inner  portions.  Diffraction  through  the  Laplacian  term  establishes  mode 
coupling  between  high  gain  to  lower  gain  regions;  it  induces  the  different  modes  to  pull  together  and  super- 
fluoresce  concomitantly;  subsequently,  this  leads  to  the  reduction  in  tail  which  brings  the  output  pulse 
shape  into  greater  conformity  with  the  experimental  data.  Thus  diffraction  becomes  more  important  as  F 
decreases.  Figure  8b  is  an  isometric  graph  of  the  intensity  build  up  for  a  sample  with  F  =  1.  The  radial 
variations  of  intensity  peaks,  delay  and  ringing,  illustrate  how  different  gain  shells  contribute  independently 

to  the  net  power.  Each  shell  exhibits  a  different  Burhara-Chiao1^-0')  ringing  pattern.  Accordingly,  their 
contributions  to  the  net  signal  interfere  and  reduce  the  ringing.  However,  the  central  portion  of  the  output 
pulse  should  exhibit  strong  plane-wave  ringing.  In  fact,  the  ringing  observed  in  the  HF-gas  experiments 
may  have  been  just  that,  since  the  detector  viewed  a  small  area  in  the  near  field  of  the  beam. 

Figure  9  compares  the  normalized  Cs  SF  data  (for  which  F  ~  0.7,  with  uncertainty  ranging  from  0.35  to 
1.4)  to  the  theory  (including  relaxation  terms).  The  data  were  fitted  with  the  use  of  Gausian  n0  and  a 

uniform  90  with  nominal  value  ®o  =  2(n8  n  r|L)1//2  (40),  n%  being  adjusted  to  yield  the  observed  delays 

(1.6-2. 8  times  the  experimental  n0  values).  However,  the  experimental  curve  published  at  each  density  was 
the  one  with  the  shortest  delay.  The  experimental  average  delay  is  ~  30%  greater  at  each  density  (see 
Footnote  13  of  ref.  8a).  Thus,  the  effective  ratios  of  our  computed  densities  to  the  experimental  ones  range 
from  1.2  to  2.2,  compared  with  the  +60%,  -40%  quoted  experimental  uncertainties. 

The  quantum  calculations17  1S  actually  yield  6  =  ^-/R-jUn^N)1^8]1/2  (41),  a  9%  correction  which  further 
reduces  the  range  to  1.14-2.0.  If  one  sets  8o  *  6^N  (42),  as  suggested  by  the  small  injection  experi¬ 
ment,*  the  range  is  1-1.8,  in  still  better  agreement. 

The  calculated  shapes  are  in  good  agreement  with  the  data  and  are  within  the  range  of  shot-to-shot 
fluctuation.  The  only  discrepancy  is  that  the  simulations  predict  more  of  a  toil  than  observed  in  the  experi¬ 
ments.  For  comparison,  this  figure  also  plots  the  fit  of  the  one-dimensional  Maxwell-Schrodir.ger  theory.  As 
can  be  seen,  the  present  theory  gives  a  more  accura.e  fit,  illustrating  the  necessity  of  including  transverse 
effects.  The  pulse  tails  are  further  curtailed  by  reducing  F  within  the  range  of  experimental  uncertainties 
(which  used  a  1/e  rather  than  a  half  width  at  half  maximum  definition  as  rp).  Note  that  often  a  Fresnel 

number  F’  defined  as  r2/XL,  is  used;  diffraction  effects  become  important  when  F’  =  1  (i.e.,  when  F  =  0.36). 

finally,  the  simulations  predicted  large  ringing  for  a  small  detector  placed  in  the  center  of  the  Fresnel 
number  (F=1)SF  1  output 

Figure  10  clearly  displays  the  propagational  theory  of  SF  as  outlined  by  Feld  et  al.  [13] .  The  fluency 
(energy  current)  and  the  field  energy  are  shown  as  isometric  in  x  and  p  for  different  distances  z  in  the 
ceil.  The  build  up  of  the  field  as  driven  by  the  initiating  polar  ison  is  seen  to  be  dependent  on  p  and  z. 
With  a  uniform  tipping  angle,  the  energy  current  is  always  positive  (i.e.,  the  beam  diffracts  and  blooms  and 
do  not  experience  self-focusing). 

(il)  Quantum  fluctuations.  The  initiation  process  is  treats1  rigorously.  The  emission  begins  by  incoherent 
spontaneous  emission ;  only  the  geometry  of  the  inverted  medium  leads  to  directed  emission.  Quantum  effects 
occur  during  the  very  beginning  of  the  pulse  evolution  when  the  problem  is  still  linear  i.e.,  with  coupled 
Maxwell -Bloch  solutions.  The  quantum  initiation  is  then  described  by  a  statistical  ensemble  of  initial  conditions 
for  Maxwcll-Bloch  solutions.  One  adopts  an  initial  polarization  source  at  each  z  position  wit1'  random  phase  $ 
(relative  to  the  coherent  emission  electric.  field  which  eventually  develops)  and  with  tipping  angle  0  which  is 
a  bivariate  Gaussian  with  RMS  value  2/,/N  where  N  is  the  number  of  atoms  in  each  step  in  Z.  There  are  two 
experiments  by  Vrehen  et  al.4Sa  and  Carlson  et  al.,45b  that  indicate  that  60  is  about  this  site;  they  show 
that  injected  pulses  must  have  input  pulse  areas  larger  than  9o  in  order  to  shorten  the  SF  delay  time. 

In  particular  the  polarization  magnitude  is  determined  by  a  Gaussian  distribution 

P(u,v)dudv  =  exp  (  -(u2+v2)/o2  ]  dudv  (43) 

Where  u  and  v  are  the  transverse  components  of  the  31och  vector  (i.e.,  the  re.I  and  imaginary  part  of  the 

polarization)  and 

o  *  <  e2  >1/2  =  2/ViT  (44) 

to  represent  the  quantum  initiation  properly  (following  Glauber  &  1  kinkc ; 17  PokVr,  Vrehen  Shearmans18  and 
Hopf).19  The  angular  brackets  denote  an  ensemble  average.  Equation  (2)  is  easily  checked  using 

U*  +  v*  *  1  -  W*  ~  sir,28  -  Q2  (45) 

For  small  9  as  assumed  here;  then 
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P(9*)d4* 


exp  (  -e*/o*  1  de* 


(46) 


the  probability  that  9*  is  less  than  6$  is 

P(e»)de*  «  1  -  exp  I  -9 J/o*  1  (47) 

0 

So  that  Eq.  (S)  can  be  set  equal  to  1  -  R,  when  R  is  a  random  number  R  between  0  and  1,  or  alternatively 
exp  (-98/0*]  can  be  set  equal  to  R.  This  leads  to 

90  »  2  (to  l)1/2  .  (48) 

4B  R 

When  the  population  inverted  medium  is  divided  into  smaller  volume  elements,  N  is  replaced  by  the  number  of 

atoms  in  each  volume  element,  i.e. , 

.  ,  .1/2 

4  •  (  to  (  £  )  ]  (49a) 

V«i 

is  the  Initial  tippling  angle  for  the  ith  volume  element  containing  N{  atoms.  Nj  is  the  fractional  density  con¬ 
tained  in  the  i  th  planar  shell  (i.e.,  ring  over  the  density  contained  in  a  unit  volume  (i.e.,  1  =  02). 


N,  ■  N(p,)  * 


exp 


Up-1 


[  -  (Pj/Pyi)"!  {  *(pf»l/2  ~  Pl-1/2^ 


(49b) 


«P*/2  ♦  ^  exP  I-(Pi/^)m]  ^(pfn/2  ’  PW  }  +  {eXp  I'(p/pH)m]”(pNp'pVl/2>1 


With  m  the  index  of  the  exponential  density  distribution  (for  a  gaussian  profile  m  *  2;  for  a  super-gaussian, 
m  *  4;  and  for  a  hyper-gaussian  m  *  6)  and  Np  the  number  of  radial  shell.  If  wc  study  large  Fresnel 
numbers  the  geometry  changes  from  cylinder  to  Cartesian  parallelepiped.  The  localised  area  of  the  computa¬ 
tional  cell  becomes  4(xJ+1/2  yj+1y2  "  xi-l/2  yi-l/2^  The  smaUer  volu,T'e  element  the  larger  the  initial 

tipping  angle  and  the  fluctuations  for  that  element,  but  also  the  smaller  their  effect. 

The  random  numbers  R  used  in  Eq.  (43)  and  the  one  used  in  defining  $  between  0  and  2n  are  uniform; 
they  are  obtained  from  a  table  of  random  numbers.  The  starting  address  in  the  table  is  changea  at  the 
beginning  of  each  run  to  simulate  the  variation  from  shot-to-shot. 

The  simulation  parameters  (except  as  noted)  were  essentially  those  of  the  Cs  single-pulse  experiment,23 
namely,  A  *  2.931  pm,  L  *  2  cm,  Tt  =  70  ns,  T2  =  80  ns,  tR  =  Snio/SngA'^L  (52),  t0  *  551  ns, 

n®  *  1.8  x  10* 1  cm  3,  and  F  *  1.  The  initial  gain  profile  is  Gaussian,  i.e.,  n  (r)  *  n°  exp[-(r/r  )2Jtn2]  (53) 
so  the  spatial  width  is  narrower  for  smaller  F,  but  the  peak  gain  remains  the  same. 

III.  QUANTUM  FLUCTUATION  SIMULATION  FtESULTS 

Uniform  plane-wave  Maxwell- Bloch  solutions  have  been  performed  by  Haake  et  al.,v  for  hundreds  of  such 
statistical  initial  conditions.  These  yield  about  10%  for  the  standard  deviation  o[i  '1  in  the  delay  time  in 

good  agreement  with  the  expression  2.3/nM  derived  by  Polder,  Schuurman  end  Vrehen.18  Vrehen  and  Van 
der  Weduwe41  have  measured  10  ±  2%  for  Fresnel  number  F  =  0.8,  6  ±  21  for  F  =  4,  and  4%  for  F  =  18. 
Note  that  the  plane-wave's  theoretical  value  of  o[tD)  is  in  good  agreement  with  the  F  =  0.8  experimental 

value.  We  find  that  when  both  quantum  initiation  and  transverse  effects  are  included  o[Tp]  =  13.5  ±  3.6% 

for  F  *  1  in  satisfactory  agreement,  with  the  experiment,  i.e.  the  jittering  oi  the  calculated  delays  fall  within 
the  experimental  uncertainly  form  shot-to  shot.  These  fluctuations  reduce  the  tail  oi  the  output  obtained 
with  transverse  effects  alone,  thus  improving  the  agreement  with  the  Cs  data.  It  curtails  the  amount  of 
on-axis  ringing  even  for  a  single  shot.30.31 

A.  SF  Pul3e  Shapes 

Figure  11  is  a  summation  of  fourteen  output  pulses  in  the  plane-wave  case  with  quantum  fluctuations. 
The  ringing  is  still  very  pronounced  so  quantum  fluctuations  alone  do  not  remove  it  as  was  found  by  Haake 
et  a!.12_  Figure  12(b)  illustrates  the  fact  that  for  F  -  '1  transverse  effects  alone  do  largely  remove 
ringing. 23.24  Figures  12(c)  through  12(f)  show  that  transverse  clfectr.  nr.rl  quantum  fluctuations  together 
result  in  fluctuating  output  pulses  with  very  little  ringing  that  encompass  the  published  Cs  pulse  shapes 
(one  is  shown  in  fig.  12(a)  ).  Figure  13  illustrates  that  on  the  average  (,t7  runs)  the  tail  of  the  pulse  is 
lower  with  fluctuations  that  without. 
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Figure  14  displays  isometric  plots  of  the  SF  intensity  and  its  associated  fluency  (J^  =  |  E  | 2  |£  ,)  where  * 

is  the  phase  of  the  electric  field  as  a  function  of  p  and  t  for  elements  of  the  statistical  ensemble.  One  finds 
that  the  transverse  energy  current  occasionally  flows  inwardly  causing  hot  spots  in  the  output  beam  as 

was  sometimes  observed  in  the  Cs  experiments.  The  previous  transverse  calculations23.24  involving  uniform 
tipping  angle  never  displayed  inward-transverse  energy  flow.  Figure  14  also  shows  the  radially  integrated 
output  SF  intensity  as  a  function  of  t  for  the  four  shots  of  the  statistical  ensemble. 


B.  Delay  Time  Fluctuations 


Figure  15(a)  is  a  histogram  showing  the  fluctuations  in  delay  time  tD  when  quantum  fluctuations  are 
included  in  the  plane-wave  approximation.  These  57  runs  yield  u 

NR  ** 

oi,D)  I  <4  -  V'™  , 

— —  a  -  {It  — — .  }  “  (9.9  ±  1.3)%  with  NR  the  number  of  runs  (50) 

tn  t-,  Vff K=I 


compared  with  12%  from  the  formula  2/3£nN  derived  by  Polder  et  al.1*  and  from  numerical  simulations  of  a 
larger  number  of  trajectories.17  Figures  5(b)  and  5(c)  are  similar  histograms  for  cylindrical  symmetry 
transverse  simulations  for  F  *  1  and  F  ®  n  1.  respectively; 


o(tD.  F*l)/tD  »  (13.0  ±  3.6)% 


for  13  trajectories  and  (7.2  ±  1.8)%  for  F  *  n  1  and  16  trajectories.  Figure  16  summarizes  the  Fresnel  number 
dependence  over  the  range  F  *  0.3  to  1.5.  The  curve  is  drawn  through  the  points  to  guide  the  eye. 
Because  the  same  starting  point  was  used  in  the  same  random  number  table  for  the  five  black-dot  points,  the 
Fresnel  number  dependence  of  o(tD)/TQ  is  probably  determined  much  better  than  the  error  bars  would 

suggest.  The  curve  yields  12  t  4%  for  F  *  0.8  compared  with  (10  ±  2)%  reported  by  Vrehen  ar.d  der  Weduwc 
for  Cs.1*9  Drummond  and  Eberly  have  more  extensive  calculations  of  o(td)  for  F  s  1  to  16. 51 


Figure  17  illustrates  a  difficulty  encountered  in  calculating  4(td).  Occasionally,  the  first  "peak"  is  not 
the  highest  peak.  If  one  uses  the  highest  peak  for  determining  tD  for  just  one  trajectory  in  a  set  of  10, 
the  value  of  o(tD)  is  dominated  by  that  one  trajectory.  Consequently,  in  Fig.  6,  tD  is  measured  to  the 

first  peak  wven  if  it  is  only  an  inflection  on  the  leading  edge  of  the  pulse  as  in  Fig.  7(d).  Trajectories  as 
unusual  as  those  of  Fig.  7  occurred  perhaps  every  20  to  30  trajectories,  and  they  can  be  interpreted  as 
phase  waves  discussed  by  Hopf.19 


C.  Full  Three-Dimensional  Quantum  Flucturatlons— Cartesian  Geometry 


The  cylindrical  symmetry  was  removed  to  allow  fluctuations  in  all  three  spatial  dimensions.  This  permits 
treatment  of  the  large  Fresnel  number  case  in  which  there  may  be  competition  between  transverse  modes  not 
possessing  cylindrical  symmetry.  This  additional  degree  of  freedom  has  little  effect  on  pulse  shapes  integrated 
over  transverse  dimensions  (Fig.  18),  but  it  elucidates  fluctuations  in  SF  angular  distributions  (Fig.  19). 
For  small  Fresnel  numbers  the  diffraction  term  strongly  couples  the  various  parts  of  the  beam,  so  the  beam 
behaves  as  a  unit.  On,  the  other  hand,  the  output  for  large  Fresnel  numbers  is  completely  irregular  and 
highly  asymmetrical;  see  Fig.  19  for  the  energy  isometric  near  the  peak  of  the  output  pulse.  This  is  due  to 
the  loose  coupling  between  the  various  portions  of  the  beam  as  well  as  the  short-scale  fluctuations.  Never¬ 
theless,  Fig.  19(b)  shows  that  the  (transversely)  integrated  output  signals  remain  smooth,  as  observed  by 
the  detector  in  the  experiment.  Fig.  20  compares  seven  different  outputs  showing  quantum  fluctuations  in 
the  full  3D  Cartesian  case. 


For  seven  shots,  figure  21  displays  the  field  energy  and  the  associated  transverse  fluxes  J  and  J  at 
the  end  of  the  cell.  Some  of  the  fluxes  are  negative  (i.e.,  flowing  inwardly)  indicating  the  Snset  of^hot 

points  (self-lensing  effects). 


Figure  22  illustrates  for  F  =  0.7,  seven  of  the  output  elements  of  our  statistical  ensemble.  Both  the 
energy  and  the  transverse  energy  flux  are  contrasted  isometrically  as  a  function  of  x  and  t  or  y  and  t. 
One  can  see  that  for  some  of  the  elements  of  the  statistical  ensemble,  the  phase  curvature-  is  such  that  the 
energy  is  flowing  inwardly,  leading  to  self-focusing  hot-spots  across  the  beam  as  observed  experimentally, 
whereas,  for  other  elements  the  fluency  is  only  flowing  outwardly,  thus  diffracting  as  in  the  physical 
situation  with  transverse  effects  alone. 


D.  inhomogeneous  Broadening 
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»  in  the  Cs  data  has  little  effect  on  the  ringing.  Elimination  of  ringing  is  shown  in  Tig.  23  using  a  TJ 
almost  as  short  as  t§p.  Fig.  24  shows  that  adding  TJ  *  32  to  the  previous  simulations  including  fluctuations 

and  transverse  effects  changes  the  pulse  shapes  very  little. 

IV.  Conclusions  of  Two  Level  Superfluorescence 

The  addition  of  quantum  fluctuations  in  the  initial  conditions  of  SF  calculations  does  not  greatly  alter  the 
general  shape  of  the  total  output  pulse  integrated  over  the  transverse  dimension.  It  does  result  in  notice¬ 
able  macroscopic  pulse-shape  fluctuations  similar  to  those  observed.  It  does  reduce  the  tail,  on  the  average. 
Improving  the  agreement  with  the  Cs  data.  It  reduces  the  amount  of  on-axis  ringing  even  for  a  single  shot. 
The  standard  deviation  in  delay  time  is  consistent  with  the  measured  value,  but  the  uncertainties  in  both  the 
simulations  and  experiments  are  large.  The  Cs  data  are  encompassed  by  the  changes  in  output  pulse  shapes 
calculated  including  both  fluctuations  and  transverse  effects  as  summarized  in  Ref.  30  to  32. 

V.  Pump  Dynamics  Effects  in  Three-level  Superfluorescence 

In  this  section  we  present  a  model  and  calculational  results  and  analysis  for  the  effects  of  coherent  pump 
dynamics,  quantum  initiation,  propagation,  transverse  and  diffraction  effects  on  superfluorescent  (SF)  emission 
from  a  collection  of  N  optically-pumped  three-level  systems.  The  full,  nonlinear,  co-propagational  aspects  of 
the  injected  pump  pulse,  together  with  the  SF  which  evolves,  are  explicitly  treated  in  the  calculation. 

The  model  upon  which  the  calculation  is  based  is  the  semiclassical  version3*-37  of  the  fully  quantum 
mechanical  model  used  to  derive  the  effects  of  quantum  initiation  in  the  linearized  region  of  SF  in  a 
coherently-pumped  three-level  system33  (i.e.,  during  and  subsequent  to  the  pump  pulse  time  frame).  The 
semiclassical  aspects  amounts  to  representing  the  SF  and  pump  fields  by  classical  fields  determined  by 
Maxwell's  equations,  including  the  transverse  contribution,  and  representing  the  Langevin  force  fluctuation 
terms  responsible  for  spontaneous  relaxation  ar.d  quantum  initiation  by  complex  valued  c-numbers. 39  The 
amplitudes  and  phases  of  the  complex-valued  fluctuation  terms  are  determined  by  Gaussian  and  uniform 
statistics,  respectively,  which  are  derived  from  the  fully  quantum  model.33.39 

The  first  model  for  the  study  of  dynamical  effects  of  coherent  pumping  on  SF  evolution  was  the  three-level 
model  proposed  by  Bowden  and  Sung.36  The  model  is  comprised  of  a  collection  of  identical  three-level 
atoms,  each  having  the  energy  level  scheme  such  that  the  1  «-*  3  transition  is  induced  by  a  coherent 
electromagnetic  field  pulse  of  frequency  iuq  and  wave  vector  k0-  The  transition  3  «-*  2  evolves  by  spon¬ 
taneous  emission  at  a  much  lower  frequency  u>.  It  is  assumed  that  the  energy  level  spacing  is  such  that 
«*>«*>>  e,.  and  we  also  retain  spontaneous  relaxation  in  the  pump  transition  1  —  3  for  generality.  The 
energy  levels  e2  and  e2  are  not  coupled  radiatively  due  to  parity  considerations.  The  injected  pump  field  is 
treated  as  e  coherent  state.33 

The  Hamiltonian  which  describes  the  system  and  the  corresponding  equations  of  motion  have  been  discussed 
In  References  37  to  39,  and  the  reader  is  referred  to  those  equations. 

The  normally-ordered  Heisenberg  equations  of  motion  for  the  SF  fluorescence  field  obtained  from  the 
Hamiltonian  for  the  system33-39  are  formally  integrated,  and  then  separated  into  the  contribution  due  to  the 
self-field  of  the  atom,  the  vacuum  contribution  and  the  contribution  due  to  the  presence  of  all  the  other 
atoms  (l.e.,  the  extended  dipole  contribution).  The  first  mentioned  separated  field  leads  to  natural  atomic 
relaxation  y  1  for  the  3  —  2  transition  in  the  normally-ordered  Heisenberg  equations  and  the  vacuum  con¬ 
tribution  leads  to  Langevin  force  terms  f(x)  which  satisfy  the  ensemble  average  over  the  vacuum  fluctuations 
(i.e.,  which  are  delta  correlated): 


<  b(t)  fa  b(T)  *  s  YTT1 - 6<x-x’> 

N1tRP,RSF 


(54) 


<  fa.b<x’>  >  =  0 


(55) 


where  N  is  the  total  number  of  atoms  and  tRp,  xRsp  are  the  characteristic  pump  and  Sf  time  (i.e. 
for  which,  on  the  average,  one  cooperative  photon  is  emitted),  and  is  given  by 

-1 


tRP,RSF  *c  1 


L  ,  2n|VsF' 


-Nj] 


the  time 


(56) 


Here,  N  is  the  atomic  density,  I.  is  the  longitudinal  ienyth  of  The  medium,  and  pp  sp  is  the  atom-field  coupling 

!n  the  neighborhood  cf  the  resonance  for  the  nump  and  the  ST  transition  respectively.  The  (-;i  equations 
retarded  time  coordinates  are’  derived  in  a  m  inner  similar  to  that  leading  to  Eq.  (3f.i  nt  Reference  It.. 

•  he  details  of  the  derivations  wen.  presented  elsewhere. 
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Both  field  operators  variables  and  and  the  atomic  operators  variables  and  are  to 

to  be  understood  as  functions  of  z  and  x,  and  the  fluctuating  force  terms  and  fa  which  are  responsible  for 
quantum  initiation  can  be  shown  to  be  functions  of  retarded  time  x  only.17*** 

The  Langevin  terms  f#  corresponding  to  the  1  «-•  3  transition  obey  relations  identical  to  those  of  fb(54,55), 
but  with  tRSp  replaced  by  xRp.  The  Langevin  forces  terms  in  the  Heisenberg  equations  of  motion3*  give  rise 

to  Gaussian  random  quantum  initiation  statistics  in  both  allowed  transitions.33  The  pumping  field39  envelope 
|  ea  is  taken  as  a  rightward  propagating  pulse  which  is  injected  into  the  medium  with  specified  initial  and 

boundary  conditions  and  in  general  is  described  by  a  classical  Maxwell  equation. 

Classical  Equations  of  Motion  and  Computational  Method 

The  calculation  of  SF  pulse  evolution  in  the  nonlinear  regime  is  necessarily  a  calculations!  problem  if 
propagation  is  explicitly  included.  We  use  an  algorithm  presented  elsewhere44  and  the  model  defined  by  the 
equations  of  motion3***9  to  analyze  the  effects  of  coherent  pump  dynamics,  propagation,  transverse  and 
diffraction  effects  on  SF  emission.  To  facilitate  numerical  calculation,  the  equations  of  motion  are  taken  in 
their  factorized,  semidassical  form37  with  the  field  operator  replaced  by  its  classical  representation  which  is 
described  by  Maxwell's  equation.  The  pump  field  and  fluorescence  field  operator  are  determined  dynamically 
and  specially  in  retarded  time,  by  initial  and  boundary  conditions  and  the  equations  (The  variables  trans¬ 
formations  and  normalization  are  identical  to  those  for  the  two-level  SF  study) 
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In  the  above  equations,  cylindrical  symmetry  was  assumed  with 
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The  c-number  Bloch  equation  for  the  3  Level  Superfluorescence  reads  as  follows: 
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For  deterministic  calculations  the  langevin  forces  are  taken  either  as  constant  or  as  zero,  such  that  the 
initial  conditions  are  chosen  to  establish  a  small,  but  nonzero  transverse  polarization  for  the  3  «-*  2  transition 
with  almost  the  entire  population  in  the  ground  state.  This  requires  the  specification  of  two  small  parameters, 

*  -  10*4,  for  the  ground  state  initial  population  deficit,  and  6  ~  10~4  for  the  tipping  angle  for  the  initial 
transverse  polarization  for  the  3  «-*  2  transition.  The  derivation  for  the  initial  values  for  the  various  matrix 
elements  is  presented  elsewhere,3*  and  the  results  are  as  follows: 

WA  ■  2  *  -  1 

I*  f|  ■  0 
ta  PB  «  ♦« 

Re  P.  «  ■  sin  * 

*  P 

Is  P.  ■  a  cos  6 

*  P 

Re  Q  ■  -  2  Is  PA 

Is  Q  «  2  Re  PA  ,  (72) 

where  m  *  cos  1  (2»p-l)  and  the  phase  $p  is  arbitrary,  and  we  have  chosen  the  phase  pg  to  be  zero. 

The  Langevin  force  fluctuation  terms  f  and  f0,  responsible  for  quantum  initiation  and  relaxation,  are 
taken  as  complex  valued  c-numbers, 
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The  Langevin  force  contributions  to  the  semidassical  equations  of  motion  give  rise  to  initiation  of  fluorescence 
in  the  3  *-»  2  transition  when  the  3  *-»  1  transition  is  coupled  by  the  pumping  field  E. .  Normally,  one  can 
ignore  fluorescence  in  the  3  «-»  1  transition,  i.e.,  ignore  contributions  from  fa- 

Thus,  by  utilizing  the  relations  (73*80),  a  complete  ensemble  simulation  can  be  constructed,  and  in  this 
way  the  manifestations  of  amplified  quantum  initiation  can  be  calculationally  analyzed  over  the  full  range  of 
dynamical  SF  evolution.  This  amounts  to  generating  the  calculational  results,  using  the  semidassical  repre¬ 
sentation  at  the  Heisenberg  equations  of  motion37  for  specified  initial  and  boundary  conditions,  for  each  of 
the  values  selected  for  |f  |,  |fbl,  and  ^  according  to  the  statistical  distributions  (73*80).  In  the 

computation  N  in  (59)  is  taken  as  Nj  for  each  volume  element  or  cell  in  each  computational  state  (it  is  noted 
that  trL/c  *  t£  (81) which  is  invariant  with  volume).  One  then  must  "'take  the  ensemble  averages  and 

associated  variances.  For  the  results  presented  here,  we  have  ignored  fluorescence  in  the  pump  transition. 
The  material  parameters  chosen  for  these  calculations  are  arbitrary,  but  correspond  roughly  to  those  for 
optically-pumped  metal  vapors. 

The  initial  and  boundary  conditions  are  such  that  all  the  atomic  population  is  in  the  ground  state  ct  at 
t  *  0.  The  pumping  pulse  which  pumps  the  1  «-*  3  transition  is  injected  at  z  =  0  and  is  rightward  propa¬ 
gating,  and  its  initial  characteristics  are  specified  at  z  -  0.  The  SF  pulse  subsequently  evolves  in  z,  p, 
and  t  due  to  the  initiation  of  fluorescence  instigated  by  (f I  and  +  as  indicated  in  the  equations  of  motions  in 
their  semidassical  form  discussed  above.1  The  pump  pulse,  whose  initial  characteristics  are  specified  at 
injection  and  the  SF  pulse  co-propagate  and  interact  via  the  nonlinear  medium. 

111.  Deterministic  effects  of  Pump  Dynamics  in  the  Nonlinear  Regions  of  SF 


More  specifically,  we  computed  the  effects  on  SF  pulse  evolution  for  various  initial  conditions  for  the 
injected  (pump)  pulse.  The  results  presented  here  demonstrate  many  facets  of  the  control  and  shaping  of 
the  SF  signal  by  control  of  the  input  signal  initial  characteristics.  The  material  parameters  chosen  for  these 
calculations  are  arbitrary,  but  correspond  roughly  to  those  for  optically  pumped  metal  vapors  in  the  regime 
x„  )  tD. 
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Thus  although  the  simulation  inherently  yields  numerically  accurate  results  for  particular  experimental 
design,  the  results  reported  here  must  be  taken  as  qualitative.  Our  main  purpose  here  is  to  demonstrate 
and  analyze  specific  correlations  between  the  initial  and  boundary  conditions  associated  with  the  injected 
pump  pulse  and  characteristics  of  the  SF  pulse  which  evolve.  In  many  of  the  cases  which  follow,  rules  are 
established  through  the  analysis  which  can  be  used  to  predict  quantitative  results  for  any  particular  experi¬ 
mental  conditions.  OUr  choice  of  particular  initial  and  boundary  conditions  has  been  motivated  in  part  by 
processes  which  may  have  been  operative  in  experiments  which  have  been  reported3  •  and  in  part  by  the 
feasibility  of  experimental  selection  or  specification.  In  connection  with  the  latter,  we  demonstrate  the 
control  of  one  light  signal  by  another  via  a  nonlinear  medium,  thus  encoding  nonlinear  information  transfer 
and  pulse  shaping  of  the  SF  from  specific  initial  and  boundary  conditions  associated  with  the  pump  injection 
signal. 

Since  the  average  values  of  tD-  and  the  peak  SF  intensity  are  important  quantities  for  interpreting  exper¬ 
imental  results  with  theories  of  SF,1.14  13  the  manner  in  which  the  pump-pulse  coherence  and  initial  on-axis 
area  affects  these  quantities  is  seen  to  be  of  extreme  importance  in  any  analysis. 

The  simulation  parameters  (except  so  noted)  are  as  follows:  The  injected  pulses  are  initially  gaussian  in 
p  and  t  with  widths  (FWHM)  rp  =  0.24  cm  and  tp  =  4  nsec  respectively;  the  level  spacings  are  such  that 

(c3-el)/(e3-ej)  ■  126.6.  The  effective  gain  for  the  pump  is  crRp  =  0.364  (gp=17)  cm"1  that  for  the  SF 
transition  ®RSp  =  0.171(gSp*291.7)  cm  1.  The  gain-length  Fresnel  numbers  for  the  two  transitions  Fgp  = 
359. 72(  p  =  16800)  and  F^s  =  1.334(  s  =  2278).  The  relaxation  and  dephasing  times  are  taken  identical  for 
all  transitions  and  are  given  as  T  =  80  nsec  and  T  =  70  nsec,-  respectively. 

Figure  25a  shows  the  effect  upon  the  SF  pulse  of  variation  in  the  initial  temporal  width  of  the  injected 
pulse  tw  becomes  smaller,  the  SF  delay  time  increases,  whereas  the  peak  SF  intensity  decreases,  and  the 

SF  temporal  width  xs  remains  very  closely  fixed. 

It  is  clear  from  these  results  that  there  exists  an  approximate  linear  relationship  between  the  time  delay 
td  is  plotted  versus  the  corresponding  pump-pulse  initial  temporal  width,  from  Fig.  25b.  These  results 

generate  the  following  empirical  formula  for  x-,  as  a  function  of  t  : 
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U  the  characteristic  superfluorescence  time,1.14  and  4  is  a  parameter  adjusted  to  give  a  best  fit  to  the 
calculational  results.  For  the  case  treated  here,  tR  =  41  psec,  T2  =  70  nsec,  and  y  =  10  8.  and  the  geo¬ 
metric  Fresnel  number  F  *  1.47. 

The  relation  (84)  is  at  least  in  qualitative  agreement  with  the  analytical  prediction  made  in  Ref.  36(b), 
Eq.  (5.1),  based  upon  mean-field  theory.  The  first  term  in  (84)  was  chosen  to  conform  with  the  quantum- 

mechanical  SF  initiation  result.17  The  quantity  4*  can  be  interpreted  as  the  "effective  tipping  angle"  for  an 

equivalent  n-initial  impulse  excitation,  i.e.,  for  tp  -*  0,  which  initiates  subsequent  superfluorescence.  It  is 

to  be  noted  that  the  value  for  41  is  dependent  upon  our  choice  of  6  (see  the  Appendix  of  Ref.  37);  however, 
Tq  varies  less  than  25%  for  order-or-magnitude  changes  in  S  for  |6|  <  10  2.  The  choice  of  6  is  simply  an 

artificial  way  of  instigating  the  semiclassical  numerical  calculation,  and  reasonable  variations  in  its  value  do 
not  strongly  affect  the  results.  The  physical  parameter  is,  then,  4»,  which,  interpreted  on  the  basis  of 

(84),  is  generated  through  the  dynamics  caused  by  the  pumping  process  and  represents  quantum  SF 

initiation.  The  full  statistical  treatment  for  three-level  superfluorescence  with  pump,  dynamics  included 
was  presented  In  the  fifth  Coherent  and  Quantum  Optics  Conference.40 

These  results  emphasize  the  importance  of  the  initiating  pulse  characteristics  in  SF  pulse  evolution,  and 
the  effect  of  SF  pulse  narrowing  with  approximate  pulse  shape  invariance  by  increasing  the  initial  temporal 
width  of  the  injected  pulse.  It  is  emphasized  that  all  other  parameters,  including  the  initial  value  for  the 
injected  pulse  on-axis  area,  are  identical  among  these  sets  of  curves. 

The  initial  radial  width  r0  of  the  injected  pulse  was  varied  and  the  effect  upon  the  sf  pulse  evolution  is 
shown  in  Fig.  26.  There  is  clearly  indicated  an  optimum  value  for  r0  for  which  the  SF  peak  intensity  is  a 
mavimnm  and  the  SF  temporal  width  ?s  is  a  minimum.  If  the  relation  (34)  is  used  in  conjunction  with  the 

values  of  the  parameters  given  in  Fig.  26  and  its  caption,  it  is  seen  that  optimization  occurs  for  a  value  for 
the  conventional  Fresnel  number  F0  for  the  SF  transition  Fg  -  1.  Thus  from  (34)  and  Fs  =  1,  we  have 

Fgs  "  aRSFzmax  (84) 

for  the  gain-length  Fresnel  number.  Since  F„  -  1/z,  the  implication  is  that  Eq.  (84)  gives  the  penetration 

ys 

depth  zmax  at  which  the  SF  peak  Intensity  reaches  a  maximum  in  terms  of  the  ratio  Fgsp/crRsp.  Since  this 

takes  both  transverse  and  diffraction  explicitly  into  account  as  well  as  propagation,  this  is  indeed  a  profound 
statement. 

Further  insight  into  the  implication  of  (84)  can  be  obtained  by  considering  a  one-spacial  dimension 
analogy.  If  the  linear  field  loss  is  taken  to  be  entirely  due  to  diffraction,  then  the  one-dimensional  linear 
loss  k  corresponding  to  the  two-dimensional  case  specified  by  Fgp  is  given  by 
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FgSp  *  - -  (or  equivalently  g  =  j—  as  equ.  (3.5)  of  ref.  37) 
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is  the  effective  gain  orRgp  to  loss  *gp  ratio.  From  the  condition  (84), 
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•  2max  is  the  penetration  depth  at  which  the  SF  peak  intensity  is  a  maximum  and  corresponds  to  one 

effective  diffraction  length,  as  defined  by  (85).  Carrying  the  one-dimensional  analogy  one  step  further, 
(86)  used  in  (34)  gives 

F  ■  (kz)  *•  (88) 

From  (86)  and  (87)  we  have  exhibited  the  significance  of  the  Fresnel  numbers  F^  and  F  in  terms  of  diffrac¬ 
tion  loss,  i.e.,  Fg  can  be  thought  of  as  gain  to  loss  ratio,  Eq.  (86),  whereas  F  can  correspondingly  be 
thought  of  as  the  reciprocal  of  the  strength  cf  the  diffraction  toss,  Eq.  (87). 

The  effect  of  changing  the  effective  gain  for  the  SF  transition  orRRp  and  hence  the  relative  oscillator 

strength  between  the  SF  transition  and  the  pump  transition  is  demonstrated  in  the  results  cf  Figs.  20- ;o. 
Each  of  those  figures  corresponds  to  a  different  on-axis  initial  area  0p  for  the  injection  pul. at.  Consistent 

among  the  entire  set  of  results  is  that  increasing  the  effective  gain  aRfip  results  in  a  nearly  linear  increase 
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in  the  SF  peak  intensity  as  well  as  decrease  in  the  delay  time  tp.  Also,  the  smaller  area  initiating  pulse 
causes  a  narrower  SF  pulse  to  evolve  and  with  apparently  less  ringing. 

Figure  31  shows  the  effect  of  variation  of  the  density  N  of  active  atoms.  The  effective  gains  <*RSf.  and  aRp 

are  changed  proportionally,  corresponding  to  a  density  variation  N.  The  ratio  of  the  SF  intensities  is 
lc/l^  *  1.76  and  ljj/Ia  3  2.06;  these  ratios  are  larger  than  the  corresponding  density  ratios  squared, 

(N  /Njj)*  *  1.40  and  (N^/f^)2  =  1.49.  This  difference  from  the  predictions  from  previous  theories  of  SF1  3 

may  be  due  to  self -focusing,  especially  since  the  values  of  the  effective  gains  used  in  this  case  are  quite 
high.  However,  the  ratio  of  the  temporal  widths  ts#  FWHM,  are  within  15%  of  the  corresponding  inverse 

ratios  of  the  densities;  the  same  is  true  for  the  delay  time  rD  of  the  SF  intensity  peak  with  respect  to  the 

pump  intensity  peak.  These  results  compare  qualitatively  reasonably  well  with  the  mean-field  predictions  for 
SF  in  two-level  systems  initially  prepared  in  a  state  of  complete  inversion.14 

A  comparison  of  the  effects  upon  the  injection  pulse  of  variation  in  oscillator  strengths  between  the  SF 
and  pump  transition  (variation  of  uRSp)  as  contrasted  to  effects  upon  the  pump  pulse  of  a  density  variation 

(variation  of  both  erRpand  ffRSf.  proportionally)  is  given  in  Figs.  32  and  33,  respectively.  It  is  seen  that 

the  respective  effects  in  the  pump-pulse  reshaping  are  quite  distinct.  The  variation  in  oscillator  strengths. 
Fig.  32,  essentially  causes  "hole  burning"  in  the  following  edge  of  the  pump  pulse,  whereas  the  variation  in 
density.  Fig.  33,  affects  the  whole  pump  pulse.  This  contrast  has  an  analogy  as  an  inhomogeneous. 
Fig.  32,  as  opposed  to  a  homogeneous,  Fig.  33,  effect  on  the  pump  pulse.  This  effect  might  be  used  for 
the  purposes  of  pulse  shaping  under  suitable  conditions.  < 

t 

Shown  In  Fig.  34  is  the  transverse  integrated  SF  pulse  intensity  versus  retarded  time  t  (curve  2)  together 
with  the  transverse  integrated  pump-pulse  intensity  versus  t  (curve  I)  for  a  ‘gain  and  propagation  depth 
chosen  so  that  the  pulses  temporally  overlap.  Under  these  conditions  the  two  pulses  strongly  interact  with 
each  other  via  the  nonlinear  medium,  and  the  two-photon  processes  (resonant,  coherent  Raman-RCR),  which 
transfer  populations  directly  between  levels  e2  and  el(  make  strong  contributions  to  the  mutual  pulse 
development.3*1  The  importance  of  the  RCR  in  SF  dynamical  evolution  in  an  optically  pumped  three-level 
system  was  pointed  out  for  the  first  time  in  Ref.  36.  Indeed,  the  SF  pulse  evolution  demonstrated  here  has 
greater  nonlinearity  than  SF  in  a  two-level  system  which  has  been  prepared  initially  by  an  impulse  excitation. 
What  is  remarkable  is  that  this  is  an  example  where  the  SF  pulse  temporal  width  i  is  much  less  than  the 

pump  width  even  though  the  two  pulses  temporally  overlap,  i.e.,  the  SF  process  gets  started  late  and 

terminates  early  with  respect  to  the  pump  time  duration.  Pulses  of  this  type  have  been  observed3  in  Co2- 
purr.ped  CH3F. 

IV.  Conclusions  of  Deterministic  Three  Level  SF 

The  effects  presented  here  clearly  demonstrate  the  coherence  and  deterministic  effects  cn  SF  pulse 
evolution  of  injection  pump-pulse  characteristics  and  conditions  in  the  regime  x_  <  tD.  It  is  sugaested  that 

P 

effects  of  the  type  discussed  here  may  have  in  fact  been  operative  in  SF  experiments  and  their  results  which 
were  published  earlier.3  9  The  pump  pulse  was  taken  as  purely  coherent  in  these  calculations.  To  deter¬ 
mine  whether  or  r.ot  effects  of  the  nature  reported  here  are  indeed  operative  in  a  given  experiment,  it  is 
crucial  to  determine  the  degree  of  coherence  of  the  pumping  process  as  well  as  its  temporal  duration.36 

Furthermore,  and  perhaps  of  greater  importance ,  we  have  demonstrated  the  control  and  shaping  of  the  SF 
pyke  which  evolves  by  specification  of  particular  initial  characteristics  and  conditions  for  the  pumping  pulse 
winch  is  injected  into  the  nonlinear  medium  to  initiate  SF  emission.  These  manifestations  and  others  of  the 
same  class  we  ca’l  the-  control  of  light  by  light  via  a  nonlinear  medium.  This  phenomenon  constitutes  a 
method  for  nonlinear  information  encoding,  or  information  transfer,  from  the  injection  pulse  initial  charac¬ 
teristics  to  corresponding  SF  pulse  characteristics  which  evolve  due  to  propagation  and  interaction  in  the 
nonlinear  medium.37 


Calculation'll  Results  and  Delay-Time  Statistics 


Amplified  qn.'.nlum  initiation  statistics  in  the  highly  nonlinear  regime  of  SF  pulse  evolution  are  presented 
in  the  figure  In r  the  separation  in  retarded  time  r  of  the  main  peak  of  the  SF  pulse  from  that  of  the  pump 
pulse.  Here  we  have  plotted  the  initial  temporal  width  of  the  pumping  pulse  i  vs.  e,  where  (see  Eg.  50) 


(89) 


whe-rc-  Iq  is  ti.e  mean  value  of  the  (SF)  pulse  peak  delay  from  the  pump  pulse  peak,  o  is  the  standard 
d.  vi-itir-n  and  Nit  is  the  number  of  elements  in  the  ensemble,  which  in  this  case,  NR  =  10. 
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Since  the  size  of  the  ensemble  is  quite  small  the  statistics  presented  here  can  at  ber :  site  trends,  mo  we 
regard  these  results  as  quite  preliminary.  The  case  here  is  referred  to  as  the  hi-j; nonlinear  regime, 
since  the  pump  pulse  and  the  SF  pulse  completely  overlap  tor  each  member  of  the  ensemuio.  Thus,  tl.  >  two 
pulses  are  strongly  interacting  in  this  regime  via  the  nonlinear  medium  and  two-phot- n  processes  which 
enhance  the  Q  matrix  elements  are  strongly  operative.  The  highly  nonlinear  regime  does  not  correspond  to 
SF  as  studied  previously,  but  is  quite  interesting  in  itself.  As  preliminary  results,  the  calculation  is  far 
|y««  expensive  than  that  needed  to  analyze  the  nonlinear  regime  of  well-separated  pulses.  This,  of  course, 
will  soon  follow.14 

The  deduction  from  Figure  35  is  that  the  quantum  statistics  of  initiation  are  manifestly  important 

only  for  the  pump  pulses  corresponding  to  the  shorter  initial  temporal  duration  tp.  This  supports  our 

earlier  hypothesis  that  amplified  quantum  Initiation  is  important  only  for  conditions  such  that  \p/tR  <  1. 
tor  the  condition  that  t  /iD  >  >  1,  the  coherence  of  the  pump  itself  overwhelms  the  fluctuations  due  to 

p  K 

quantum  Initiation  which  would  otherwise  become  amplified  in  the  nonlinear  regime. 

An  interesting  effect  is  evident  in  our  computations  in  that  significant  statistical  variation  of  the  pump 
pulse  peak  from  turn-on  (i.e.,  x  ■  0)  was  observed.  Thus,  the  pump  pulse  statistics  arc  also  important,  at 
least  In  the  highly  nonlinear  regime,  as  well  as  statistics  for  the  SF  pulse.  Of  course,  statistics  of  both 
pulses  are  mutually  incorporated  in  the  figure. 

The  Fresnel  variation  of  the  standard  deviation  normalized  to  either  the  average  delay  difference  or  the 
average  of  the  arithmetic  mean  of  the  two  delays  <  i  >  ■  <  *»(tp  +  tsf)  >  =  *i[<  tp  >  *  <  tSp>l  (90)  for 

three  different  regions  of  propagations:  Fig.  37(a)  the  SF  buildup;  Fig.  37(b)  the  SF  completely  evolved 
partially  overlapping  the  pump  pulse  and  Fig.  37(c)  the  highly  nonlinear  regime  where  the  two  pulses 
completely  overlap  (additional  nonlinear  two-photon  processes  are  also  taking  place  and  compete  with  the  SF 
process).  For  simplicity  die  error  bars  are  shown  in  a  table  instead  of  being  introduced  in  the  graphs. 


PS 

V 

Cl/rp) 

<KAtD)/<AT]J> 

o(Axd)/{*/2( tDp  +  T 

sV-j 

1.62 

2.35 

(40.44  ♦  13.48) 

(3.09  +  1.03) 

1.07 

2.9 

(29.35  ♦  9.78) 

(3.25  +  1.08) 

lV  j 

0.72 

3.257 

(35.81  +  11.94) 

(3.94  +  1.31) 

0.59 

3.9 

(28.89  ♦  9.63) 

(3.76  +  1.25) 

mm  - 

0.495 

4.237 

(28.69  +  9.50) 

(3.92  +  1.31) 

0.27 

5.5771 

(31.04  ♦  10.25) 

(6.41  ►  2. 14) 

0.23 

6.25191 

(34.34  ♦  11.44) 

(S.73  +  2.91) 

0.12 

8.7 

(40.81  ♦  13.60) 

(13.73  +  4.58) 

II 

(#  A  1) 

SF  with  partially  developed  nonlinear  region. 

1.94 

2.35 

142.63  +  47.54 

1.881  ♦  0.604 

HNS 

1.28 

2.9 

122.57  +  40.86 

2.07  +  0.690 

m.  ■  1 

0.683 

3.527 

65.57  +  21.86 

2.31  +  0.77 

0.704 

3.9 

59.82  +  19.94 

2.37  +  0.79 

0.593 

4.237 

65.23  +  21.74 

3.04  +  1.01 

0.322 

5.5771 

58.87  +  12.95 

3.55  *  1.183 

0.275 

6.25191 

36.87  +  12.29 

4.28  +  1.429 

'■y- 

0.142 

8.7 

49.13  +  16.38 

10.67  +  3.56 

0.086 

11.1542 

5.690  +  1.896 

1.37  +  0.46 

#B  nonlinear  region 

full  SF  evolution  (partial  overlap, 

ing  between  SF  an 0  pun- 

2.26 

2.35 

40.89 

+ 

13.63 

1.161 

+ 

0.387 

1.49 

2.9 

73.72 

+ 

24.57 

1.463 

♦ 

0.4S8 

1.005 

3.527 

73.27 

+ 

24.57 

1.463 

+ 

0.438 

0.82 

3.9 

91.967 

+ 

30.65 

1.692 

t1 

3.554 

0.69 

4.237 

213.57 

+ 

80.72 

1.312 

7 

0.571 

0.375 

5.5771 

83.47 

T 

27.82 

2.266 

0.755 

0.320 

6.25191 

43.90 

+ 

14.63 

2.14/ 

7- 

0.716 

0.165 

8.7 

27.742 

+ 

77.80 

3.20V 

7 

1.063 

0.100 

11.1542 

11.24 

♦ 

3.746 

2.55.' 

X. 

0.832 

#  C  highly  nonlinear  region  (strong-overlapping) 

The  first  dependence  (which  Is  plotted  <  dif  del  >  -  <  !tp-r<.t,!  >  O'!)  see  ; 

from  one  zone  to  the  other  zone  illustrating  the  occurrence  of  different  r-.'-iilinear  ;v 
whereas  the  second  dependence  (see  Fig.  37)  which  is  an  exponential  decoy  dues  r.«  i  w-. 


.  6)  varies  totally 

concomitantly; 
in  shape . 


Further  work  is  c  ntimting,  both  for  the  nonlinear  regime  a:;  well  as  the  highly  r»  regime 


appear.  ■ 
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Fig.  1.  Model  three-level  atomic  system  and  electric  field  tunings  under  consideration.  For  the 
results  reported  here,  the  injected  puise  is  tuned  to  the  l+-»3  transition,  the  SF  emission  radiates  at  the 
3*-»2  transition. 


Fig.  2.  Sketch  of  the  temporal  and  geometric  emission  characteristics  of  a  superfluorescing  pencil. 

Fig.  3.  Oscilloscope  trace  of  superradiant  pulse  at  84  pa  (J  =  3*2),  puaped  by  the  R2(2)  laser  line,  and 

theoretical  fit.  The  parameters  are  1  =  1  kW/cm2,  p  =  1.3  siTorr,  and  kl  =  2.5  for  1  =  100  cm.  The  small 

peak  on  the  scope  trace  at  y  3  0  is  the  3-pm  pump  pulse,  highly  attenuated. 

Fig.  4.  Normalized  single-shot  pulse  shapes  for  several  cesium  densities  n;  Fresnel  number  F  1. 

Uncertainties  in  the  values  of  n  are  estimated  to  he  (+60,  -40%  (Cibbs  et  el.,  1977a). 


Fig.  4.  Normalized  output  curve.  This  curve  is  the  output  response  to  a  small  rectangular  input  pulse 

•k 

of  area  0O  in  a  nondegenerate  system  where  Tg  *  T2  »  m  and  kL  =  0.  The  tiae  scales  as  and  the  intensity 


scales  as  tR.  Note  that  the  shape  of  the  normalized  output  curve  depends  on  6q. 
expressed  in  terms  of  xR  and  80  (see  Tabic  1). 


Ip,  Tjj,  and  Tw  can  all  be 


Fig.  6a.  Computer  results  showing  the  influence  of  parameters  on  output  intensity.  The  same  intensity 
scale  is  used  throughout.  (a)  A  theoretical  fit  with  parameters  xR=6.1  nsec,  T2=330  nsec,  T2=5.4  pace, 
Kl  3  2.5,  Jjower  =  2.  All  parameters  have  the  same  values  as  in  the  curve  except  when  stated  otherwise, 
(b)  No  level  degeneracy,  T2  =  T2  =  »,  Kt  =  0.  (c)  T2  =  ».  (d)  T2  3  ».  (e)  XL  =  0.  (f)  kL  3  5.  (g)  No 

level  degeneracy. 


Fig.  6b.  Foucault  pendulum  co  iljistrate  the  two  tipping  angle  0  and  p. 

Fig.  7.  Normalized  SF  output  poc.r  vs.  x/xR,  £«  -  2x10  ,  Tj  =  T2  =  T*  =  •;  L/cxR  3  3.9.  (a)  F  =  ».  For 
the  uniform  profiles  the  excited  state  density  n,,(r)  =  ng  and  0o(r)  =  9g;  for  Gaussian  profiles  n0(r)  = 
ngexp[-ln  2(r/rp)2]  and  90(r)  =  0gc;<?(O.3  lu  2(r/rp)aJ.  [(i)  no,0o  uniform;  (ii)  n0  Gaussian,  0O  uniform; 
(iii)  Oo.Po  Gaussian;  (iv)  r.Q  uniform,  Gaussian.)  (b)  Same  as  (a)  but  with  diffraction  (F  3  Jlr2/A0I,) 
included  and  uniform  and  0/j(ij ;  .'  =  *»  ( — ),  £  =  1.0  (---),  F  =  0.4  ( —  -  — ),  F  =  0.06  ( - ). 

Tig-  8.  Influence  of  diff ractii-u  '-ti  SF  puls-  r’l-pcs.  Parameters  are  the  same  as  iu  Fig.  7a,  with  no 

Gaussian  and  60  unifrvo.  (a)  Emif.td  i-.  -er;  F  -  «,  H( — );  F  =  1.0  ( - );  F  =  0.4  ( - );  F  =  0.1  ( - ). 

(b)  Isometric  graph  of  ir.t  »n:  ity  vs.  r/rt  and  T/+(,  for  F=1  case  of  Fig.  8a. 

Fig.  9.  Theoretical  fits  to  Cs  data  of  Ref.  ?'.  The  two  dashed-line  curves  in  (a)  indicate  typical 

experiment  ii  shot-to-sho!  variation.  F=l,L=lcr,Tl=70  ns,  I2  =  80  ns,  \  =  2.931  pm,  X0  =  551  ns,  0O 
is  uni. for,,-,  or  Gaussian,  j -:A  ;l0(r)  i:  G.  -jsian.  f  allowing  give  ©3 ( -  ‘  t)  ,  n8(fit,  n^Cexp),  with  0§  in  units 

of  to*1/*-3  and  it#  in  U  K'  S  of  10,('/r.  r  :  (a)  1.07,  31,  19;  (b)  1.37,  18,  7.6;  (c)  1.69,  11.9,  3.8;  (d)  1.96, 
8.85,  3.1.  The  broken-lip  -  curve  in  0)  the  or '  -  Un  r.sionaL  fit  of  Uei.  7a,  with  and  n2=12. 

Fig.  10.  An  isometri«*  plot  of  tv  tiv  ns  verse  Cuergy  current  and  the  energy  versus  T  and  p  for  different 
distance  of  propagation  i*?*.  to  i  1 1  u ...  the  bt:;M  i.p  of  SF  and  the  propagation;:!  theory.  Note  that  the 

transverse  flux  is  always  positive  v;..  .,  net  fin*  *  n  •  inwardly). 

Fig.  II.  Ir.t^nbiLy  a  •  L  for  I  .  ..'/'rage  of  H  output  pulr.es  in  the  plane-wave  caxe  with 

quanuir.  f  i,.. tioiis  su.  -•  '  i.  :.  •  •  •0*/*  .  .-  :  sig  3  1 1 . S>  Id '  W3 . 


Tit-  12.  Intensity  integrated  over  the  transverse  cylindrical  coordinate  as  a  function  of  time  for  sin-l- 
trajectories,  (a)  Cs  data  for  n$=7.6*1010  cm  3.  (b)  Simulation  with  transverse  effects,  but  no  fluctuations: 
nO  3  1B.2*1010  cm” 3 .  0O  *  1.37X10*4  rad,  and  Fresnel  number  F  *  1.  (c)-(f)  Simulations  with  transverse 

effects  and  fluctuations  for  o8  =  18.2X10*°  cm  ,  <9§>  >  1.37x10  rad,  anf  F  =  1 . 


Fig.  13.  Effect  of  fluctuations  on  the  average  pulse  shape.  Average  over  17  trajectories  with  fluctuations 
(solid  curve)  has  a  slightly  shorter  delay  and  a  smaller  tail  than  the  dashed  curve  with  no  fluctuations  and 
s  uniform  0O.  Here,  n8  *  10.2X1O10  cm*3,  <eg>^  =  1.37X10*4  rad,  and  F  *  0.32. 

Fig.  14.  Transverse  energy  current  and  Intensity  are  plotted  iaometrically  for  four  shots  in  a 
statistical  ensemble.  In  some  of  the  shots  the  phase  curvature  is  such  that  the  associated  energy  flux  flows 
inwardly;  i.e.,  the  transverse  energy  current  is  negative,  which  could  lead  to  self-focusing.  Inward  energy 
flow  never  occurred  for  simulations  using  a  homogeneous  initial  tipping  angle  (without  quantum  initiation) 
for  any  value  of  the  Fresnel  number.  Here,  n8  =  9.5X10*°  cm  3,  F  =  1.49,  and  1O*<08>^  =  2.15,  1.63,  1.70, 
and  1.16  rad,  respectively,  from  top  to  bottom.  Mote  the  fluctuations  in  peak  maximum  and  its  associated 
delay  in  the  output  integrated  over  p  (last  column) .  •/ 

t 

$ 

i 

Fig.  15.  Histogram  showing  the  number  of  occurrences  of  a  particular  delay  time.  Points  do  not  occur  at 
integral  values  of  xn  because  of  the  nonlinear  time  mesh,  (a)  Plane-wave  case  for  n8  -  11.3>:10*°  cm  3  and 
<gj>*  *  1.69X10*4  rad.  (b)  and  (c)  Cylindrical-symmetric  transverse  case  for  n8  =  18.2x10*°  cm  ,  and 
<6g>*  a  1.37X10*3  rad.  (b)  F  *  1.  (c)  F  *  it”1.  Each  arrow  denotes  ip. 

Fig.  16.  Fresnel-number  dependence  of  the  uncertainty  in  delay  time  normalized  to  the  average  delay. 

Points  are  as  follows:  o,  seven  trajectories  with  n8  =  9.5X1010  cm  3  and  =  1.89x10  4  rad;  a,  n8  = 

18xi0*°  cm*3  and  <08>^  =  1.37X10*4  rad,  for  13  trajectories  for  F  ■  1,  and  for  16  trajectories  for  F  -  n  ' ; 

A,  experimental  value  for  468  trajectories.  A  peak  close  to  F  =  1  can  be  argued  as  follows:  For  small  r, 
strong  diffractive  coupling  reduces  fluctuations  in  the  overall  output.  For  large  F,  so  many  transverse 
modes  compete  that  a  good  average  is  obtained  on  every  shot.  For  =1,  competition  of  a  few  .nodes  is  maximal, 
resulting  in  large  fluctuations.  Meaningful  calculations  for  large  F  require  an  increasing  number  of  i r. 
verse  steps,  and  ao  we  avoid  the  large-F  region. 

Fig.  17.  Phase  waves.  Fluctuations  can  result  in  the  second  peak  exceeding  the  first.  i,g  "  v.:r  ■*. 

(a)  F  *  1.49,  <08>**  =  1.21XX0*4  rad;  (b)  F  =  1.49,  <08>'1  =  1.24xio'4  rad;  (c)  F  =  0.165,  M*r>  5  w 
2.22X10*4  rad;  (d)  F  =  0.165,  <08>*  =■  1.79X10*4  rad. 


Fig.  18.  Effect  of  Cartesian  vs.  cylindrical  geometry  for  the  sum  over  shots  of  the  transverse!; 
Integrated  intensity  for  quantum- fluctuation  calculations.  Curve  a  hols  for  F  =  1.37  li-r  a  cartis< 
geometry.  F  -  0.11  for  both  curves  b  and  c;  curve  b  involves  cylindrical  gev;..iry  while  onv  c  is  (..in. 
(parallelepiped).  Note  that  the  delay  with  F  =  1.37  (curve  a)  is  shortei  than  the  delay  with  F  -  0. 
(curve  c),  just  as  it  was  for  cylindrical  geometry  and  no  fluctuations  (!>'■(.  '■•):  Sti"H;;  diffract! 
increases  the  delay  because  of  energy  lost  transversely,  but  the  tail  is  g:ratly  redui  •••.!  Iwoiis" 
diffraction  makes  the  sample  superf luoresce  as  a  unit.  Curves  a'-c'  show  the  same  curv.  ■,  .i.iimiii. 

—  “V  1 

pulse-shape  comparisons.  n8  =  18.2X10*°  era  and  <0j>  is  about  1.56*10  >■'! 


i>  - 


Fig.  19.  Transverse  fluctuations  for  a  full  three-spatial -dimension  1 i  .  eo 

(a)  Field  energy  is  displayed  isometrically  at  a  time  near  tin  peak  ot  tie-  p 
(a),  the  transversely  integrated  energy  is  displayed.  Aetna  My  (a)  and  ib 1 
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Fig-  20.  Comparison  of  seven  output  energy  profiles.  F  =  1.37,  nj  =  18.2*1010  cm*3,  and  <8j>^  = 
1.56*10‘4  rad. 

Fig.  21(a).  Isometric  display  of  field  energy  and  associated  transverse  fluxes  and  Jy  versus  x  and  y 
at  the  end  of  the  atomic  cell;  (b)  thej  radically  integrated  energy  (output  power)  Is  displayed  as  a  func* 
tion  of  t  Co  illustrate  the  ssiootbness  of  the  output  detected  and  how  no  rings  appear  in  this  (xty,z,t,) 
calculation;  (c)  the  saae  function  energy  and  are  plotted  versus  t  for  a  given  y;  whereas  they  are  plotted 
the  energy  and  are  plotted  versus  t  for  a  given  x. 

Fig.  22.  Effects  of  inhomogeneous  broadening  in  the  uniform  plane-wave  case  with  homogeneous  initial 
tipping  angle,  a:  T*  *  •.  B  and  c:  T2  =  32  ns  in  the  formulas  (for  b)  g(Aui)  =  (T2/n)exp{-(T2(dui)/^n]z} 
and  (for  c)  g(hui)  3  (Tz/n  '  ){l+[T2(dw)/V>»l2}  corresponding  closely  to  the  value  in  the  Cs  experiment. 

Notice  that  including  T*  damps  the  field  energy  amplitude  and  reduces  the  tail.  Delay  is  also  affected 
slightly.  n$  =  9.5«1010  cm-3  and  80  =  I.89*I04  rad. 

Fig.  23.  Removal  of  ringing  by  inhomogeneous  broadening.  Parameters:  Same  as  Fig.  22  with  T*  *  0.67  ns. 

Fig.  24.  Transverse  effects  and  inhomogeneous  broadening.  Parameters:  Same  as  Fig.  24  except  that 

Sr  • 

transverse  effects  (F  =  0.27)  are  now  considered.  Including  T2  in  the  Cs  simulation  is  seen  to  be  a  small 
refinement  which  does  suppress  the  tail  slightly,  (a)  Relative  integrated  outputs,  (b)  Normalised  integrated 
outputs  with  peaks  shifted  to  coincide  with  each  other  to  simplify  pulse-shape  comparisons. 


Fig.  25a.  Radially  integrated  normalized  intensity  profiles  for  the  SF  and  Injected  pulses  at  X  *  5.3-cn 
penetration  depth  for  five  different  values  for  the  initial  temporal  width  of  the  injected  pulse.  The  initial 
on-axis  area  of  the  injected  pulse  is  8  *  n,  and  the  pump  transition  and  SF  effective  Rains  are  or_.,  - 

•1  P  -1  '** 

0.376(8^  -  17.5)  cm  and  =  0.376(gj£.  =  641.7)  cm  ,  respectively.  The  injected  pulse  initial  temporal 

widths  at  half  maximum  are  (A)  1  =4  nsec,  (B)  t  =3.3  nsec,  (C)  X  =  2.9  nsec,  (D)  l  -  2.5  nsec,  and 

P  P  P  P 

(E)  X  =  2.2  nsec. 

P 

Fig.  25b.  Delay  time  Tp  of  the  SF  peak  intensity  from  the  corresponding  pump-pulse  peak  intensity  vs.  the 
pump-pulse  initial  full  temporal  width  at  half  maximum  intensity  X^  according  to  Fig.  25.< . 

Fig.  26.  Radially  integrated  normalized  intensity  profiles  for  the  SF  and  injected  pulses  at  z  =  3.3-cn 
penetration  depth  for  seven  different  values  for  the  injected  pulse  initial  radial  width  at  half  maximum  r0. 
The  initial  on-axis  area  8^  of  the  injection  pulse  is  8^  -  2ft;  the  SF  effective  gain  =  0.444(g  r: 

758.3)  cm  l,  and  the  pimp  transition  effective  gain  o^p  -  0.313(gp  =  14. u)  rm  *.  The  initial  radial  widths 
at  half  maximum  for  the  injected  pulses  are  (a)  Cq  =  0.57  cm,  (b)  r<>  ”  0.41  cm,  (c)  n(|  0..',4  cm,  (<ll  r.)  a 

0.18  cm,  (e)  r0  *  0.15  cm,  (f)  r0  =  0.11  cm,  and  (g)  r0  =  0.09  cm.  The  con  eM,nndn«n  r.-wetnra)  Fi .  :.n-! 
numbers  are  (a)  F^  =  8.46,  (b)  FgF  =  4.79,  (c)  F$F  =1.47,  (d)  Fsf  -  0.85,  (<•)  F,r  =  0.W,  It)  F,)f.  -  0.35, 
and  (g)  Fsf  =  0.2K 


Fig.  27.  Radially  integrated  normalized  intensity  profiles  for  the  !.l  .ml  inlr-tel 
penetration  depth  for  three  different  values  for  the  SF  transition  elfe.iivi  ga’ii 
initial  area  0  for  the  injected  pulse  is  8  =  it.  All  other  parametci  <l’r  ’»<■  1  "■ 

The  SF  transition  effective  gain  is  (a)  =  0.3075(2^,;  -  525.0)  cm  ,  <>>>  c 

and  (c)  crKSF  =  0.444(gsf  =  758.3)  cm'1. 
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Fig.  28.  Radially  integrated  normalized  intensity  profiles  for  the  Sf  and  injected  pulses  at  *  *  5. 3 -cm 


penetration  ‘depth  for  three  different  values  for  the  SF  transition  effective  gain  “gs^O  •  The  on-axis 


Initial  area  6p  for  the  injected  pulse  is  8p  *  In.  All  other  paraaeters  are  the  sane  as  for  Fig.  27. 


Fig.  29.  Radially  integrated  normalized  intensity  profiles  for  the  SF  and  injected  pulses  at  z  -  3. 3-cm 
penetration  depth  for  three  different  values  for  the  SF  transition  effective  gain  oDcr(g  ).  The  on-axis 
initial  area  6^  for  the  injected  pulse  is  6p  *  3n.  All  other  paraneters  are  the  sane  as  for  Fig.  27. 


Fig.  90.  Radially  integrated  normalized  intensity  profiles  for  the  SF  and  injected  pulses  at  z  -  3.3-cn 

The  on-axis 

nor  g 

4 n.  All  other  paraneters  are  the  sane  as  for  Fig.  27. 


penetration  depth  for  three  different  values  for  the  SF  transition  effective  gain  t,Rsr.(f.i) 


initial  area  0.  for  the  injected  pulse  ia  0_ 
9  9 


Fig.  31.  Radially  integrated  nomalized  intensity  profiles  for  the  SF  and  injected  pulses  at  z  -  5.3-co 


penetration  depth  for  three  different  values  for  the  density  p  of  atons.  The  on-axis  initial  area  0p  for  the 
Injected  poise  is  0p  *  2X.  Except  for  the  effective  gains  and  Fresnel  numbers,  the  values  for  all  other 
paraneters  are  the  sane  as  for  Fig.  28(c).  For  each  set  of  curves,  the  gain  values  are  (b)  cr^j.  = 

0.3075^  »  525.0)  cm'1,  *  0.564^  ■  26.3)  cm"1;  (c)  a™  =  0.376(gsf  =  641.7)  cm"1,  0rj>  = 

0.igl(|^  n  32.1)  cn"1 ;  and  ,J'  -  -  *  l" •>'  — **  -  -  « 

ponding  gain  length  Fresnel 
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(d)  Opgy  •  0.444(gsf  »  758.3)  cn"*,  *  0.812(gp  =  37.9)  cm"  .  The  corres- 

L  numbers  are  (b)  F _  «  557. 4(  *  25992),  F  *  2.40(  =  4100)  cm"1; 
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penetration  depth  for  four  different  values  for  the  SF  transition  effective  gain  °RSF(sSE-) - 


32.  Radially  integrated  normalized  intensity  profiles  for  the  SF  and  injected  pulses  at  z  =  5.3-cm 
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Fig.  33.  Radially  integrated  normalized  intensity  profiles  for  the  SF  and  injected  pulse  at  z  a  5.3-cm 
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Fig.  34.  Radially  integrated  intensity  profiles  in  units  of  Rabi  frequency,  for  the  SI' C 2 )  and  injected 
pulse  (1)  at  a  penetration  depth  of  z  =  5.3  cm.  The  effective  gain  for  the  pump  transition  and  the  F" 


transition  are  <*„„  =  0.3643(g„  =  17)  cm"1  and  oRSF  =  0.376(g„  =  641.7)  cm"1,  respectively.  The  initial 


RP 


on-axis  area  for  the  injected  pulse  is  9  =  n. 


Fig.  35 
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Pump  pulse  initial  temporal  width  tp  vs.  t.  F  =  0.7;  pump  pulse  initial  on-axis  area  0r  -*  2 n; 


=  19.5  psec;  L  =  5.6  cm. 
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Fig.  36.  Fresnel  variation  of  the  SF  delay-statistics  standa; J  variation  vo-.-os  the  average  delay  dif¬ 
ference  between  the  peak  of  the  pump  pulse  and  the  first  peak  of  the  SF  pulse  always  the  largest  when 

phase  wave  ^appears)  for  the  three  region  of  interest  (a)  build  up  SF;  (b)  partial  overlap  of  SF  pulse 
ceayletely  evolved  and  pump  pulse;  (c)  highly  nonlinear  regiae:  the  two  pulses  completely  overlap. 

Fig.  37.  Fresnel  variation  of  the  SF  delay-statistics  standard  variation  versus  the  the  arithmetic  mean 
•f  the  two  average  delays  of  pump  and  SF  between  the  peak  of  the  pump  pulse  and  the  first  peak  of  the  SF 
pmlse  (not  always  the  largest  when  phase  wave  appears)  for  the  three  region  of  interest  (a)  build  up  SF;  (b) 
partial  overlap  of  SF  pulae  coaq>letely  evolved  and  pump  pulse;  (c)  highly  nonlinear  regime:  the  two  pulses 
completely  overlap. 
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recent  published  algorithms  using  Fast  Fourrier  transform  [5]  and  en¬ 
closed  references  [6-14]  treating  Thermal  Blooming  as  well  as  Lax 
work  [15].  Furthermore,  Drummond  fails  to  recognize  the  important 
techniques  of  dynamic  automatically  adaptive  grids  [2,  11-18]  deter¬ 
mined  by  the  calculation  itself. 

Mattar  and  Newstein's  computational  strategy  as  illustrated  in  the 
articles  referenced,  however  apparently  not  read,  by  Drummond  con¬ 
sist  in  a  modification  of  MacCormack's  [19]  two-level  predictor-cor¬ 
rector  method  widely  used  in  the  gaz  dynamic  computation  such  as 
those  carried  out  by  Moretti  [16-18].  MacCormack's  predictor-correc¬ 
tor  method  requires  only  one  preceding  plane  to  march  along  the  di¬ 
rection  of  propagation  precisely  as  in  the  various  implicit  scheme. 
Thus,  the  memory  requirements  are  identical. 

By  reading  Mattar  and  Newstein's  algorithm  description  the 
reader  can  appreciate  that  the  correction  of  the  predicted  field  vari¬ 
ables  is  done  in  terms  of  the  yet-to-be  computed  corrected  values  of 
the  material  variables  and  not  in  terms  of  the  predicted  material 
values.  Similarly,  the  material  functions  are  assessed  in  terms  of  the 
corrected  values  of  the  field  and  not  the  predicted  values.  A  set  of 
implicit  algebraic  equations  results  which  must  be  solved  to  compute 
the  various  variables.  This  technique  insured  that  both  material  and 
field  functions  are  simultaneously  accurate  to  the  second  order  in 
space  coordinates  and  temporal  grid. 

It  is  advised  to  respect  the  criterion  of  stability  of  the  explicit 
method  to  ensure  that  the  physical  problem  is  correctly  simulated  in¬ 
stead  of  being  mis-calculated  by  using  a  mesh  incompatible  with  the 
Fresnel  number  defined  in  terms  of  the  nonlinear  medium  character¬ 
istic  length  which  is  a  physical  limiting  pmameter. 
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By  adopting  non-uniform  meshes  instead  of  the  straight-forward 
computation  grids  a  greater  computational  efficiency  and  reliability  is 
achieved.  Evenly  spaced  grids  in  the  computational  frame  are  ad¬ 
justably  mapped  from  variable  non-uniform  grids,  in  the  physical 
frame  by  stretching  and  rezoning  techniques  such  that  the  computa¬ 
tional  effort  is  clustered  around  the  points  of  physical  interest  and 
less  dense  in  the  region  where  the  physical  function  varies  slowly. 

More  explicitly,  the  rationale  these  adaptive  coordinate  changes 
and  function  transformation  is  to  enhance  both  the  accuracy  and  the 
efficiency  of  the  computation.  This  procedure  removes,  for  example, 
the  necessity  for  sampling  the  high  frequency  oscillation  induced  in 
the  plane  by  focussing.  Suydam  and  Mattar  recently  presented  a  full 
implicit  code  with  adaptive  stretching  and  rezoning  techniques  [20]. 

The  coordinate  transformations  alter  the  independent  variables  so 
that  the  dependent  variables  take  a  different  functional  form  at  equi¬ 
valent  points  in  time  and  space  in  the  two-coordinate  systems.  The 
altered  functional  form  is  smoother,  easier  and  more  economical  to  cal¬ 
culate.  This  refined  algorithm  while  requiring  more  calculation  per 
step,  actually  is  less  expensive  of  computer  memory  and  time  for  a 
given  problem  than  the  brute  force  orthogonal  mesh. 

Mattar  and  Newstein's  algorithm  was  used  to  simulate  various  phy¬ 
sical  situations  [such  as  the  (1)  propagation  of  light  in  nonlinear 
media  displaying  a  novel  transient  self-lensing  effect  [20] ;  (2)  the 
build  up  of  coherent  emission  from  noise  (superfluorescence)  [21]; 

(3)  the  prediction  of  light  control  by  light  [23];  (4)  the  evolution  of 
optically  pumped  superfluorescence  [24];  (5)  two-color  superfluores¬ 
cence  [25]  and  various  amplifiers  [26]  as  weil  as  (6)  multi-level  propa- 
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gation  for  laser  isotopic  separation  studies  [27]  and  (7)  cw  phase 
encoding  that  lead  to  on-axis  intensity  self-enhancement  [28]  ]  that 
quantitative.'/  agree  with  experimental  observation  [29-37]. 
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Recently  Boshier  and  Sandle  /!/  reported  via  the  numeri¬ 
cal  simulations  a  new  phenomenon  of  CW  on-resonance  self-focusing 
for  very  intense  beam  having  intensity  larger  than  the  saturation 
one.  The  analytical  discussion  of  this  self-focusing  by  LeBerre 
et  al  /2a, b/  led  to  controversy  due  to  the  neglecting  of  the  off- 
axis  effects  in  /2a/.  The  self-focusing  in  the  purely  absorptive 
propagation  was  demonstrated  in  /3/ . 

In  the  present  study  we  develop  a  detailed  analytical 
treatement  of  the  beam  stripping  in  the  off-axis  regions,  occuring 
during  the  early  stage  of  the  beam  reshaping. 

Introducing  into  the  evolution  equation  for  the  field 
amplitude  e( ^ ,z) 


(  where fb  depends  on  dipole  momentum  and  relaxation  times  in  the 
corresponding  Bloch  equation  and  f  «  1  is  a  reciprocal  characte¬ 


ristic  Fresnel  number  )  the  expansion 

2r>  r  / 

It 


(Zn^) 


e  (<?  z) 


leads  to  the  hierarchy  of  solutions  for  en(^  ,  z)  : 
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These  solutions  show  the  competing  effect  of  the  beam  diffraction 
(  the  Laplacian  in  (3) )  and  the  nonlinear  absorption  of  the  medium 
expressed  via  the  nonlinear  response  Fn(e.. ( ^  ,  z) ) .The  zeroth  order 
solution  to  eq. (1)  ,  eQ( ^  ,z),  was  given  by  Icsevgi  and  Lamb  in  /4/. 
In  the  case  of  very  intense  CW  beam,  the  on-axis  intensity »l 
and  the  amplitude  eQ(^>  ,z)  can  be  approximated  in  the  on-axis  domain 
by  (  the  initial  beam  profile  is  Gaussian  ) : 


(4) 


To  analyse  the  beam  reshaping  and  stripping  near  the  outer  region 
where  IQ  ( ,z)  ~  1,  eQ(^)  ,z)  is  expressed  by: 


= i,+ t  sf 
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where  ^  ((^ 

Finally  near  the  edges  of  the  beam  where 

following  approximation  is  suitable 
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Using  these  explicit  functions  in  their  domains  of  validity  we  have 
calculated  the  amplitudes  en(^),z)  up  to  the  third  order  both  analy¬ 
tically  and  numerically.  The  beam  evolution  is  also  characterized 
by  the  effective  beam  radius  (  in  the  Marburger’s  definition  ): 

___  r  f _ , 


li 


(7) 


and  by  the  radial  energy  flow  Jt((p  (2)  : 


Q  <f)  ,  .  +  -f  £  x 
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The 


radius  the  phase  c and  its  radial  variation 


(8) 


were  also  calculated.  To  compare  our  results  with  /!/  we  have 
plotted  eQ(^,z)  (Fig.l. ),  e^^  ,z)  (Fig.  2.),  en  (  ,  z)  ,  <£  ( ip  ,  z)  , 

Jt(^>  ,z)  and  the  radius  ^ef^(z)  for/Ssl,  fa  1/300  and  IQ=  225. 

The  analysis  shows  that  for  sufficiently  large  penetration  depth  z 
the  nonlinearity  predominates  over  the  diffraction  as  the  energy  flow 
changes  the  direction  toward  the  center  of  the  beam.  At  first  the  beam 
transverse  structure  is  reshaped  and  stripped  near  the  edges  giving 
rise  to  the  radially  dependent  wave  front.  The  phase  changes  rapidly 
in  the  outer  regions  of  the  beam.  As  z  increases,  substantial  resha¬ 
ping  in  the  near-  axis  domain  takes  place.  Even  the  zeroth  order 
beam  intensity,  being  initially  Gaussian,  becomes  peaky  with  increa¬ 
sing  z  . 

Our  results  corroborate  the  numerical  simulations  /!/. 
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ABSTRACT 


The  onset  of  the  self-focusing  of  very  intense  CW  optical  beam  on 
resonance  is  studied  analytically  using  perturbational  methods.  The  com¬ 
petitive  effects  of  radially  dependent  nonlinear  absorption  of  the  media 
and  the  diffraction  spread  of  the  initially  gaussian  beam  are  analyzed. 
The  radial  variations  of  the  field  components,  phase  and  effective  beam 
radius  show  the  beam  reshaping  and  stripping  effects  in  agreement  with 
numerical  simulations. 

Introduction. 

Recently  Boshier  and  Sandle  [1]  reported  a  new  phenomenon  of  CW 
on-resonance  self  focusing  for  very  intense  beams  having  intensity 
larger  than  the  saturation  one.  This  new  phenomenon  has  not  occur 
previously  as  reviewed  by  Marburger  [2]  where  less  intense  beams  where 
studied:  The  nonlinear  susceptility  vanishes  on-resonance  excluding 
the  occurrence  of  self-focusing  as  observed  by  Bjorkholm  et  al  [3] ; 


f  The  development  of  the  numerical  program  applied  to  this  study  was 
sponsored  by  the  U.S.  Army  Research  office  (DAAG23-79-C-0148)  and 
the  U.S.  office  of  Naval  Research  (N000-14-80-C-0175) 


tt  On  extended  leave  of  absence  from  the  Polytechnic  Institute  of  New 
York,  Brooklyn,  New  York  11201 


eitl  r  below  the  resonance  or  above  the  resonance  the  beam  experiences 
sell  lensing  phenomenon  as  predicted  by  Javan  and  Kelly  [4]  and  observed 
by  Irishkowsky  et  al  [5].  The  coherent  (pulsed)  on- resonant  self-fo¬ 
cus  ig  predicted  by  Newstein  et  al  [6,7]  and  subsequently  ascertained  in 
Soc  am  [8,9]  Neon  [9,10]  and  Iodine  [11]  could  be  understood  in  terms  of 
an  istantaneous  frequency  offset  (Aft  =  3$/3t).  which  results  from  the 
phc  e  variation  initiation  due  to  diffraction.  Similar  methodology  to 
the  one  developed  by  Newstein  et  al  for  the  transient  case  [12,13]  to 
tre  :  the  diffraction  as  a  perturbation ,  elucidate  the  development  of 
the  radially  dependent  phase  in  the  CW  regime  as  shown  by  LeBerre  et  al 
in  .4,15].  LeBerre  et  al  used  for  a  base  Icsevgi  and  Lamb's  plane  wave 
(C\  )  implicit  solution  [17]  instead  of  McCall  and  Hahn  SIT  (pulse)  solu- 
tior  [18].  The  phase  curvature  was  obtained  by  the  competetive  effects 
of  idially  dependent  nonlinear  absorption  of  the  medium  and  the  diffrac- 
tioi  spreading  of  the  input  gaussian  beam.  A  Fresnel  number,  defined  in 
ter  3  of  the  (nonlinear  medium)  Beer  length  instead  of  the  cell  length, 
chc  acterizes  completely  with  the  ratio  of  the  input  intensity  to  the 
sat  'ation  intensity  the  beam  evolution  and  reshaping.  Particular  care 
mu:  be  taken  in  the  perturbation  treatment  to  approximate  correctly  the 
car  nical  plane  wave  solution  and  to  include  the  transverse  boundary 
edc  effects.  Le  Berre  et  al  [16]  in  their  first  analysis  missed  the 
str  -ping*  process  that  takes  place  at  the  edge  of  the  canonical  solu- 
tior  profile  and  concluded  that  this  CW  self-focusing  was  a  computer 
art  act.  Our  attempt  was  to  understand  both  results  and  illustrate  the 
ph:  ;ics.  Our  present  approach  is  perturbational  both  analytically  using 
twe  power  series 

*  The  physical  mechanism  of  stripping  was  first  recognized  by  McCall 
and  Hahn  [18]  in  their  pulse  analysis  inresonant  media.  They 
understood  that  the  pulse  entering  into  the  resonant  medium  is  not 
uniform  in  intensity  across  its  profile.  They  assumed  that  the 
plane-wave  analysis  of  the  transparency  effect  is  applicable  to 
small  patches  of  the  light  wave  front  anywhere  on  the  profile  a 
modification  of  the  pulse  intensity  output  across  the  beam  profile 
can  be  described  along  the  rod.  They  stated  that  at  a  particular 
radius  r  <  r  where  the  pulse  area  falls  below  n,  the  light  will  be 
absorbed  for  all  r  <  r  within  a  few  Beer's  lengths  a  l.  Conse¬ 
quently,  the  outer  periphery  of  the  original  pencil  of  light  should 
be  stripped  away. 


development  to  treat  rigorously  the  edge  effect  and  numerically  where 
the  basic  solution  is  exactly  solved  using  implicit  algorithm.  The  anal¬ 
ysis  led  us  to  understand  the  evolution  of  the  onset  of  the  self-focusing 
from  the  transverse  energy  current  associated  with  the  phase  curvature 
induced  by  the  amplitude  abrupt  variation  (i.e. ,  stripping  [18]  at  the 
edge.  The  phase  and  amplitude  structures  which  arise  from  the  pertur¬ 
bation  are  such  that  if  the  beam  propagates  through  free  space,  it  will 
experience  an  enhancement  (magnificantion)  on-axis.  The  trend  of  our 
perturbational  results  was  conform  with  our  rigorous  solution  [19]  as 
well  as  with  those  by  Tai  [20],  Drummond  [21]  and  Le  Berre  et  al 
(though  not  accepted  as  real)  [22]  and  the  Saclay  [30]  calculation  as 
well  as  with  a  recent  modified  theoretical  analysis  by  Le  Berre  et  al 
[23]  that  takes  into  account  of  the  stripping  process. 

Equations  of  motions. 

Thus,  in  recent  papers,  LeBerre  et  al  [14-16]  discussed  analyti¬ 
cally  the  beam  reshaping  in  the  case  of  a  CW  beam  propagating  in  a 
purely  absorptive  medium.  Recently,  Le  Berre  et  al  [16]  attempted  to 
demonstrate  analytically  that  the  self-focusing,  obtained  previously  by 
Boshier  et  al  [1]  by  numerical  simulations  is  due  solely  to  computational 
artifact  despite  their  obtaining  a  mesh  independent  self-focusing  with  a 
simplified  non-adaptive  mesh  version  of  Mattar  code  [24].  Nevertheless 
the  beam  reshaping  was  thoroughly  shown  by  other  numerical  ap¬ 
proaches  [19-23,  30]. 

We  have  therefore  reexamined  the  analytical  solution  to  the  propa¬ 
gation  problem  of  CW  laser  beam  in  absorbing  media  using  the  pertur¬ 
bative  treatment. 

The  propagation  of  an  intense  CW  light  beam  in  an  absorptive 
medium  is  described  by  equation: 


sr  •  - lf  7t" 
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where  the  parameter  8  = 


Tlt„ 


being  the  dipole  moment  for 


atom,  txX2  relaxation  times  in  the  corresponding  Bloch  equation.  The 
other  parameter,  f«l,  represents  the  relative  magnitude  of  diffraction 
with  respect  to  absorption,  f  =  (1/2  kaw«)”*  the  '1/2  k  Wn'  is  the  in- 


verse  diffraction  length  z^,  while  a  is  the  Beer  absorption  reciprocal 

length  and  w0  being  the  waist  thickness  of  the  beam,  z  =  (1/2)  a  z,  z 

.  .  ,  .  ,  r  ,  V2  is  the  trans- 

is  the  penetration  depth  in  physical  units,  p  =_ - ’ 

Wo  i 

verse  Laplacian  in  p.  The  complex  field  amplitude  is  e(p,z). 

Thus  f  as  first  recognized  by  Mattar  and  Newstein  [7,13]  is  a  re¬ 
ciprocal  characteristic  medium  length  Fresnel  number  whereas  the  geo¬ 
metric 

reciprocal  Fresnel  number  is  f  =  - jr.  Their  ratio  f/f  -  az  total 

8  kw  8 

o 

absorption  in  a  medium  of  length  z  [25]. 

Using  the  usual  perturbation  method  [26],  we  expand  the  field  ampli¬ 
tude  e(p,z)  in  terms  of  the  expansion  [2]: 

e(p,z)  =  1 ^  f^e^Cp.z)  +  i  f(2j+1)e(2j+1)(p,z)  (2) 


with  ej(p,z)  being  real.  Introducing  eq.  (2)  into  eq.  (1),  one  obtains 
the  following  hierarchy  of  evolution  equations 


3_ 
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The  first  three  equations  coincide  with  eq.  (9)  in  [14-13]  for  0*1. 

The  zeroth  order  approximation  in  (3)  has  a  well  known  solution 
given  by  Icsevgi  and  Lamb  [17]: 

l  1/2  i 

*0  «*P  l  2  P  «8]  3  Io  e*P[’P2]  exp  [  j  0IO  exp{-2p2} Jexpf^jz] 
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Assuming  this  solution,  eQ(p,2)  as  a  known  function  of  the  normalized 
variables  p  and  z,  we  obtain  for  higher  order  approximations. 


=  .„<*>  j *  [»f  «„(*')]  a*1 


e  (z)  a  eQ(z*)ef(z*)  l+pe2(z’) 
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Here  we  have  assumed  that  ej(p,z)  =  0  for  j  f  0  at  z  =  0.  In  the  case 
of  very  intense  CW  beam,  as  considered  in  [14-16,23],  where  the  on-axis  input 
intensity  IQ  »1,  the  solutions  (5)  can  be  rather  simplified. 

For  0IQ  »1,  the  Icsevgi-Lamb  solution  (4)  can  be  following  ref  [16] 
approximated  for  an  initially  gaussian  profile  by: 

I(p,z)  =  Iq  exp[-2p2]  -  |  (6) 

which  is  a  good  approximation  for  the  near  axis  region  if 


|  <  IQ  exp[-2p2] 


eQ(p,z)  =  [Iq  exp[-2p2]  -  |]* 

with  exception  of  the  close  vicinity  of  the  point  |  =  IQ  exp[-2p2]. 
the  first  order  solution  we  have: 

ex(p,z)  =  4piQ{(l-2p2)  exp[-2p2]  In  [1  -  (z/0Io)  exp[2p2]]  ... 


(z/pIQ) 
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and  similarly  for  higher  order  terms.  All  useful  information  on  the 
beam  evolution  gives  the  radial  energy  flow,  defined  as 


jt(p,*>  -  i«i2  f*  , 


$  5  tan  0  = 


Ij5lg.CP.agll  -  ci(p,2)+0(f2) 
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If  we  neglect  terms  of  the  order  of  f2,  the  phase  can  be  calculated 
using  eqs.  (6)  to  (8).  This  leads  to 
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Following  Marburger  [2]  we  define  an  effective  beam  width  in  terms  of 
the  phase  curvature  (i.e.,  the  phase  gradient) 


a  {  J>12P<*P  ^  =  j _ fce*pdp  ^ 

/IV  e | 2pdp  J(V  e) (V  e)*pdp 


(12) 


The  Marburger  effective  radius  up  to  the  order  of  f2  is 
J{e0  ♦  f^)2  +  f2(e2  )}pdp 


(^•e0+f2v^e  a>2  +  f2[(VT  ex)2  ]}pdp 

To  analyze  the  beam  reshaping  in  the  out  of  axis  region,  where  pl0  be¬ 
comes  small,  the  Iscevgi-Lamb  solution  is  approximated  by  [27] 


e0  (P,z)  *  2  t«(2in+1)(p,2) 

m=0 


with  the  first  five  terms 
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where  R  5  exp(-p2)  exp{|pi0  exp(-2p2)},  and  Z  =  exp  [-|z]  the  series  is 
valid  for  small  0IO  verifying  the  convergence  condition.  The  approxi¬ 
mation  (13)  is  particularly  useful  for  studying  the  beam  stripping  be¬ 
havior  at  the  edges  where  (I  =  I0  exp(-2p2)}  is  small  enough.  Intro¬ 
ducing  (13)  in  (10),  we  have 

j  *(p,z)  *  Hxz  +  j  PIqR2H3  (exp  (-z)-l)  -  |  p2I§R4H5  (exp(-2z)-l) 

+  Jg  03iJr8  H7(exp(-3z)-l)  -  p4I$R8H9  (exp(-4z)-l)  (15 

where  (aj,  bj,  Cj  are  numerical  constants): 

(l+pf0)  +  bj.p2(l+pf0)2  +  cj.p2pi0  (16 

The  radial  structure  is  such  that  the  transverse  energy  flux  is  inward 
which  illustrates  the  onset  of  on-axis  energy  magnification  should  the 
beam  propagate  either  in  free  space  or  in  free  space  or  in  the  nonlinear 
medium  [6]  using  numerical  methods.  The  continuation  of  the  two-level 
medium  beyond  the  validity  of  the  perturbation  will  enhance  the  on-axis 
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magnification  sooner  [6,7].  To  compare  our  results  with  [1,  14-16]  we 
have  plotted  e0  (p,z)  (Fig.  1.),  ♦  (p,z)  (Fig.  2),  e2(p,z)  (Fig.  3)  and 
e2  (p,z)  (Fig.  4.)  for  p  =  1,  f  =1/300  and  I0  =  225. 

All  graphs  as  well  as  our  other  analysis  for  different  approxima¬ 
tions  to  e0(p,z)  show  clearly ,  that  for  sufficiently  large  z,  the  non¬ 
linearity  predominates  over  the  diffraction  as  the  energy  flow  changes 
the  direction  toward  the  center  of  the  beam.  First,  the  beam  transverse 
structure  reshaped  and  stripped  giving  rise  to  a  radially  dependent 
wave-front;  for  larger  values  of  z  beyond  the  range  of  validity  of  the 
perturbation  a  small  self -focusing  takes  place  also  for  the  inner  region 
of  the  beam.  The  zeroth  order  solution  e0  has  only  at  the  input  plane 
(z=0)  a  gaussian  profile,  later  the  beam  narrows  and  the  profile  e0  is 
first  "peaky"  then  it  develops  transverse  structure  (e.g.,  radial  rings) 
in  the  rim  of  the  beam.  The  trend  of  inward  radial  flow  is  established 
for  the  first  time  both  analytically  and  numerically.  Thus,  our  results 
confirm  the  numerical  simulations  [1,  19-23].  More  detailed  analytical 
and  numerical  solutions  will  be  given  elsewhere. 

ADDENDUM:  At  the  Fifth  Rochester  Conference,  LeBerre  et  al.  retracted 
their  conjecture  that  the  CW  on-resonance  self-focusing  was  a  computa¬ 
tional  artifact.  They  realized  that  the  stripping  process  had  to  be  in¬ 
cluded  in  the  analysis  [23]. 

Gibbs  et  al.  have  recently  observed  in  highly  absorbing  sodium 
vapor  [28]  the  CW  on-resonance  on-axis  enhancement  (CORE)  and  is  re¬ 
porting  qualitative  agreement  with  the  different  theoretical  studies 

[29] .  Furthermore,  J.P.  Babuel-Peyrissac ,  C.  Bardin,  J.P.  Marignier 

[30]  have  recently  duplicated  Boshier's  results. 
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FIGURE  CAPTIONS 


The  Zeroth  order  approximation  of  the  field  amplitude  e0(p,z) 
is  shown  as  a  functional  of  z  the  propagational  distance  for 
different  values  of  p  between  p  =  0  and  p  =  1.5. 

The  profile  of  the  phase  t(p,z)  i»  plotted  for  different  z 
(for  z=0 ,  $=0)  a  negative  curvature  is  seen  to  develop  as  the 
depth  of  penetration  in  the  medium  increases. 

The  profile  of  the  amplitude  ex(p,z),  the  imaginary  component 
of  the  field  which  develops  due  to  the  diffraction  coupling, 
is  displayed  as  a  function  of  z.  Note  the  radial  variation 
forming  as  z  increases. 

The  profile  of  the  amplitude  e2(p,z).  As  the  penetration 
depth  increases,  e2(p,z)  increases  at  the  edges  of  the  beam 
due  to  the  beam  stripping. 
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Abstract 

The  concomitant  effect  of  dynamic  diffraction  coupling  and  quantum 
initiation  are  examined  rigorously  in  two-colour  SF.  The  synchronisation 
of  the  delays  associated  with  the  two-colour  SF  pulses  as  observed  by 
Florlan  et  al  is  reproduced  in  the  plane  wave  regime  and  for  small  Fresnel  number 
per  gain  length  F.  Feld's  propagation  model  for  SF  and  Eberly's  simulton 
theory  are  ascertained  by  the  calculations.  The  variance  of  synchronisation 
is  shown  as  a  function  of  F. 
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Summary 

Results  of  a  lgorous  numerical  simulation  of  diffraction  coupling, 
radial  density  var  atlons  and  quantum  initiation  are  discussed  for  two-' 
color  superfluores  ance  from  a  three-level  system  of  a  configuration. 

The  calculations  a  ree  and  interpret  for  the  first  time  Florian  et  al’s 
recent  experiments  observation  11] .  The  model  consists  of  two-scalar 
field  equations  d<  isly  Intertwined  in  the  generalized  three-level 
lnaBlnd  Bloch  equ;  :lons  [2,3],  The  two-transitions  are  initially  inverted. 
The  effect  of  cohe:  mt  pump  dynamic  [4]  is  not  considered  here  143  of  Feld's 
propagatlonal  model  [5]  is  shown  to  be  relevant  to  the  physical  interpretation 
and  modeling  as  it  'as  for  the  two-level  case  studied  by  Mattar  et  al  [6J , 

A  synchronisation  c  :  the  delays  associated  with  the  two-color  SF  is  always 
achieved  in  agrecme  .t  with  Florian 's  measurements,  thus  confirming  Eberly 
et  al's  [73  slmulat  .on  prediction. 
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Moreover,  when  phase  and  transverse  variations  are  included  the 
synchronisation  is  altered  according  to  the  Fresnel  number  per  gain  length 
F.  The  physical  meaning  of  F  is  the  ratio  of  nonlinear  medium  gain  to 
diffraction  loss  [?].  For  small  F  the  synchronisation  prevails  however  for 
somewhat  large  Fresnel  where  short-scale-length  phase  and  amplitude  mode  ... 
initiations  lead  to  multi-directional  output  with  hot-spots  and  to  the 

reduction  of  delays  synchronisation.  “  The  delay  difference  statistics  - 

are  consistent  with  those  of  Haake  et  al  [9]  for  the  two  level  counterpart 
their  Fresnel  variation  also  conformed  with  Mat tar  et  al  [10] , 

Drummond  et  al  [11]  and  Mostowski  et  al  [12]  studies. 
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ABSTRACT 

The  self-focusing  onset  of  very  intense  CW  optical  beam  on  resonance  is 
studied  analytically  using  perturbational  methods.  The  competitive 
effects  of  radially  dependent  nonlinear  absorption  of  the  media  and  the 
diffraction  spread  of  the  initially  gaussian  beam  are  analyzed.  The 
radial  variations  of  the  field  components ,  phase  and  effective  beam 
radius  show  the  beam  reshaping  and  stripping  effects  in  agreement  with 
numerical  simulations. 

t  The  development  of  the  numerical  program  applied  to  this  study 
was  sponsored  by  the  U.S.  Army  Research  office  (DAAG23-79- 
C-0148)  and  the  U.S.  office  of  Naval  Research  (N000-14-80-C-0175) 

ft  On  extended  leave  of  absence  from  the  Polytechnic  Institute  of  New 
York,  Brooklyn,  New  York  11201 
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Introduction. 

Recently  Boshier  and  Sandle  [1]  reported  a  new  phenomenon  of  CW 
on-resonance  self  focusing  for  very  intense  beams  having  intensity 
larger  than  the  saturation  one.  This  new  phenomenon  has  not  occur 
previously  as  reviewed  by  Marburger  [2]  where  less  intense  beams  where 
studied:  The  nonlinear  susceptility  xNL  vanishes  on-resonance  excluding 
the  occurrence  of  self -focusing  as  observed  by  Bjorkholm  et  al  [3]; 
either  below  the  resonance  or  above  the  resonance  the  beam  experiences 
self-lensing  phenomenon  as  predicted  by  Javan  and  Kelly  [4]  and  ob¬ 
served  by  Grishkowsky  et  al  [5].  The  coherent  (pulsed)  on-resonant 
self-focusing  predicted  by  Newstein  et  al  [6,7]  and  subsequently  as¬ 
certained  in  Sodium  [8,9]  Neon  [9,10]  and  Iodine  [11]  could  be  under¬ 
stood  in  terms  of  an  instantaneous  frequency  offset  (&2  =  a^/8t). 
which  results  from  the  phase  variation  initiation  due  to  diffraction. 
Similar  methodology  to  the  one  developed  by  Newstein  et  al  for  the 
transient  case  [12,13]  to  treat  the  diffraction  as  a  perturbation, 
elucidate  the  development  of  the  radially  dependent  phase  in  the  CW 
regime  as  shown  by  LeBerre  et  al  in  [14,15].  LeBerre  et  al  used  for  a 
base  Icsevgi  and  Lamb's  plane  wave  (CW)  implicit  solution  [17]  instead 
of  McCall  and  Hahn  SIT  (pulse)  solution  [18].  The  phase  curvature  was 
obtained  by  the  competetive  effects  of  radially  dependent  nonlinear 
absorption  of  the  medium  and  the  diffraction  spreading  of  the  input 
gaussian  beam.  A  Fresnel  number,  defined  in  terms  of  the  (nonlinear 
medium)  Beer  length  instead  of  the  cell  length,  characterizes  completely 
with  the  ratio  of  the  input  intensity  to  the  saturation  intensity  the 
beam  evolution  and  reshaping.  Particular  care  must  be  taken  in  the 
perturbation  treatment  to  approximate  correctly  the  canonical  plane 
wave  solution  and  to  include  the  transverse  boundary  edge  effects. 


m 
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Le  Berre  et  al  [16]  in  their  first  analysis  missed  the  stripping^  process 
that  takes  place  at  the  edge  of  the  canonical  solution  profile  and  con¬ 
cluded  that  this  CW  self -focusing  was  a  computer  artifact.  Our  attempt 
was  to  understand  both  results  and  illustrate  the  physics.  Our  present 
approach  is  perturbational  both  analytically  using  two  power  series 
development  to  treat  rigorously  the  edge  effect  and  numerically  where 
the  basic  solution  is  exactly  solved  using  implicit  algorithm.  The  anal¬ 
ysis  led  us  to  understand  the  evolution  of  the  onset  self-focusing  from 
the  transverse  energy  current  associated  with  the  phase  curvature  in¬ 
duced  by  the  amplitude  abrupt  variation  at  the  edge.  The  phase  and 
amplitude  structures  which  arise  from  the  pertubation  are  such  that  if 
the  beam  propages  through  free  space  it  will  experience  an  enhancement 
(magnification)  on-axis.  Our  perturbational  results  was  conform  with 
our  rigorous  solution  [19]  as  well  as  with  those  by  Tai  [20],  Drummond 
[21]  and  Le  Berre  et  al  (though  not  accepted  as  real)  [22]  and  with  a 
recent  modified  theoretical  analysis  by  Le  Berre  et  al  [23]  that  takes 
into  account  of  the  stripping  process. 

Equations  of  motions. 

Thus,  in  recent  papers,  LeBerre  et  al  [28]  discussed  analytically 


t  The  stripping  mechanism  was  first  recognized  by  McCall  and  Hahn 
[18]  in  their  pulse  analysis.  They  understood  that  the  pulse 
entering  into  the  resonant  medium  is  not  uniform  in  intensity 
across  its  profile.  They  assumed  that  the  plane-wave  analysis  of 
the  transparency  effect  is  applicable  to  small  patches  of  the  light 
wave  front  anywhere  on  the  profile  a  modification  of  the  pulse 
intensity  output  across  the  beam  profile  can  be  described  along  the 
rod.  They  stated  that  at  a  particular  radius  rc  <  r  where  the 

pulse  area  falls  below  the  light  will  be  absorbed  for  all  rc  <  r 

within  a  few  Beer’s  lengths  a’l.  Consequently,  the  outer  periphery 
of  the  original  pencil  of  light  should  be  stripped  away. 


the  beam  reshaping  in  the  case  of  a  CW  beam  propagating  in  a  purely 
absorptive  medium.  Recently,  Le  Berre  et  al  attempted  to  demonstrate 
analytically  that  the  self-focusing,  obtained  previously  by  Boshier  et  at 
[29]  by  numerical  simulations  is  due  solely  to  computational  artifact 
despite  their  obtaining  a  mesh  independent  self-focusing  with  a  simpli¬ 
fied  non-adaptive  mesh  version  of  Mattar  code  [30].  Nevertheless  the 
beam  reshaping  was  thoroughly  shown  by  other  numerical  approaches 
[31]. 

We  have  therefore  reexamined  the  analytical  solution  to  the  propa¬ 
gation  problem  of  CW  laser  beam  in  absorbing  media  using  the  pertuba- 
tive  treatment. 

The  propagation  of  an  intense  CW  light  beam  in  an  absorptive 
medium  is  described  by  equation. 

af-e  '  U  (1) 

where  the  parameter  0  =  tx  x2,  p  being  the  dipole  moment  for 

atom,  ti,X2  relaxation  times  in  the  corresponding  Bloch  equation.  The 

other  parameter,  f«l,  represents  the  relative  magnitude  of  diffraction 

with  respect  to  absorption,  f  =  (1/2  kcrwg)"1,  with  '1/2  k  w02*  is  the 

inverse  diffraction  length  z^,  while  o  is  the  Beer  absorption  reciprocal 

length  and  w0  being  the  waist  thickness  of  the  beam,  z  =  (1/2)  a  z,z  is 

the 

penetration  depth  in  physical  units,  p  =  -—■  ,  V2,  is  the  transverse 

Wq  X 

Laplacian  in  p.  The  complex  field  amplitude  is  e(p,z). 

Thus  f  as  first  recognized  by  Mattar  and  Newstein  (34)  is  a  recip¬ 
rocal  characteristic  medium  length  Fresnel  number  whereas  the  geometric 
reciprocal  Fresnel  number  is  fg  =  Their  ratio  f/fg  =  az  total 

absorption  in  a  medium  of  length  z  [35]. 
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Using  the  usual  perturbation  method,  we  expand  the  field  ampli¬ 
tude  e(p,z)  in  terms  of  the  expansion  [36]: 

*  j=!  *  1  ^  f(2j+1>e(2j»l)(P’2)  (« 

e^Cp.z)  being  real. 

Introducing  eq.  (2)  into  eq.  (1),  one  obtains  the  following  hierarchy  of 
evolution  equations  [37] 


9  _  1  eo 

31  0  ‘ ' 5  i-K 


-h  «i  - «.  -  -  j  -Lr «. 


a  ,  l-0e2 

ll  •«  ♦  •»  *  -  j - r~ «,  *  |  _  .? 

2  (1+PeJ)2  2  OTpe2)2 


a  it  Peo  •  i 

-qZ  e3  ■  VT  «2  =  ■  2  -  *3  +  -  ^ 

2  1  1 4-0«2'\  2  2 


U+pe2)2 


(1+Pe2)2 


a  i  l~Pe2  i  3e  -pe3 

-g~  e4  +  e3  =  -  -  - - -  e4  +  rP  — — — 


(1+Pe2)2 


(1+P*2)3 


+  P  - VT  *1*3  ♦  fP 

U+Pe2)2  2 


l-2Pe2-3P2e4 

In  O  O 


-p  - - -  eje2 

(1+Pe2)4 


e  +2Pe3+p2e5 

.  k*  -2 - 2__ — 2.  e} 

(1+Pe2)s 


“57  «*  ”  VT  «4 


2  e*  +  2  ri+ieW  (2e^e* +  2e*e^ 


1  P(e,e|  ♦  3e?e*  -  p2 


e!H3e,e$  -  3ef  e? 


(1+M)3 


*  1,2  .f 

(1*0.S)3  (3) 


The  first  three  equations  coincide  with  eq.  (9)  in  [36]  for  p=l. 

The  2eroth  order  approximation  in  (3)  has  a  well  known  solution 
given  by  Icsevgi  and  Lamb  [37]: 

t  1/2 

«o  «*P  [  J  P  *83  a  Jo  e*p[“P2]  exp  [  j  pi0  exp{-2p2}]exp[:i|z] 

Assuming  this  solution,  eQ(p,z)  as  a  known  function  of  the  normalized 
variables  p  and  z,  we  obtain  for  higher  order  approximations. 


*  «„<*>  ^  r?FT  **' 


e2(z) 


c0tz) 

[l+pej(z)] 


,  »e(z’)e?(z’)  l+pe2(z*) 

f.  t-V?  «,(z')  -  |  -2 -  1— 

°  T  *  2  ri4.(u2r*m2  e  (z  ) 


[n-pej(z’)]s 


.  P«  (z,)e1(z,)e2(z')  Pef(z’) 

e3(«)  *  e  (z)  [V2  e  (z’)  ♦  - - -  ♦  I - ] 

°  1  *  [l+pe2(z')]2  2  fi*(u2r*» M2 


[l+PeJCz’)]5 


e4(*) 


[H-peJ(z)] 


,  _  ,  3e  (z1 )-pe8(z' ) 

Si  [-7*  e3(z')  4  ip-/  —  ei(z') 


[l+pe2(z')]3 


e0(z,)e1(z')e3(z')  .  l-2pe2(z,)-3p2e4(z') 

+  P  -2 -  ♦  - 2 - 2 - 


(H-PeJ(z')]2 


[l+3e2(z')]« 


e?(z' )e2(z’ ) 


«,(■')♦ 2Pe;(z')+p2e;(z') 


[1+Pe2(z’)]s 


l+pe2(z’) 

e^2'^  eo(z')  dz' 


VW',' 


2e,  (z*  le-.fz*  )+2e.*(z'  )e 


[1+M(2’)]3 


l^kni3  e?u,)1  (4) 

Here  we  have  assumed  that  e.(p,z)  =  0  for  j  +  0  at  z  =  0.  In  the  case* 

•  J 

of  very  intense  CW  beam,  as  considered  in  [38]  where  the  on-axis  input 
intensity  IQ  »1,  the  solutions  (4)  can  be  rather  simplified. 

ei(z)  =  eo(z)  J2  [V|  e0(2’)]77iTy  dz' 

O 

e2(zt ) 

'2<2)  3  !l  [-VI  “(2'>  *  H  'o(2')d2' 

e3C*)  3  •  <*)  [V|  e2(z’)  ,  i  )««<»'>  ,11 

°  °  T  P  e3(z’)  2  P  e4(zl)  eoCz  ) 

o  o 

.  ,  .  3-Pe2(z' )  eiCz' )e3(z' ) 

e^z>  s  rTTT  £  t_VT  «»<*’>  +  ?  — - 2 -  el(z')+i  - 

eo(2)  °  T  2  P2  e*(z’)  P  e3(z' ) 


x  !  l-2pej(z’)-3p2ej(z’) 


+  2  o3 


ej(z') 


ef(z' )e2(z' ) 


,  ,  l+2pe2(z')+p2e<(z') 

-  i  - - 2 - 2 -  ej(z' 


2  e2 


)]  e0(z')dz' 


«.U)  3  .,(•)  J2  [«  ««(*•)  ♦  (  ) 


V.. 


♦  i  Oe^z’JeKz^+aeKz^esCz'J-p^gCz’Kae^z’JeKz'J-aefCz^eaCz’)) 


-  23*e0(z' )ef (z' lejCz' )+ef (zf )}/P3e8(z' )]  dz’  (5] 

For  pIQ  »1,  the  Icsevgi-Lamb  solution  (5)  can  be  following  ref 
[39]  approximated  for  an  initially  gaussian  profile  by: 

I(p»z)  =  IQ(p,z=0)  -  | 

I(p,z)  *  Io  exp[-2p2]  -  |  (6] 

which  is  a  good  approximation  for  the  central  region  of  the  beam,  where 

|  <  I#  «p(-2p*] 

Then 

eo(P,*)  *  [IQ  exp[-2p2]  - 

with  exception  of  the  close  vicinity  of  the  point  |  =  IQ  exp[-2p2].  For 
the  first  order  solution  we  have: 

«l(P»z)  a  4piQ{(l-2p2)  ezp[-2p2]  In  [1  -  (z/py  exp[2p2]]  ... 

,  (*/PIo>  % 

-  P2  -  }*{I0ezp[-2p2]-z/p}  (7) 

1  -  (z/pIo)  exp[2p2] 

2  5/2 

«z(p»*>  *  ^I^-  ^t-5p23{.(i.2p2)2(i_f_  exp(2p2)£n2(l-  |f“  exp(2p2)).. 

(1‘pl0e  }  °  ° 

♦[(-6p2+20p4)+(l4p2-12p4)(l-^  exp(2p2))-4(l-4p2+2p4)(l-^xp(2p2))2]* 


«p(2p2))+(-4+24p2-7p4)^  erp(2p2)+(5-34p2+24p4)£§^7  exp(4p2) 


+7p4 


ifc  exp(2p2) 

(1-  exp(2p2)) 


(8) 


and  similarly  for  higher  order  terms.  All  useful  information  on  the 
beam  evolution  gives  the  radial  energy  flow,  defined  as 


I « 1 3 


ap 


*  3  tan  «  =  = 

Re[e(p,z)] 


e, (p,z)+q(f2) 
eo(p,z)+6(f2) 


(9) 


If  we  neglect  terms  of  the  order  of  f2,  the  phase  can  be  calculated 
using  eqs.  (6)  to  (8).  This  leads  to 


•Kp.z)  1  f4pi  { ( 1— 2p2)  exp[-2p2]  In(l  -  *?-  exp[2p2])  -  p2 
°  P1* 


z 

1  *  pT  exp[2f 
do] 


& 

ap 


(p»z)  _  f8piQp  {-4(l-p2)  exp[-2p2]  la(l  -  jjj-  exp[2p2]) 


-  (3-4p2) 


z 

PI 


1  •  |f  exp(2 p2] 


-  2p2  exp(2p2] 


p2i  ; 


-} 


(1  -  qj~  exp[2 p2])2 
p  o 


Following  Marburger  [40]  we  define  an  effective  beam  width  in  terms  of 
the  phase  curvature  (i.e.,  the  phase  gradient) 


=  {— Xlei2P4fi  ^  {  Jee*pdp  ^ 

/|7Te|2pdp  /(VTe)(VTe)*pdp 

The  zero  order  Marburger  effective  radius  is 


ataft ;  MvS-.ivS. 


t  frfodp  ji,  __  tn  -  ~ 

/|VT«0|2(Klp  2[  1  + 


the  refined  radii  up  to  the  f  and  f2  order  in  e  are: 


‘’h,  5  t 


J"(e2  +  f2ef)pdp 


■V 


/{(VTeo)2  +  f2(VTei)2}pdp 


/e2(l  ♦  f2*2)pdp  . 

=*  [ - 2 - ]* 

/«Vo)2  *  f2(#8p'o  +  •oV)#,pdp 

/{eo  *  f2*2)2  *  f2(e?  )}pdp 
Pm  s  I - 

2  (VTe0+f2VTe2)2  +  f 2  [  (^Te i > 2  ]}p«*P 


To  coapare  our  results  [40]  with  [4l],  we  have  plotted  |^(P>z), 

JT(p,z),  P„  (*)  for  £  *  I  a  100,  0  S  p  S  1.2,  0  S  z  S  10-15 

neglecting  terms  -  f2  in  (8)  (such  that  e0  2  fet  2  f*e2.  e2  and  eT  are 
also  plotted  to  the  order  of  f4  and  also  for  f  a  1/500.  All  graphs  as 
well  as  our  other  analysis  for  different  approximations  to  eQ(p,z)  show 
clearly,  that  for  sufficiently  large  z,  the  nonlinearity  predominates  over 
the  diffraction  as  the  energy  flow  changes  the  direction  toward  the 
center  of  the  beam.  First,  the  beam  transverse  structure  reshaped  and 
stripped  giving  rise  to  a  radially  dependent  wave-front;  for  larger 
values  of  z  the  self-focusing  takes  place  also  for  the  inner  region  of 
the  beam.  Thus,  one  can  conclude  that,  in  case  of  propagation  of  the 
optical  beam  in  purely  absorptive  media,  reshaping  and  self- trapping 
takes  place  for  intense  beam  (IQ  »  1). 


To  ascertain  this  conclusion,  the  profile  of  the  most  pertinent 
function  is  displayed  for  different  penetrations  distances  z  =  0,1,10,20, 
30,40,50.  Should  one  use  Leberre  et  al's  approach  outlined  in  reference 
16a  the  validity  of  all  calculations  and  graphs  is  controlled  by  the 
condition  z/p  <  IQ  exp[2p2J.  To  maintain  the  precision  to  several 
percent  we  one  would  have  to  discontinue  the  calculations  for  larger  z 
as  soon  as  *z/p  =  0.95  IQ  exp[-2p2]'  is  reached.  Thus  the  validity  of 
the  theory  LeBerre  et  al  in  ref  [16a]  is  radially  dependent.  All  the 
processes  of  interest  develop  before  the  validity  condition  breaks  down. 

The  zeroth  order  solution  eQ  has  only  a  gaussian  profile,  at  the  input 
plane  (2=0)  later  on  the  beam  narrows  and  the  profile  eQ  is  first 
"peaky"  then  it  develops  transverse  structure  (e.g.,  radial  rings)  in 
the  rim  of  the  beam  as  shown  in  Fig.  7. 

The  most  interesting  process  such  as  rapid  variation  of  the  phase, 
field  components  (e^(p,z)  and  radial  energy  flux  takes  place  near  the 
edges  of  the  beam.  To  be  able  to  describe  these  stripping  effects  accurately 
one  has  to  use  more  precise  approximation  for  the  zeroth-order  field 
®o(P.z)  than  as  given  in  eq.  (6)  from  the  Icsevgi-Lamb  solution  [17] 
for  e0(p,z),  namely 

I(p,z)  exp[pl(p,z)]n  =  I0(p,z)exp[pi0(p,zo)]exp[-*]  (11) 

we  can  contruct  via  the  method  of  consecutive  approximations  the  next 
order  approximation  to  the  expression  (6):  -  --- 

«o(P»z)  =  U<>e*p[-2p2  -  |  -  £  Ln(l  -  ~|j^  exp[+2p2] }  1/2  (12) 


where  again  I0  is  the  initial  beam  intensity  at  z=0.  This  approximation 
gives  better  description  of  processes  in  the  central  region  and  in  the 
vicinity  of  beam  edges.  E.g.  the  phase  $t(p,2)  is  given  now  by 


Z  z 

♦(P,2)  =  i  f  *  v*  /  4a  F(p,z)dz  +  r  f  •  /  (  |r  An  F(Plz))2dz  (13) 


2  T  J0  4  J0V  3p 


where  Ft(p,z)  *  I0exp[2p2]  -  -  -  -  An(l  - —  exp[2p2]) 

P  P  Plo 


f3  f2 

or  ♦(p.z)  =  f  •  J  {8p2  =-  -  4p2  Fl/Ff  -  4  =-}dz 

0  *1  *1 


where  F2  =  I0exp[-2p2]  + 


—  -exp[-2p2] 

Plo 


F3  =  I0  exp[-2p2]  +  —2—  exPl-2-fiJ - 

, - exp[2p2]  . 

P2I0  1  Plo  * 


Still  better  approximation  to  the  zeroth  order  field  p0(PiZ>  at  the  beam 
edges,  can  be  obtained  by  developing  the  Icsevgi  and  Lamb'  solution  in 
a  series. 

Instead,  one  should  solve  rigorously  the  Icsevgi  and  Lamb'  solution 
[17]  for  small  values  of  pi  by  using  numerical  methods  or  by  developing 
the  Icsevgi  and  Lamb'  solution,  namely 

e0  ezp  [  |  p  eg]  =  I0  exp[-p2]  exp  [  -  pl0  exp{-2p2}]exp[-|z]  (18 

in  a  series  for  p  >  0.95  pc 

with  p„  =  ain  (p _ ,  VO. 5  In  (^)  ) 


e0  (p,z)  =  2  K<‘2m+1)(p,z) 

o=0 


1/2 

with  K  =  I0  R2 

with  the  first  five  terms 


1/2  3/2  5/2 

e0(p»z)  =  lo  R  exp(-|z)  -  R3  exp(-fz)  +  §P2I0  R5  exP  (-fz) 


4q  7  243  9/2  g 

-  4§P3Io  R7  exp(-^z)  +  j2^P4Io  R9  e*p(“|z)  (2C 

where  R  s  exp(-p2)  exp{  |pi0  exp(-2p2)}  and  Z  =  exp  [-^z] .  The 
series  is  valid  for  small  pi0  verifying  the  convergence  condition 

pi0  R2  exp(-2)  «1  (21 

The  approximation  (20)  is  particularly  useful  for  studying  the  beam 
stripping  behavior  at  the  edges  where  I0  =  I0  exp(-2p2)  is  small 
enough  (is  near  the  edges).  Introducing  (20)  in  (9), 

j  <KP,Z)  *  |  PIoR2H3  (exp  (-z)-l)  -  |  P2iSr«H5  (exp(-2z)-l) 

+  P3IoR®  H7(exp(-3z)-l)  -  1st  p*I$R8H9  (exp(-4z)-l)  (22 


where: 


Hj(p,z)  =  -  ajd+plo)  +  bjp2(l+pl0)2  +  c jp2pl o  (2 


H j  «  gp1  =  2bjP(i+pi0)2  -  8bjP3(l+p!0)p!o  +  ♦  2Cj)Pp!0  -  4cjp3pf0 


VjHj  =  4bj(l+pi0)2-48bjp2(l+pio)pi0+4(2.j+cj)p!o-8(2aj+3cj)p2pi0  (2 

+  32b  p.4(l+pl0)PIo  +  32b  p4p2(!0)2  +  16c  p4pi0 

J  J  J 


Consequently  the  phase  gradient  we  obtain  is. 


\  =  HJz  +  |  pI<>»2(Hi  -  4p(l+pf0)H3)  (exp(-z)-l) 

-ip2I§R4(Hi  -  8p(l+pi0)H5)  (exp(-2z)-l) 


+  p3I3R6(H^  -  12p(l+pf  )HT)(e«p(-3z)-l) 


-^4ljR4(H4  -  l6p(l+p!0)H9)  (exp(-4z)-l) 


For  the  first  order  field  term,  we  have  simply  from  eq  ation  (10) 


et(p,z)  =  e0(p,z).  jtp(p,z) 


The  multiplication  of  the  series  (20)  and  (22)  gives  then 


e1(p,z)  =  Z  z  A  exp(-  *2Slli*)  +  2  B  exp(-  ^2"~1)z) 
o=l  “  2  m=l  m  2 


where  Aj  =  Aj(p),  Bj  =  Bj(p),  are  defined  from  (20),  (22),  see  ref  [49] 
for  details.  The  next  order  field  for  peg  «  1  is  given  by 


(2 
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«2(P»2)  =  *o(P»z)  JoU-V2  ei(p,z))  eo1  (p»z)  +  f  ef(p>z)}dz 
by  integrating,  one  obtains  for 


*2(P»2)  =  eo(P»2)  ^g(P»z)  (E  staads  for  edge  of  numerical  grid)  (29) 
-1/2  _  .  -1/2 

fE(p,z)  =  -  I0  R  1(^Sx)i  -  |  I0  R  (V*Ai)z2 
-1/2  ,  „  +1/2 

+  (I0  R  (^A2)  +  f  Io  RCVjAj-pA^dCCl+z)  exp(-z)-l) 

-1/2  .  R  +1/2  .  3/2 

+  (I0  R  *(^3)+  §  I0  R(?fA2)-  §p2I0  R3(V2A1)-pA1B2-pA2B1). 

((i  +  §)  exp(-2z)-i) 

-  |  Af((z2+2z+2)  exp(-z)-2)  -  |a1A2((z2+z+1)  exp(-2z)-^) 

+  (Io1/2R-1(V£B2)  +  |  I1i2R(V*B1)  -  §Bf)  exp(-z)-l) 

+  \  (I ;1/2r"‘(V*B  )  +  |  I^Vv^B  )  -  |  pd^V^Bd  ppxp2) 

(exp  (-2z)-l)  (30) 


m 


At  =  I1/2ExR,  A  =  -  |  I3/2R3Ht,  A3  =  |  P2I5/2R5Hx, 

0  2*0  °  0 

Bj  *  *  |pI3/2R3H3  +  |p2I3/2R5H5  -  ~P3I^/2R7H7 
B2  =  ±p2I3/2R*H3  -jipai^VHs  -  |^p4I^/2R»H7 

B®  =  “  16  P3i^/2r7h3  +gf  P4I*/2R®H5  psI11/2R“H7  (31) 

Another  power  series  is  needed  to  be  developed  for  the  transition 
region  where  2.0  <  e0  <  0.5  to  insure  continuity  of  the  derivatives. 
The  intermediate  region  solution  was  obtained  by  developing  into  power 
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series  the  logarithm  of  Icsevgi  and  Lamb's  exact  implicit  solution.  (See 
fig.  IS)  Take  the  logarithm  of  both  sides  of  equation  (18) 

£ne  +  y)e2  =  ini5*  +  (%pi  exp[-2p2]-*jz  -  P2)  =  £nK  (32 

o  o  o  o 

For  e  <2  we  have 


Zac  *  +  I(-l)m+^'  (ep-l)m 
°  a=l  — 


equivalently. 


(p,z)  =  1  +  Z  p  F°  (27)  F  s  (1  +  p)“  [£nK  -%p] 

n=l  n 


or  explicitly 


F  =  (1  +  p)-1[£nl^  -*P)  +  (1  +  P)”1!^!  exp[-2p2]-p2j  +  (1  +  P)"V%z) 


the  first  coefficients  of  the  series  (34) 


,  _  l  (l-p)  1  ,1-p  .2  1 _ 

Pi  *  1;  Pz  -  2  (1+P);p3  “  2  ll+p  '  “  3(l+p) 


5  (PllL,  +  I _ 

6  (1+P)2  4(1+P) 


5  (P-121 

8  (p^Ip 


3  1-P  .1  1 _ _ 

4  (1+P)2  *  3  (Up? 


.  7  (1-8)3 4  1 _ 

8  (1+p)4  “  5 (1+P) 


i 

4  (upp 


For  p  =  1  we  have  sioply 


F  a  (|  £a  I0  -  J  J  I0  exp[-2p2] 


1  1 
2  p  1 '  z 2 


for  2.0  >  e  >  0.5 
-  o  — 


*,*  s”  v 

1  •  .*  *  •  *  *  j  .* 


To  calculate  the  higher  order  field  components,  we  need  the  Laplacian 
which  can  be  defined  as 


(Vfe)  =  2  A  F“ 

T  °  n*0  ° 

with 

A„  -  <■>«>  *„♦,  w?) ♦  (■>«)  V2  (|)a 

Where 

(VjF)  =  [2p2  p!0  -  pl0  -  U; 

|^  =  -  fgp  [Wo],  io  =  Io  exp(-2P2) 
furthermore,  for  component  et  with 

QB 

e01(p,z)  a  1  +  cxF  +  c2F2  +  ..  =  Z  c  F11 

n=0 


where 


Co  *  1.  Cl  ■  ■  Pl,<=2  a  pf-p2,  C3  a  -  p3+2p1p2  -  pf. 


c4  =  -  Pi  (2piPa  -  Ps-pf)  -  p2(pf-p2)  +  P1P3  ■  P4 


Substituting  the  approximation  (29)  for  e0  and  using  (33)  we  have 
by  analogy  to  eq  (9)  for  the  phase  (F(p,z)  =  <Kp)  "^(l+P) 


Then 


f*1  *(p,z)  =  A  z  +  (A  +  c.A  )  ($*Z 

O  i  10 


1 

4(1+3) 


z2) 


♦  CA2  ♦  CjAj  +  c2ao)(^2  -  *  — J  *2  +  utwF  *S)  + 
+  (As  +  C!A2  +  c2Ai  +  c3Ao)C<>3z  -  |  *2  +  l  ♦ 


-  £  xm* >  —•>  (44) 

with  *(p)  *  lnIft1/2-l/28  +  l/2BInexp[-2p2l-o2  (45) 

1+P  1+B 

Finally,  for  the  component  ex 

ejCp.z)  si*  (p,z)  eQ(p,z)  (46) 

with 

o» 

®1(P»z)  =  2  Ba  zn  (47),  Bn  =  Btt  (p)  ,  A.  =  A^p),  *=*(p)  (47) 


where 

Bt  *  [Ao+(Aj  +  CjA^)  *  +  (A  2+  CjAj  +  c2Aq)*2  +  (A  3+  +  C3A0)<I>3+*  •  ♦  ] 

•(1+Pj*  +  p2*2  +  p3$3  +•♦•] 


®2  *  ’  ITp  I  l  (Al+ClAo)  *  2  (A2+C1A1  +  C2Ao)  ♦  +  4  (V'jAj+CjAj+c^)*2] 

•[1  +  pj  ♦  +  P2  +  P3  $3  *•••] 

*  1+P  ^  2  P1  +  P2  ^  2  P3  ^  +***][A0+(A1+c1Ao)  *  + 

+  (A2+ciAi+c2A0^  ^  +  (A3+clA2+C2Al+C3Ao^  ^  +**'l 
B»  *  (1^  *  £  (A2+C1A1+C2Ao)  +  \  (A3+ClVC2Al+C3Ao)  ♦ 


•[1+p  6  +  p,  *2  +  p,  03] 


(1+jjj*  t  4  (Al+clAo)+  2  CA2+C1A1+C2Ao)  ♦  +  4  (A3+ClA2+C2Al+C3Ao)  *** 


*[  J  Pi  +  P2  ♦  +  |  P3  +*“^ 

*  (lipP  1  5  p2  *  !  p3  ♦HA0+(A1+c1Ao)  *  +  (A^CjAj+c^)  *2 

+  (A^CjAj+CjAj+c^)  $3] 

B4  =  ^~gj3  [(Ao+  (Aj+  clA0)t  +  (A2+  c1A1+  c2Aq)<{i2 

+  (Aa+c^+caA^  gA0)$3  +♦*•]  [  i  p3+  *tf>4$  +•••] 


(i+p)3  liCAj+cjAo)  +  iCAa+c^j+caAoH  +  |(a3+c1A2+c2a1+c3a0)<>2]  • 


ti  Pz+Ips^**  •]  *  (continuation  next  page) 

IiJCAa+CjAj+CaAo)  +  4(A3+c1A2+c2A1+c3A0)<fr+- •  •]  • 


f iP i+P24+iP3t2+2p4«3 • • ♦ ] 

(l+pp  [si^Aa+c^a+caAj+CaAo)  +  i(A4+cxA3+  sA2+c3A1+c4A0)<j»+***]  • 


[ l+p 1+*+p2*2+P3$3+  *  * • 1 


(48) 


there  A.  and  $  are  functions  of  p 


For  snail  e  «  1 
o 


e,(P,*)  ;e  f  [(-V*  e,)  -i  +  f  e  *] 


dz 


(49) 


~  eQ($,z)  4*j (p  ,z)  (4<j  stands  for  the  intermediate  case)  (50) 

*j(#, z)  3  {-%[(1+c1^+c2^2+c3^3)(V*B1)]}z2 

-it  ^pCVcx+ca^ca^2)^  Bx)] 

♦(1+Cx#+c2^2+c3«3)(V2B2)  -  |  Bf}z3 

“  4  tl(1+p)!e  (4  c2  +  4  c3  ♦)(?! 

+  (1+Cj  +  ♦  c2  *2  +  c3  ♦3)(V«  B3)] 

‘  5  t“  (1+PP  (8  C3)(VT  Bl)  'em* 

-  1*5  <i  V=2  ♦  *  §  '3  ♦*><VT  V  *  < 

"  |  -(2BjB3  ♦  B2)}  z5  ♦  •••  (52) 

Fig.  8a  and  Fig.  8b  display  the  phase  and  the  imaginary  part  of 
the  field  both  arising  from  the  coupling  between  the  various  shells  each 
of  intensity  eQ.  Accordingly,  the  initial  phase  is  zero.  However,  the 
transverse  Laplacian  associated  with  the  gaussian  variation  from  one 
shell  to  the  other  does  not  vanish;  its  accumulation  increases  along  the 
penetration  depth.  Both  the  field  e0  and  the  perturbation  ex  experience 
abrupt  changes  along  p  =  pc(z)  as  shown  isometrically  in  Fig.  10. 
Through  numerical  calculation  the  stripping  effect  is  clearly  demonstrated. 

Figs.  9,  10  and  12  display  the  self-action  process  such  as  self¬ 
phase  modulation  which  lead  to  the  onset  of  self-lensing  (here,  on-axis 


(jci+ca  4>  +  f  c3  ♦2)(V2  B2) 

-  pBxB2}  z* 

c2  +  fc30)(V2B2) 

+cx  4»  +  c2  $2  +  c3  $3)(V2  B4)] 


magnification  self-focusing)  phenomena.  The  radial  structure  of  the 


amplitude  and  phase  will  lead  to  an  energy  bunching  (beam  narrowing) 
in  free  space.  The  trend  of  self -focusing  is  indicated;  it  gets  accentu¬ 
ated  as  the  beam  propagates  further  into  the  medium. 

Fig.  8  summarizes  the  profile  of  the  total  field  in  the  approximation 
of  Ref  1.  The  field  grows  at  the  center  but  more  rapidly  at  the  edges 
of  the  beam.  Here,  one  is  sever ly  constrained  by  the  validity  of  the 
analytical  treatment.  Thus,  one  may  not  include  all  the  energy  at  the 
wings  that  could  flow  toward  the  axis  (due  to  the  change  of  amplitude 
at  the  stripping  edge  which  leads  into  phase  gradient  evolution). 

Fig.  13  shows  the  on-axis  total  energy  as  a  function  of  the  pro¬ 
pagation  distance  for  various  f.  The  energy  is  seen  to  be  decrease  first 
(i.e.,  depress  to  a  minimum)  then  increase  (i.e.,  getting  enhanced) 
establishing  a  trend  conforming  to  the  rigorous  calculation  of  Boshier  et 
al.  [5],  The  smaller  the  f,  the  stronger  are  the  diffraction  and  the 
radial  absorption  as  well  as  the  stripping  mechanism.  Thus,  the 
stronger  is  the  trend  to  focus  and  the  shorter  is  the  enhancement  length 
should  the  beam  be  allowed  to  propagate  through  the  free  space  as  sug¬ 
gested  by  Leberre  et  al  in  reference  [14] .  However,  if  one  follows 
Newstein  and  Wright  [12]  and  follow  the  beam  propagation  in  the  non¬ 
linear  medium  the  trend  of  on-axis  magnification  is  accentuated.  Either 
propagation  beyond  the  validity  of  the  perturbation  theory  must  be 
carried  out  numerically. 

Our  results  confirm  the  numerical  simulations  [42].  The  discrep¬ 
ancy  between  the  conclusion  of  [42]  and  our  results  (as  well  as  results 
of  numerical  simulations)  consist  in  their  neglecting  the  stripping  effect 
and  confining  the  extent  of  radial  width  to  where  the  approximation  in 
the  solution  eQ(p,z)  is  valid  as  given  by  equation  6.  We  have  found 
that  the  dependence  of  the  phase  on  p  and  z  is  rather  sensitive  on  the 
form  of  e_(p,z). 


The  validity  of  the  perturbation  holds  as  long  as  eQ  »  fex  » 
f2e2  »  f*e3  »  f4e4  ...  when  any  of  the  inequalities  is  not  satisfied, 
the  range  of  the  validity  has  been  exceeded.  At  most,  the  total  on-axis 
field  strength  builds  up  to  V2e0  of  V5e0  if  e0  or  et  and  e2  orders  are 
included.  As  in  SIT,  this  perturbatlonal  holds  as  long  as  the  dynamic 
diffraction  can  be  treated  as  a  small  quantity.  Fig.  14  displays  iso- 
metrically  the  field  energy  to  the  second  order  in  e  as  a  function  of  z. 
The  one-axis  enhancement  is  clearly  illustrated.  At  best,  this  approach 
outlines  a  trend  of  self-lens ing  [44]  but  can  never  hold  in  a  focal  re¬ 
gion;  as  a  matter  of  fact,  for  tight  focusing  the  paraxial  approximation 
(i.e.,  the  rigorous  equation)  does  not  even  hold  and  a  corrective  longi¬ 
tudinal  field  correction,  as  derived  by  Lax  et  al  [45],  must  also  be  cal¬ 
culated.  Furthermore,  the  lack  of  computational  resolution  for  evalu¬ 
ating  correctly  the  dynamic  diffraction  term  around  the  focal  region  has 
been  treated  in  both  Thermal  Blooming  [46]  and  SIT  Self-focusing  [47]. 
The  latter  treatment  was  referenced  by  Leberre  et  al.  though  not 
studied.  An  extension  outlined  in  ref  [57]  deals  with  the  clustering  of 
points  not  only  near  the  axis  but  also  near  the  stripping  radii  when  the 
abrupt  changes  in  amplitude  lead  to  phase  variations  and  transverse 
energy  flux. 

Conclusion 

The  onset  of  the  CW  on-resonant  self-focusing  (on-axis  magnifica¬ 
tion)  as  computed  by  Boshier  et  al,  has  been  elucidated  using  a  pertur- 
bational  treatment  of  the  diffraction  coupling  and  multiple  series  develop¬ 
ments  across  the  beam  profile  to  map  the  stripping  process  at  the  beam 
edges.  The  evolving  radial  variation  of  the  amplitude  end  phase  will 
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lead  to  a  subsequent  energy  on-axis  build  up  (i.e. ,  enhancement  and 
beam  narrowing)  should  the  beam  be  allowed  to  propagate  further  in 
either  free  space  or  a  nonlinear  medium. 

ADDENDUM:  At  the  Fifth  Rochester  Conference,  LeBerre  et  al.  retracted 
their  conjecture  that  the  CW  on-resonance  self-focusing  was  a  computa¬ 
tional  artifact.  They  realized  that  the  stripping  process  had  to  be 
included  in  the  analysis.  [50] 
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FIGURE  CAPTIONS 


Fig.  1  The  Zeroth  order  approximation  of  the  field  Intensity  IQ(p,z) 
is  shown  as  a  functional  of  z  the  propagational  distance  for 
different  values  of  p  between  p=o  and  p=1.2  in  step  of  0.2. 

Fig.  2  The  Zeroth  order  field  strength  eQ(p,z)  is  shown  as  a  function 
of  z  for  0  <  p  <  1.2  in  steps  of  p  =  0.2.  The  graphs  are 
stopped  at  z  =  0.95  of  the  zeros  of  the  theoretical  approxima¬ 
tion  of  IQ  described  in  ref  [1]. 

Fig.  3.  The  phase  curvature  is  shown  as  a  function  of  z  for 

<jp 

varius  radii  0.2  <  p  <  1.2.  The  larger  the  radius,  the  quick 
the  phase  curvature  changes  sign  from  positive  to  negative 
value  even  though  p  <  pc  as  in  Ref.  [1]. 

Fig.  4.  The  energy  flux  or  transverse  energy  current  JT  is  shown  as 

a  function  of  z  for  varius  radii  0.2  <  p  <  1.2.  One  can 
clearly  see  negative  values  of  energy  current  which  indicate 
the  begining  of  inflow  energy  towards  the  axis  (i.e.,  a 
tendency  of  beam  self-focusing)  despite  the  fact  that  P  <  Pc- 

Fig.  5.  The  imaginary  part  of  the  field  e^,  which  is  of  order  f,  is 
plotted  as  a  function  of  z  for  various  radii  up  to  p  <  pc  as  in 
Ref.  [1J . 

Fig.  6.  Marburger's  radius  Pj^  =  [ £/| e 1 2pdp}/{/| VTe 1 2pdp} ]1/2  is 

shown  as  a  function  of  z  for  the  Iscevgi  and  Lamb's  solution 
and  for  the  fej  correction.  Beam  stripping  and  beam 
narrowing  are  respectively  illustrated. 

Fig.  7  The  approximated  solution  of  Icsevgi  and  Lamb  e  (p,z)  = 

L  L  O 

Iq  exp[-p2] {l-(z/0IQ)  exp[+2p2]P  is  shown  as  a  function  of  p 
for  different  values  of  z  =  0,10,20,30,40,50  up  to  p  <  pQ  as  in 
Ref.  [1]. 


Fig.  8a.  The  profile  of  the  phase  <Kp,z)  is  plotted  for  different  z  = 
10,20,30,40,50  (for  z=0,  $*0)  a  negative  curvature  is  seen  to 
develop  as  the  depth  of  penetration  in  the  medium  increases 
up  to  p  <  p  as  in  Ref.  £1]  - 

C 

Fig.  8b.  The  profile  of  the  amplitude  ex(p,z),  the  imaginary  component 
of  the  field  which  develops  due  to  the  diffraction  coupling,  is 
displayed  as  a  function  of  z  =  10,20,30,40,50.  Note  the 
radial  variation  forming  as  z  increases  even  though  p  <  pc  as 
in  Ref.  [1]. 

Fig.  9  The  field  strengths  e0  and  ex  are  shown  as  isometrics  plots  in 
p  and  z  to  illustrate  the  physical  process  of  stripping  for 
I0  =  100,  and  I0  =  225. 

Fig.  10  The  wave  front  3$/3p  profile  is  drawn  as  a  function 

of  z  =  10,20,30,40,50.  The  negative  value  illustrates  the 
self-lensing  trend  even  though  p.<  pc  as  in  Ref.  [1]. 

Fig.  11  The  total  field  (e£  +  f^x)*1  profile  is  drawn  for  different 

penetration  distances  z  =  10,20,30,40,50  for  P  <  Pc  as  in 
Ref.  [1]. 

Fig.  12  The  transverse  energy  current  (radial  flux)  JT  is  plotted 

versus  p  for  different  z.  The  rapidity  of  the  change  of 
curvature  into  negative  value  is  striking  even  though  p  <  p 

C 

as  in  Ref.  [1]. 

Fig.  13  The  on-axis  total  field  is  plotted  versus  z  to  display  first  a 
decrease  then  subsequently  an  enhancement  (i.e.,  the  onset 
of  the  self-focusing  as  seen  by  Boshier  et  ai.  [5].  This  is 
done  for  different  values  of  f. 

Fig.  14  The  total  field  energy  {e2  =  (e0  +  f2  e2)2  +  f2ef }  is  plotted 
isometrically  versus  p  and  z  clearly  displaying  the  onset 
of  a  self-focusing  (i.e.,  on-axis  magnification). 


Fig.  15  Profile  of  the  canonical  field  e0  for  three  distance  of  propaga¬ 
tions  illustrating  the  two  power  series  development 
around  the  stripping  region  -  part  a  of  the  grap  repre¬ 
sent  the  approximation  of  Icsevgi  and  Lamb  solution  as 
outlined  by  LeBerre  et  al  (see  ref.  16);  part  b  repre¬ 
sent  the  intermediate  region  defined  2.0  >  e0  >  0.5;  part 
c  represent  the  edge  when  e0  <  0.5. 
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I.  Methodology:  Computational  methodologies  were  developed  to  treat  rigorously 
(i)  transverse  boundary  in  an  inverted  (amplifying)  media;  (ii)  to  treat  quantum 
fluctuations  in  an  initial  boundary  condition  in  the  light-matter  interactions 
problem;  (iii)  construct  a  two-laser  three-level  code  to  study  light  control  by 
light  effect;  (iv)  construction  of  a  data  base  that  (a)  would  manage  the  products 
of  different  types  of  laser  calculations:  cylindrical,  cylindrical  with  atomic 
frequency  broadening,  cartesian  geometrv;  (all  of  the  above  with  quantum  me- 
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1.  Methodology:  Computational  methodologies  were  developed  to  treat 
rigorously  (0  transverse  boundary  in  an  inverted  (amplifying)  media; 
(ii)  to  treat  quantum  fluctuations  in  an  initial  boundary  condition  in  the 
light-matter  interactions  problem;  (iii)  construct  a  two-laser  three-level 
coide  to  study  light  control  by  light  effect;  (iv)  construction  of  a  data 
base  that  (a)  would  manage  the  production  of  different  types  of  laser 
calculations:  cylindrical,  cylindrical  with  atomic  frequency  broadening, 
cartesian  geometry;  (all  of  the  above  with  quantum  mechanical  initia¬ 
tion),  (b)  allow  parametric  comparison  within  the  same  type  of  calcula 
Hons,  by  establishing  a  unifying  protocol  of  software  storage,  of  the 
various  refinements  of  the  model  could  be  contrasted  among  themselves 
and  with  experiment;  (v)  construct  an  algorithm  for  counterbeam  transi¬ 
ent  studies  for  optical  bistability  and  optical  oscillator  studies. 

A.  Transverse  propagation  effects  in  an  inverted  medium  were 
studied.  Special  care  had  to  be  taken  to  treat  the  boundary  reflection 
conditions.  If  Ul-posed,  they  can  obscure  the  emergence  of  any  new 
physical  results.  The  two  transverse  effects  considered  are  (1)  the 
'spatial  averaging*  associated  with  the  inial  atomic  inversion  density 
being  radially  dependent  (since  the  pump  which  inverts  the  sample  has 
typically  a  Gaussian-like  profile);  and  (2)  the  "diffraction  coupling" 
(which  permits  the  various  parts  of  the  cylindrical  cross-section  to  com¬ 
municate,  interact  and  emit  at  the  same  time).  The  first  effect  is  impor¬ 
tant  for  large  Fresnel  numbers,  whereas  the  second  predominant  for 
small  Fresnel  numbers. 

The  study  of  ouput  energy  stabilization  between  diffraction 
spreading  and  nonlinear  self-action  due  to  the  non-uniform  gain  of  the 
active  media  was  also  carried  out  to  reach  an  understanding  of  the 
various  physical  processes  that  take  place  in  coherent  resonant 
amplifiers . 

B.  Physical  Results:  i.  The  Study  of  three-level  systems 
exhibited  that  injected  coherent-pump  initial  characteristic  (such  as 
on-axis  area,  temporal  and  radial  width  and  shape)  injected  at  one 
frequency  can  have  significant  deterministic  effects  on  the  evolution  of 
the  superfluorescence  at  another  frequency  and  its  pulse  delay  time, 
peak  intensity,  temporal  width  and  shape.  The  importance  of  Resonant 
Coherent  Raman  processes  was  clearly  demonstrated  in  an  example 
where  the  evolving  superfluorescence  pulse  temporal  width  t  is  much 
less  than  the  reshaped  coherent  pump  width  x  even  thoughsthe  two 
pulses  temporarily  overlap  (i.e.,  the  superfluorescence  process  gets 
started  late  and  terminates  early  with  respect  to  the  pump  time 
duration).  The  results  of  the  three-level  calculations  are  in 
quantitative  agreement  with  observation  in  C02  pumped  CH3F  by  A.T. 
Rosenberg  and  T. A.  DeTemple  (Phys.  Rev.,  A24,  868  (1981)). 

ii.  Additional  calculations  incorporating  fluctuations  in  both 
pump  and  superfluorescence  transitions  were  carried  out  to  study  the 
output  pulse  delay  statistics.  The  fluctuations  operators  were  intro¬ 
duced  as  langevin  operators  in  the  matter  (density  matrix)  operators. 

In  the  average  c-number  semi-classical  regime  the  fluctuations  appear  as 
additional  driving  forces  in  the  Bloch  equations  acting  for  all  p,  z  and 
x. 


**Cu*ity  a.»  t*is  £«»•>■•*; 


ill.  Two  color  superfluorescence  was  subsequently  studied 
in  collaboration  with  Professor  F.  Haake.  The  propagation  theory  of  M. 
Feld  was  shown  to  prevail  over  the  Mean-Field  theory  of  Bonifacio  et  al. 
The  main  result  of  the  calculation  displayed  for  the  plane  wave  regime 
is  a  pulse  synchronisation  which  ascertains  Eberly  et  al's  theory  of 
'simultons.'  However  for  quantum  fluctuations  during  the  initiation  and 
strong  phase  evolution  in  the  beam  (i.e.,  large  Fresnel  number)  the 
synchronisation  decreases  and  the  standard  deviation  of  the  delay 
difference  between  the  two  peaks  normalized  to  the  average  delay 
becomes  larger. 

iv.  Elucidating  the  physical  processes  [namely,  (a)  the 
dynamic  diffraction,  (b)  the  non-uniform  absorption  (i.e.,  refraction) 
and  (c)  beam  stripping]  that  lead  to  the  on-axis  manification  predicted 
by  Boshier  and  Sandle  calculation  [see  Optic  Commu.,  42,  371  (1982)]. 
This  effort  was  carried  out  in  collaboration  with  Professor  J. 

Teichmann. 

V.  The  development  of  an  implicit  algorithm  which  self- 
adaptive  non-uniform  computational  grids.  This  effort  was  carried  out 
in  collaboration  with  Dr.  B.R.  Suydam.  These  new  codes  represent  a 
combination  of  Snydam  code  in  Los  Alamos  and  Mattar  stretching  and 
rezoning  techniques  to  treat  self-lensing  effects. 
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